Sophomore Level Self-Teaching Webbook for

Computational and Algorithmic Linear

Algebra and
n-Dimensional Geometry

Katta G. Murty
Dept. Industrial & Operations Engineering
University of Michigan, Ann Arbor
Mi-48109-2117, USA
Phone: 734-763-3513, Fax: 734-764-3451

e-Mail: katta_murty@umich.edu
URL: http://www-personal.engin.umich.edu/ murty/
Book URL:
http://ioe.engin.umich.edu/books/murty /algorithmic_linear_algebra/

(©2001 by Katta G. Murty. All rights reserved.



11

Contents

Preface

Glossary of Symbols and Abbreviations

A Poem on Linear Algebra

Systems of Simultaneous Linear Equations

1.1
1.2
1.3

1.4
1.5

1.6

1.7

1.8

1.9

1.10
1.11

1.12
1.13

1.14
1.15

What Are Algorithms? . . . . .. ... ... ... ...
Some Example Applications Involving Linear Equations
Solving a System of Linear Equations Is a Fundamental
Computational Tool . . . . .. ... ... ... ....
The Detached Coefficient Tableau Form . . . . . . ..
Operations on Vectors, the Zero and the Unit Vectors,
Subspaces and Coordinate Subspaces of R™ . . . . . . .
Notation to Denote the General System of Linear Equa-
tlons . . . . ...
Constraint Functions, Linearity Assumptions, Linear and
Affine Functions . . . . . . . ... ... ... ..
Solutions to a System, General Solution; Nonbasic (In-
dependent), Basic (Dependent) Variables in Parametric
Representation . . . . . ... ... ... ... ...
Linear Dependence Relation Among Constraints, Re-
dundant Constraints, Linearly Independent Systems . .
The Fundamental Inconsistent Equation “0 =17 . . . .
Elementary Row Operations on a Tableau Leading to an
Equivalent System . . . . ... ... 0L
Memory Matrix to Keep Track of Row Operations

What to Do With “0=0", Or “0=1" Rows Encountered
After Row Operations 7 . . . . . .. .. .. ... ...
The Elimination Approach to Solve Linear Equations .
The Pivot Step, a Convenient Tool For Carrying Out
Elimination Steps . . . . . . .. ... ... ... ...

vil

Xix

XX

00 = =

61
63

68

76

78

86

92
98

99
101

104
109



1.16 The Gauss-Jordan (GJ) Pivotal Method for Solving Lin-

ear Equations . . . . . . . ...
1.17 A Theorem of Alternatives for Systems of Linear Equa-

tlons . . . ..
1.18 Special Triangular Systems of Linear Equations . . . .
1.19 The Gaussian Pivot Step . . . . . . . .. .. ... ...
1.20 The Gaussian (G) Elimination Method for Solving Lin-

ear Equations . . . . .. ..o oo
1.21 Comparison of the GJ and the G Elimination Methods
1.22 Infeasibility Analysis . . . . . . ... .. .. ... ...
1.23 Homogeneous Systems of Linear Equations . . . . . . .

111

171

1.24 Solving Systems of Linear Equations And/Or Inequalities177

1.25 Can We Obtain a Nonnegative Solution to a System of

Linear Equations by the GJ or the G Methods Directly?
1.26 Additional Exercises . . . . . ... ... ... ... ..
1.27 References . . . . . . . . ...

Matrices, Matrix Arithmetic, Determinants
2.1 A Matrix as a Rectangular Array of Numbers, Its Rows
and Columns . . . . .. . ... ... L.
2.2 Matrix—Vector Multiplication . . . . . . . ... .. ..
2.3 Three Ways of Representing the General System of Lin-
ear Equations Through Matrix notation . . . . . . ..
2.4 Scalar Multiplication and Addition of Matrices, Trans-
position . . . . ..o
2.5 Matrix Multiplication & Its Various Interpretations . .
2.6 Some Special Matrices . . . . ... ... ... ... ..
2.7 Row Operations and Pivot Steps on a Matrix . . . . .
2.8 Determinants of Square Matrices . . . . . ... .. ..
2.9 Additional Exercises . . . ... ... ... ... .. ..
2.10 References . . . . . . . .. ...

n-Dimensional Geometry
3.1 Viewing n-tuple Vectors As Points of n-Dimensional Space
R™ By Setting Up Cartesian Coordinate Axes . . . . .

178
178

189

189
193

197

201
204
216
222
224
248
260

265

265



v

3.2 Translating the Origin to the Point a, Translation of a

Set of Points . . . . ... ... o 272
3.3 Parametric Representation of Subsets of R . . . . .. 276
3.4 Straight Lines in R™ . . . . .. ... ... ... .... 277
3.5 Half-Lines and Raysin R™ . . . .. ... ... ..... 283
3.6 Line Segments in R™ . . . . . ... ... .. ...... 286
3.7 Straight Lines Through the Origin. . . . . . . ... .. 290
3.8 Geometric Interpretation of Addition of Two Vectors,

Parallelogram Law . . . . . ... ... ... ... ... 292
3.9 Linear Combinations, Linear Hulls or Spans, Subspaces 293
3.10 Column Space, Row Space, and Null Space of a Matrix 307
3.11 Affine Combinations, Affine Hulls or Spans, Affinespaces 308
3.12 Convex Combinations, Convex Hulls . . . . .. .. .. 324
3.13 Nonnegative Combinations, Pos Cones . . . . . .. .. 332
3.14 Hyperplanes . . . . . . ... ... ... ... ..... 335
3.15 Halfspaces . . . ... ... .. ... ... ... 338
3.16 Convex Polyhedra . . . .. .. ... .. ... ..... 342
3.17 Convex and Nonconvex Sets . . . . .. ... .. .. .. 346
3.18 Euclidean Distance, and Angles . . . . . ... ... .. 347
3.19 The Determinant Interpreted As A Volume Function . 353
3.20 Orthogonal Projections (Nearest Points) . . . .. . .. 358
3.21 Procedures for Some Geometric Problems . . . . . . . . 365
3.22 Additional Exercises . . . . . ... ... ... ... .. 373
3.23 References . . . .. . ... ... ... 374
Numerical Linear Algebra 379
4.1 Linear Dependence, Independence of Sets of Vectors . . 379
4.2 Rank and Bases For a Set of Vectors . . . . . ... .. 382
4.3 Two Algorithms to Check Linear Dependence, Find Rank

and a Basis for a Given Set of Vectors . . . . ... .. 386
4.4 How to Get an Alternate Basis by Introducing a Non-

basic Vector Into a Basis 7 . . . . . ... ... ... .. 394
4.5 The Rank of a Matrix . . ... ... ... ... .... 397
4.6 Computing the Inverse of a Nonsingular Square Matrix

Using GJ Pivot Steps . . . . . . .. ... .. ... ... 402



4.7

4.8

4.9

4.10

4.11
4.12

4.13
4.14

Pivot Matrices, Elementary Matrices, Matrix Factoriza-
tions, and the Product Form of the Inverse . . . . . . . 409
How to Update the Inverse When a Column of the Ma-
trix Changes . . . . . .. . . .. ... L. 423
Results on the General System of Linear Equations Az =
b oo 427
Optimization, Another Important Distinction Between
LA, LP, and IP; and the Duality Theorem for Linear
Optimization Subject to Linear Equations . . . . . .. 432
Memory Matrix Versions of GJ, G Elimination Methods 444
Orthogonal and Orthonormal Sets of Vectors, Gram-
Schmidt Orthogonalization, () R-Factorization, Orthog-
onal Matrices, Orthonormal Bases . . . . . . . . . ... 461
Additional Exercises . . . . . . . ... ... ... ... 470
References . . . . . . . . . ... ... ... ..., 472

Quadratic Forms, Positive, Negative (Semi) Definite-

ness

5.1

5.2

2.3

0.4

477
Expressing a Quadratic Function in n Variables Using
Matrix Notation . . . . . . . ... ... .. ... .. .. 477
Convex, Concave Functions; Positive (Negative) (Semi)
Definiteness; Indefiniteness . . . . . . . .. .. ... .. 480
Algorithm to Check Positive (Semi) Definiteness Using
G Pivot Steps . . . . ... 484
Diagonalization of Quadratic Forms and Square Matrices 497

Eigen Values, Eigen Vectors, and Matrix Diagonaliza-

tion
6.1
6.2

6.3

6.4
6.5

503
Definitions, Some Applications . . . . . . .. . ... .. 503
Relationship of Eigen Values and Eigen Vectors to the
Diagonalizability of a Matrix . . . . . .. ... ... .. 515
An Mlustrative Application of Eigen Values, Eigen Vec-
tors, and Diagonalization in Differential Equations . . . 523
How to Compute Eigen Values 7. . . . . .. .. .. .. 526
References . . . . . . .. . ... oo 527



vi

7 Software Systems for Linear Algebra Problems 531
7.1 Difference Between Solving a Small Problem By Hand

and Scientific Computing Using a Computer . . . . . . 531

7.2 How to Enter Vectors and Matrices in MATLAB . . . . 533

7.3 Illustrative Numerical Examples . . . . . . . .. .. .. 538

74 References . . . . . . .. L 552



vil

PREFACE

Contents
The Importance of the Subject . . . . . ... ... .. vii
Recent Changes in the Way Linear Algebra is Taught . viii
The Goals of This Book . . . . ... ... ... .... viii
Importance of Learning the Details of the Methods . . X
The Screen Version With Weblinks . . . . . . ... .. xi
The Poetic Beauty of the Subject . . . . . . ... ... xi
Distinct Features of this Book . . . . .. .. ... ... xii
Acknowledgements . . . . ... ... xvi
Contributions Requested . . . . . . .. ... ... ... xvi
About the Results and Excercises . . . . . . ... ... xvi
About the Numerical Exercises . . . ... ... .. .. xXVi
Each Chapter in a Separate file . . . . ... ... ... xvii
Invitation for Feedback . . . . . . ... ... ... ... xvii
Glossary of Symbols and Abbreviations . . . . . . . .. Xix
A Poem on Linear Algebra . . . . . ... .. ... ... XX

The Importance of the Subject

The subject of linear algebra originated more than 2000 years
ago in an effort to develop tools for modeling real world problems in
the form of systems of linear equations, and to solve and analyze these
problems using those models. Linear algebra and its twentieth cen-
tury extensions, linear and integer programming, are the most
useful and most heavily used branches of mathematics. A thorough
knowledge of the most fundamental parts of linear algebra is an essen-
tial requirement for anyone in any technical job these days in order to
carry out job duties at an adequate level. In this internet age with
computers playing a vital and increasing role in every job, making the
most effective use of computers requires a solid background in at least
the basic parts of linear algebra.
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Recent Changes in the Way Linear Algebra is
Taught

Until about the 1970’s there used to be a full semester course on
computational linear algebra at the sophomore level in all undergrad-
uate engineering curricula. That course used to serve the purpose of
providing a good background in the basics of linear algebra very well.
However, due to increasing pressure to introduce more and more mate-
rial in the undergraduate mathematics sequence of engineering curric-
ula, beginning in the 1970’s many universities started combining this
first level linear algebra course with the course on differential equations
and shaping it into a combined course on differential equations and lin-
ear algebra. On top of this, linear algebra is being squeezed out of this
combined course gradually, with the result that now-a-days most en-
gineering undergraduates get only about four weeks of instruction on
linear algebra. The net effect of all this is that many undergraduates
of science and engineering are not developing the linear algebra skills
that they need.

The Goals of This Book

There are many outstanding books on linear algebra, but most of
them have their focus on undergraduates in mathematics departments.
They concentrate on developing theorem-proving skills in the readers,
and not so much on helping them develop mathematical modeling,
computational, and algorithmic skills. Students who miss a few classes,
particularly those already not doing well in the class, often find it very
difficult to catch up with the help of such text books. The net result
after about half the term is an unhealthy situation in which only the
top half of the class is comfortably following the teachers lectures, with
the rest falling more and more behind.

Also, with mounting pressure to pack more and more material into
undergraduate mathematics courses, it is highly unlikely that more
class time can be found to allocate to linear algebra. So, an important
component of a solution strategy to this problem is to see whether
students can be helped to learn these concepts to a large extent from
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their own efforts.

An incident providing evidence of self-learning: As evidence
of self-learning of higher mathematics, I will mention the strangest of
mathematical talks ever given, by Cole, in October 1903 at an AMS
meeting, on Mersenne’s claim that 26 — 1 is a prime number. This
claim fascinated mathematicians for over 250 years. Not a single word
was spoken at the seminar by anyone, but everyone there understood
the result obtained by Cole. Cole wrote on the blackboard: 267 —
1 = 147573952589676412927 = a. Then he wrote 761838257287, and
underneath it 193707721. Without uttering a word, he multiplied the
two numbers together to get a, and sat down to the wild applause from
the audience.

In the same way, I strongly believe that students can learn the
concepts of numerical and algorithmic matrix algebra mostly on their
own using a carefully designed webbook with illustrative examples,
exercises, figures and well placed summaries. My primary goal is to
make this such a book.

We have all seen prices of paper copies of textbooks going up every
year. In the USA, the average undergraduate paper textbook costs at
least $70 these days, and those that do not enjoy high sales volumes
cost even more. To make paper for printing these books, vast areas of
beautiful forests are being cleared, creating an unreasonable demand
on the small part of nature not yet destroyed by us. So, I have decided
to make this a webbook (also called an electronic or e-textbook).
The main intent in preparing this book is to use information technol-
ogy and web-based tools to create an e-text that will enable students
to comfortably operate in the happy mode of self-teaching and self-
learning. Our focus is to help the students develop the mathematical
modeling, computational, and algorithmic skills that they need to bring
linear algebra tools and facts to solving real world problems. Proofs
of simple results are given without being specially labeled as proofs.
Proofs of more complex facts are left out, for the reader to look up
in any of the traditional textbooks on the subject, some of which are
listed in the bibliography.



This webbook can also be used to supplement students’ classes and
traditional textbooks and to reinforce concepts with more examples
and exercises, in order to assist them in fully understanding the mate-
rial presented in classes. The self-teaching environment in the e-text
makes it possible for those students who feel that certain material was
covered too quickly during class, to go back and review on the screen
the carefully developed version in the e-text at their own pace. In the
same way those students who want to move forward with the course-
work at a faster pace than the class will be able to do so on their own
in the webbook learning environment.

Importance of Learning the Details of the Methods

Students often ask me why it is important for them to learn the
details of the methods for solving systems of linear equations these
days when computers and high quality software for solving them are so
widely available everywhere, and so easy to use. I keep telling them that
many complex real world applications demand deeper knowledge than
that of pressing a button to solve a given system of linear equations.
First, someone has to construct the system of equations from informa-
tion available on the real world problem: this part of the job is called
mathematical modeling. If the model constructed yields a strange and
unrealistic solution, or if it turns out to have no solution, one has to
analyze the model and decide what changes should be made in it to
make sure that it represents the real world problem better. This type of
analysis can only be carried out efficiently by someone who has a good
understanding of the methods of linear algebra. We have all seen the
total helplessness of some grocery store checkout persons who cannot
add two simple numbers when their computerized cash register fails.
A person without the proper knowledge of linear algebra methods will
be in the same position when he/she has to analyze and fix an invalid
model giving strange results to the real world problem. Fortunately
for grocery store checkout persons, the occurrence of cash register ter-
minal failures is rare. However, for technical people trying to model
their problems, the need to analyze and fix an invalid model is a daily
event. Typically, models for real world problems are revised several



x1

times before they produce an acceptable solution to the problem.

For these reasons, I believe that it is very important for all under-
graduates to learn the basics of linear algebra well.

The Screen Version With Weblinks

We are posting this book on the web with size 12 letters for com-
fortable reading on the screen. The book will always be available on
the web at this address for anyone to access, so it is very convenient
to read most of the book on the screen itself. Much of the explanatory
material and the examples would probably be read only a few times, so
there is no reason to print them on paper. I hope the readers will
only print the most essential portions of the book that they
feel they need to reference frequently on paper.

With weblinks it becomes very easy to search in each chapter. Click-
ing on the light shiny blue portion in the table of contents, index, or
the list of important topics at the end of each chapter, takes the screen
to the appropriate page. I hope the readers will find it very convenient
to read the book on the computer screen itself with these links, without
having to print it on paper.

The Poetic Beauty of the Subject

In classical Indian literature in Sanskrit, Telugu, etc., whenever they
wanted to praise something or someone, they would compare them to
the mighty ocean. In an effort to create an even higher pedestal of
excellence, they developed the concept of “kshiira saagar” (literally
“milk ocean”, the mightiest ocean of pure milk goodness), and if they
wanted to say that something is very good, they would say that it is
like kshiira saagar. Actually, in terms of its applicability, sheer elegance
and depth, linear algebra is very much like kshiira saagar. In this
webbook you will get acquainted with the most basic tools and facts of
linear algebra that are called for most frequently in applications. Those
of you who have developed a taste for the beauty of the subject can
delve deeper into the subject by looking up some of the other books
mentioned in the bibliography.
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Distinct Features of this Book

Chapter 1 explains the main difference between the classical sub-
ject of linear algebra (study of linear equations without any linear in-
equalities), and the modern 20th century subjects of linear program-
ming (study of linear constraints including linear inequalities) and in-
teger programming and combinatorial optimization (study of linear
constraints and integer restrictions on some variables). This important
distinction is rarely explained in other linear algebra books. When try-
ing to handle a system of linear constraints including linear inequalities
and integer requirements on some variables by classical linear algebra
techniques only, we essentially have to ignore the linear inequalities
and integer requirements. Chapter 1 deals with constructing mathe-
matical models of systems of linear equations for real world problems,
and the Gauss-Jordan (GJ) and Gaussian (G) elimination methods for
solving these systems and analyzing the solution sets for such systems,
including practical infeasibility analysis techniques for modifying an
infeasible system into a feasible one. To keep the new terminology in-
troduced to a minimum, the concept of a “matrix” is not even used in
Chapter 1. All the algorithmic steps are stated using the fundamen-
tal tool of row operations on the detached coefficient tableau for the
system with the variables entered in a top row in every tableau. This
makes it easier for the readers to see that the essence of these methods
is to take linear combinations of constraints in the original system to
get an equivalent but simpler system from which a solution can be read
out. Chapter 1 shows many instances of what sets this book apart from
other mathematics books on linear algebra. In the descriptions of GJ,
G methods in most of these books, the variables are usually left out.
Also, they state the termination condition to be that of reaching the
RREF (reduced row echelon form) or the REF (row echelon form). A
tableau is defined to be in RREF [REF] if it contain a full set of unit
vectors [vectors of an upper triangular matrix| in proper order at the
left end.

OR people have realized that it is not important that all unit vectors
(or vectors of the upper triangular matrix) be at the left end of the
tableau (they can be anywhere and can be scattered all over); also it
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is not important that they be in proper order from left to right. They
use the very simple data structure (this phrase means a strategy
for storing information generated during the algorithm, and using it
to improve the efficiency of that algorithm) of associating the variable
corresponding to the rth unit vector (or the rth vector of the upper
triangular matrix) in the final tableau as the rth basic variable or
basic variable in the rth row; and they store these basic variables in a
column on the tableau as the algorithm progresses. This data structure
makes it easier to read the solution directly from the final tableau of
the GJ method by making all nonbasic variables = 0; and the rth
basic variable = the rth RHS constant, for all . We present the GJ, G
methods using this data structure. Students find it easier to understand
the main ideas behind the elimination methods using it. It also opens
the possibility of pivot column selection strategies instead of always
selecting the leftmost eligible column in these methods.

I believe it is George Dantzig who introduced the data structure of
storing basic variables in his pioneering paper, the 1947 paper on the
simplex method. He called the final tableau the canonical tableau to
distinguish it from the mathematical concepts RREF, REF.

Another important difference that appears in Chapter 1, between
this book and all the other books on linear algebra, is worth mentioning.
A system of linear equations is infeasible (i.e., has no solution) iff the
fundamental inconsistent equation “0 = 1”7 can be expressed as a linear
combination of equations in the system. Thus all the linear algebra
books state that if the equation “0 = a” where a is a nonzero number,
shows up in one of the tableaus during the application of the GJ or G
methods on the system, then the system is infeasible. As an example,
consider the system

T+ +x3 = 2
—T] — X9 — T3 = —1
2.73'1 + 4.’E2 + 6.T3 = 12
The linear combination of equations in this system with coefficients

(1, 1, 0) is the equation 0z + 0z2+0x3 = 1 or 0 = 1, hence this system
is infeasible.
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It is possible for the equation “0 = 1”7 to appear in the GJ or G
methods due to computational errors. In hand computation these may
be human errors, in digital computation on a computer these may be
due to accumulation of roundoff errors. So, whenever the equation “0 =
a” for some a # 0 appears in the GJ or G methods, it is also helpful
for the methods to produce the row vector of coefficients in a linear
combination of constraints in the original system that yields this “0 =
a” equation. In the above example that vector of coefficients is (1, 1, 0).
This vector has been called by the obscure name supervisor principle
for infeasibility (the idea behind this name is that if your supervisor
is suspicious about your claim of infeasibility of the system, he/she
can personally verify the claim by obtaining the linear combination of
constraints in the system with coefficients in this vector and verify that
it is “0 = @” where a # 0). But we will call this vector of coefficients by
the simpler name evidence (or certificate) of infeasibility. Given
this evidence one can easily check whether it leads to the inconsistent
equation “0 = a” where a # 0.

In the same way when an equation “0 = 0”7 appears during the GJ
or G methods, we know that the corresponding original constraint is
a redundant constraint that can be deleted from the system without
changing its set of solutions. This constraint is redundant becuse it
can be obtained as a linear combination of other constraints on which
pivot steps have been carried out so far. The vector of coefficients
in this linear combination is called the evidence (or certificate) of
redundancy for this redundant constraint.

Other books do not discuss how these evidences can be obtained.
These evidences are obtained easily as byproducts of the GJ, G meth-
ods as explained in Section 1.12, if the memory matrix is added to the
system at the beginning of these methods. Also, in the computation-
ally efficient versions of the GJ and G methods discussed in Section
4.11, we show that these evidences are automatically obtained without
any additional expense.

Chapter 2 then introduces the concept of a matrix, the evolution of
matrix arithmetic, and the study of determinants of square matrices.

Chapter 3 introduces the fundamentals of n-dimensional geometry
starting with the representation of vectors as points using a coordinate
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frame of reference and the connections between algebra and geometry
that this representation makes possible. We include a thorough treat-
ment of important geometric objects such as subspaces, affine spaces,
convex sets, hyperplanes, half-spaces, straight lines, half-lines, direc-
tions, rays, cones, and orthogonal projections that appear most fre-
quently in courses that the student is likely to take following this study,
and in real world applications.

Chapter 4 on numerical linear algebra discusses the fundamental
concepts of linear dependence and independence, rank, inverse, factor-
izations; and efficient algorithms to check or compute these. Major dif-
ferences in the mathematical properties of linear constraints involving
equations only, and those involving some inequalities; come to the sur-
face in the study of linear optimization problems involving them. This
topic, not discussed in other books, is the subject of Section 4.10. In
this section we also discuss the duality theorem for linear optimization
subject to linear equality constraints (a specialization of the duality
theorem of linear programming) and its relationship to the theorem of
alternatives for linear equation systems. In Section 4.11 we discuss the
efficient memory matrix versions of the GJ, G methods (based on the
ideas introduced by George Dantzig in his revised simplex method for
linear programming), these versions have the additional advantage of
producing evidences of redundancy or infeasibility automatically with-
out any additional work.

Chapter 5 deals with representing quadratic functions using matrix
notation, and efficient algorithms to check whether a given quadratic
function is convex, concave, or neither. The treatment of positive (neg-
ative) (semi)definiteness and indefiniteness of square matrices, and di-
agonalization of quadratic forms is included.

Chapter 6 includes the definitions and review of the main properties
of eigen values and eigen vectors of square matrices, and their role in
matrix diagonalizations.

Finally in the brief Chapter 7, we review the features of commercial
software resources available these days to solve many of the problems
discussed in earlier chapters.
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Glossary of Symbols and Abbreviations

R’n

IN

zT, AT

(aij)

A—l
<u,v >.
diag(ay, . . .

WRT

RHS

PC, PR
RC , IE
RI, CI

BV

GJ method

GJ pivot
G pivot

The n-dimensional real Euclidean vector space. The
space of all vectors of the form x = (zy,...,z,)" (writ-
ten either as a row vector as here, or as a column vector)
where each z; is a real number.

Symbols for equality, greater than or equal to, less than
or equal to, which must hold for each component.
Transpose of vector x, matrix A.

Matrix with a;; as the general element in it.

Set difference symbol. If D, E are two sets, D\ E is the
set of all elements of D which are not in E.

Inverse of the nonsingular square matrix A.

Dot (inner) product of vectors u, v.

The n x n square matrix whose diagonal elements are
ai,...,a, in that order, and all off-diagonal entries are
0.

The ith row vector, jth column vector of matrix A.
Determinant of square matrix A

Euclidean norm of vector x = (z1,...,2,), it is

V73 + ...+ 22. Euclidean distance between two vectors

z,y is ||z —yll.
Rank of a matrix A, same as the rank of its set of row
vectors, or its set of column vectors.

With respect to.

Right hand side.

Pivot column, pivot row.

Redundant constraint, inconsistent equation identified.
Row interchange, column interchange.

Basic variable selected for that row.

The Gauss-Jordan elimination method for solving sys-
tems of linear equations.

The Gauss-Jordan pivot step on a tableau or a matrix.
The Gaussian pivot step on a tableau or a matrix.
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G method The Gaussian elimination method for solving systems of
linear equations.

PSD, NSD Positive semidefinite, negative semidefinite.

PD, ND Positive definite, negative definite.

Scalar A real number. “Scalar multiplication” means multipli-
cation by a real number.
D] This symbol indicates the end of the present portion of

text (i.e., example, exercise, comment etc.). Next line
either resumes what was being discussed before this por-
tion started, or begins the next portion.

A Poem on Linear Algebra

To put you in a receptive mood as you embark on the study of this
wonderful subject, I thought it fitting to begin this book with a lovely
Telugu poem on the virtues of linear algebra composed by Dhulipalla
V. Rao with help from my brother Katta Sai, daughter Madhusri Katta
and myself. The original poem in roman transliteration first, followed
by the English translation.

OhO lIniyar AljIbrA nlkivE mAjOhArlu!

sAgaramagAdhamani caduvukunnaM
nllOtiMkAminnani telusukunnAM

aMdAniki marOpEru araviMdaM
gaNitulaku nliMpu marimari aMdaM

jIvanAniki maMchinlru eMtO muKyaM
mAnavALi pragatiki nuvvaMtakannA muKyaM

maMciruciki baMginipalli mAmiDi maharAju
gaNitameriginavAriki nuvvE rArAju



xx1

paMTalaku tEneTIgalostAyi tODu
nuvulEkuMTE mAnavajlvitamavunu bIDu

medaDuku padunu nl adhyayanaM
pragatiki sOpAnaM nl paTanaM.

Oh, linear algebra! You are

Deep as the mighty ocean

As exciting as the pink lotus is beautiful

As satisfying to my brain as the sweet banginapalli* mango is

to my tongue

As essential to science as water is to life

As useful in applications as bees are for the cultivation of crops™

I cannot describe in words how much richer human life has be-

come because we discovered you!.
* A variety of mango grown in Andhra Pradesh, India, with crisp
sweet flesh that has no fibrous threads in it, that is considered
by some to be the most delicious among fruits.
* Bees carry out the essential task of pollinating the flowers in
fruit, vebetable, and some other crops. Without bees, we will
not have the abundance of fruits and vegetables we enjoy today.
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Chapter 1

Systems of Simultaneous
Linear Equations

This is Chapter 1 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

1.1 What Are Algorithms?

Algorithms are procedures for solving computational problems. Some-
times algorithms are also called methods.

An algorithm for a computational problem is a systematic step-
by-step procedure for solving it that is so clearly stated without any
ambiguities that it can be programmed for execution by a machine (a
computer).

Historical note on algorithms: The word “algorithm” origi-
nated from the title of the Latin translation of a book

Algoritmi de Numero Indorum
meaning Al-Khwarizmi Concerning the Hindu Art of Reckoning. It was

written in 825 AD by the Arabic scholar “Muhammad Ibn Musa Al-
Khwarizmi” who lived in Iraq, Iran (mostly Baghdad); and was based—

1
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written in 825 AD by the Arabic scholar “Muhammad Ibn Musa Al-
Khwarizmi” who lived in Iraq, Iran (mostly Baghdad); and was based
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on earlier Indian and Arabic treatizes. This book survives only in its
Latin translation, as all the copies of the original Arabic version have
been lost or destroyed.

Algorithms seem to have originated in the work of ancient Indian
mathematicians on rules for solving linear and quadratic equations.

As an illustrative example, we provide the following problem and
discuss an algorithm for solving it:

Problem 1: Input: Given positive integer n. Required output:
Find all prime numbers < n.

A prime number is a positive integer > 1 that is divisible only by
itself and by 1.

We provide an algorithm for this problem dating back to the 3rd
century BC, known as the Eratosthenes Sieve.

Algorithm: Eratosthenes Sieve for Finding All Prime Num-
bers <n

BEGIN

Initial Step: Write all integers 1 to n in increasing order from left
to right. Strike off 1 and put a pointer at 2, the first prime.

General Step: Suppose pointer is now on r. Counting from r,
strike off every rth number to the right.

If all numbers to the right of r are now struck off, collect all the
numbers in the list that are not struck off. These are all the primes
< n, terminate.

Otherwise move the pointer right to the next number not struck
off, and repeat this general step with the pointer in its new position.

END

Exlaomple 1: Ilustration of Eratosthenes Sieve for
T =
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BEGIN
Initial Step: Write all integers 1 to n in increasing order from left
to right. Strike oﬀ 1 and put a pointer at 2, the ﬁrst prime.
General Step: Suppose pointer is now on r. Counting from r,
strike oﬀ every rth number to the right.
If all numbers to the right of r are now struck oﬀ, collect all the
numbers in the list that are not struck oﬀ. These are all the primes
≤ n, terminate.
Otherwise move the pointer right to the next number not struck
oﬀ, and repeat this general step with the pointer in its new position.
END

sthekdi
on earlier Indian and Arabic treatizes. This book survives only in its
Latin translation, as all the copies of the original Arabic version have
been lost or destroyed.
Algorithms seem to have originated in the work of ancient Indian
mathematicians on rules for solving linear and quadratic equations.
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We will now apply this algorithm on the instance of the problem
with n = 10. At the end of Step 1, the sequence of numbers written
looks like this:

1 ?3,4,5,6,7,8,9,10

After the General step is applied once, the sequence of numbers
looks like this:

1.2, ?,A,5,ﬁ,7,8,9,/10

Applying the General step again, we get this:

1,2,3, A, ?,ﬁ,zﬁ,ﬁ,ﬂo

Applying the General step again, we get this:

1,2,3, A5, b, 1,/8,/9%0

Now all the numbers to the right of the pointer are struck off, so
we can terminate. The set of numbers not struck off is  {2,3,5,7},
this is the set of all primes < 10. >t

There may be several different algorithms for solving a problem.
The mathematical characterization of the most efficient algorithm for a
problem is quite complicated. Informally, we will say that an algorithm
for solving a problem is more efficient than another if it is faster or
requires less computational effort.

It usually requires a deep study of a problem to uncover details of
its structure and find good characterizations of its solution, in order
to develop efficient algorithms for it. We will illustrate this statement
with an example of a problem in networks and an efficient algorithm
for it that came out of a deep study of the problem.

A network consists of points called nodes, and edges each of
which is a line joining a pair of nodes. Such networks are used to
model and represent the system of streets in a city, in transportation,

IThis symbol indicates the end of this portion of text, here Example 1.
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Figure 1.1:

routing, traffic flow, and distribution studies. In this representation
street intersections or traffic centers are represented by nodes in the
network and two-way street segments joining adjacent intersections are
represented by edges.

A network is said to be connected if it is possible to travel from
any node to any other node in the network using only the edges in
the network. Figure 1.1 is a network in which nodes are numbered
and drawn as little circles, and each edge joins a pair of nodes. This
network is clearly connected.

An Euler circuit (named after the 18th century Swiss Mathemati-
cian Leonhard Euler) in a connected network is a route which begins at
a node, say node 1, goes through each edge of the network exactly once,
and returns to the starting node, node 1, at the end. Euler circuits play
an important role in problems such as those of finding least distance
routes for postmen’s beats, good routes for school buses and garbage
collection vehicles, etc.

As an example, in the network with 5 nodes and 7 edges in Figure
1.2, traveling along the edges in the order and direction indicated in
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Figure 1.2 (the edge joining nodes 1 and 2 is traveled first in the direc-
tion from 1 to 2, then the edge joining nodes 2 and 3 from node 2 to
node 3, etc.) leads to one Euler circuit in this network.

Now we describe the problem.

Problem 2: Given a connected network G with nodes 1,...,n,
check whether there is an Euler circuit in it.

Notice that Problem 2 only poses the question of the existence of
an Euler circuit, it does not ask for an Euler circuit when one exists.

Someone who has read Problem 2 for the first time may try to
develop an algorithm for it by beginning at node 1, and then tracing
the edges in some order without repeating any edge in an effort to
construct an Euler circuit. But the most efficient algorithm for it is
an indirect algorithm developed by L. Euler in the year 1736. The
algorithm described below, only answers the existence question, and
does not output an Euler circuit.

Figure 1.2:
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Euler’s algorithm for Problem 2

BEGIN

Define the degree of a node in G to be the number of edges con-
taining it. Find the degree of each node in G.

If the degree of every node in GG is an even number, there is an Euler
circuit in G. If at least one node in G has odd degree, there is no Euler
circuit in G. Terminate.

END

Example 2: Illustration of Euler’s Algorithm to
check the existence of an Euler circuit

Let d; denote the degree of node ¢. For the network in Figure 1.2,
we have (dy,ds,ds, dy,ds) = (2,4,2,2,4). Since all these node degrees
are even, this network has an Euler circuit. An Euler circuit in it was
given above.

For the network in Figure 1.1, we have (dy, da, ds, dy, ds) = (5,5,5,5,4).
Since there are some odd numbers among these node degrees, this net-
work has no Euler circuit by the above algorithm.

The basis for this algorithm is a very beautiful theorem proved by
L. Euler in the year 1736 that a connected network has an Euler circuit
iff the degree of every node in it is even.

The branch of science dealing with the development of efficient algo-
rithms for a variety of computational problems is the most challenging
area of research today.

Exercises

1.1.1: Apply the Eratostenes Sieve to find all prime numbers <
n = 22.
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BEGIN
Deﬁne the degree of a node in G to be the number of edges containing
it. Find the degree of each node in G.
If the degree of every node in G is an even number, there is an Euler
circuit in G. If at least one node in G has odd degree, there is no Euler
circuit in G. Terminate.
END
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Figure 1.3: Network for Exercise 1.1.2

1.1.2: Consider the network in Figure 1.3. Check whether this net-
work has an Euler circuit using the algorithm discussed above. Verify
the correctness of the answer by actually trying to construct an Euler
circuit beginning with node 1 and explain your conclusion carefully.
<1

In this book we will discuss algorithms for solving systems of linear
equations, and other related linear algebra problems.

Systems of simultaneous linear equations pervade all technical ar-
eas. Knowledge about models involving simultaneous linear equations,
and the fundamental concepts behind algorithms for solving and an-
alyzing them, is extremely important for everyone with aspirations of
getting any technical job. Also, systems of simultaneous linear equa-
tions lie at the heart of computational methods for solving most math-
ematical models, as many of these methods include steps that require
the solution of such systems. Hence the material discussed in this chap-
ter is very fundamental, and extremely important for all students of
engineering and the applied sciences.
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We begin with some example applications that lead to models in-
volving simultaneous linear equations.

1.2 Some Example Applications Involv-
ing Linear Equations

Example 1: Scrap Metal Blending Problem

Consider the following problem. A steel company has four different
types of scrap metal (called SM-1 to SM-4) with the following compo-
sitions:

Type | % in type, by weight, of element
Al Si C Fe
SM-1 ) 3 4 88
SM-2 7 6 5) 82
SM-3 2 1 3 94
SM-4 1 2 1 96

They need to blend these four scrap metals into a mixture for which
the composition by weight is:

Al - 4.43%, Si-3.22%, C-3.89%, Fe- 88.46%.

How should they prepare this mixture 7 To answer this question,
we need to determine the proportions of the 4 scrap meatals SM-1,
SM-2, SM-3, SM-4 in the blend to be prepared.

Historical note on algebra, linear algebra: The most funda-
mental idea in linear algebra which was discovered more than 5000
years ago by the Chinese, Indians, Iranians, and Babylonians, is to
represent the quantities that we like to determine by symbols; usually
letters of the alphabet like z,y, z; and then express the relationships
between the quantities represented by these symbols in the form of—
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idea in linear algebra which was discovered more than 5000
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represent the quantities that we like to determine by symbols; usually
letters of the alphabet like x, y, z; and then express the relationships
between the quantities represented by these symbols in the form of
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equations, and finally use these equations as tools to find out the true
values represented by the symbols. The symbols representing the un-
known quantities to be determined are nowadays called unknowns or
variables or decision variables.

The process of representing the relationships between the variables
through equations or other functional relationships is called modeling
or mathematical modeling.

Linear algebra gradually evolved into algebra, one of the chief branches
of mathematics. Even though the subject originated more than 5000
years ago, the name algebra itself came much later, it is derived from
the title of an Arabic book Hisab al-jabr w’almuqabalah written by the
same mathematician Al-Khowarizmi discussed in Section 1.1, around
the same year 825 AD. The term “al-jabr” in Arabic means “restoring”
in the sense of solving an equation. In Latin translation the title of this
book became Ludus Algebrae, the second word in this title surviving
as the modern word algebra for the subject.

The word linear in “linear angebra” refers to the “linear combina-
tions” (see Sections 1.5, 3.5) in the spaces studied, and the linearity of
“linear functions” (see Section 1.7) and “linear equations” studied in
the subject.

Model for scrap metal blending problem: Returning to our
scrap metal blending problem, in order to model it, we first define the
decision variables, denoted by x1, xo, 3, x4, where for j = 1 to 4

x; = proportion of SM-j by weight in the mixture

Then the percentage by weight, of the element Al in the mixture
will be, 5x1 + Txo + 223+ x4, which is required to be 4.43. Arguing
the same way for the elements Si, C, and Fe, we find that the decision
variables x; to x4 must satisfy each equation in the following system
of linear equations in order to lead to the desired mixture:

51‘1 + 71‘2 + 21‘3 +x4 = 4.43
3r1 + 629+ 23+ 204 = 3.22
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equations, and ﬁnally use these equations as tools to ﬁnd out the true
values represented by the symbols. The symbols representing the unknown
quantities to be determined are nowadays called unknowns or
variables or decision variables.
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dxy 4+ by +3x3 +x4 = 3.89
T +2Tog+2x3+2x4 = 1

The last equation in the system stems from the fact that the sum of
the proportions of various ingradients in a blend must always be equal
to 1. This system of equations is the mathematical model for our scrap
metal blending problem. By solving it, we will find the values of the
decision variables x; to x4 that define the desired blend.

Discussion

RHS Constants, Coefficients

It is customary to write the equations as above with the terms
involving the variables on the left hand side (LHS) of the “="
sign, and the constant terms on the right hand side (RHS). The
constant term appearing on the RHS of each equation is known as
the RHS constant in that equation. The RHS constant in the first
equation is 4.43, etc.

The number “5” appearing on the LHS of the first equation in
the system is known as the coefficient of the variable x; in that
equation, etc.

In this system of equations, every variable appears with a nonzero
coefficient in every equation. If a variable does not appear in an equa-
tion, we will say that its coefficient in that equation is zero, and vice
versa.

A variable is considered to be in the system iff it has a nonzero
coefficient in at least one of the constraints. Therefore, every variable
in the system must have a nonzero coefficient in at least one equation.

Moving Terms from Left to Right & Vice Versa

Terms can be moved from left to right (or vice versa) across the
‘=" " sign. The justification for

“_

=" symbol by multiplying them by a
this comes from the principle that when you add equal amounts to equal



1.2 Example applications 11

quantities, the resulting quantities will be equal. In other words, when
you add the same quantity to both sides of an equation, the equation
continues to be valid. For example, the first equation in the above
system is:

5.I1 + 7172 + 21‘3 +x4 = 4.43

Suppose we want to move the 7z, term in this equation from
the left side to the right side of the “=" symbol. Add —T7xy to both
sides of this equation. By the above principle this leads to:

51‘1 + 7172 + 2173 + T4 — 71‘2 = 443 — 71‘2

On the left hand side the +7x, and the —7z, terms cancel with
each other, leading to:

51‘1 + 2I3 +x4 = 4.43 — 7172

Notice that the sign of this term has changed as it moved from
the left to the right of the equality symbol in this equation. In the
same way, we can write the first constraint in an equivalent manner by
moving the constant term from the right side of “=" to the left side
as:

5.731 + 7172 + 2173 + T4 — 443 = 0
Another equivalent way of writing the first constraint is:

Sxy = 4.43 —Txyg — 2x3 — x4

Nonnegativity Restrictions on the Variables

The system in this example consists of 5 equations in 4 variables.
From the definition of the variables given above, it is clear that a so-
lution to this system of equations makes sense for the blending appli-
cation under consideration, only if all the variables in the system have
nonnegative values in it. Each nonnegative solution to this system of
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equations leads to a desirable mixture. The nonnegativity restrictions
on the variables are linear inequality constraints. They cannot be
expressed in the form of linear equations, and since the focus of this
book is linear equations, for the moment we will ignore them.

System of Equations, Solutions, Vectors

In the system of equations obtained above, each equation is asso-
ciated with a specific requirement in the problem. For example, equa-
tions 1 to 4 are associated with the requirements of the elements Al,
Si, C, Fe respectively in the mixture; and equation 5 must be satisfied
by any blend, hence, we will call it the blending requirement.

In the same way, each decision variable in the system is associated
with a unique scrap metal that can be included in the blend.

A system like this is called a system of linear equations, or more
precisely, a system of simultaneous linear equations because a
solution is required to satisfy all the equations in the system.

Using the Gauss-Jordan (GJ) elimination method discussed later
in Section 1.16, it can be determined that this system has the unique
solution:

T = (T, Ta, T3, 74) = (0.25,0.34,0.39,0.02)
which happens to be also nonnegative. Thus a mixture of desired

composition can only be obtained by mixing the scrap metals in the
following way:

Scrap metal | % by weight in blend
SM1 25
SM2 34
SM3 39
SM4 2

The solution & = (1, T, T3, T4) = (0.25,0.34,0.39,0.02) is called a
solution vector to the system of equations. A solution, or solution
vector for a system of linear equations, gives specific numerical values
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to each variable in the system that together satisfy all the equations in
the system.

The word vector in this book refers to a set of numbers arranged
in a specified order, that’s why it is called an ordered set of num-
bers. It is an ordered set because the first number in the vector is
the proportion by weight of the specific raw material SM1, the second
number is the proportion by weight of SM2, etc. Hence, if we change
the order of numbers in a vector, the vector changes; i.e., for exam-
ple (0.25,0.34,0.39,0.02) and (0.34,0.25,0.39,0.02) are not the same
vector.

A vector giving specific numerical values to each variable in a system
of linear equations is said to be a solution or feasible solution for
the system if it satisfies every one of the equations in the system. A
vector violating at least one of the equations in the system is said to
be infeasible to the system.

Since it has four entries, Z above is said to be a four dimensional
vector. An n dimensional vector will have n entries.

The definition of vector that we are using here is standard in all
mathematical literature. The word “vector” is also used to represent
a directed line segment joining a pair of points in the two dimensional
plane in geometry and physics. Using the same word for two different
concepts confuses young readers. To avoid confusion, we will use the
word “vector” to denote an ordered set of numbers only in this book.
For the other concept “the direction from one point towards another
point” in space of any dimension we will use the word “direction” itself
or the phrase “direction vector” (see Section 3.5).

As we will learn later, vectors can be of two types, row vectors and
column vectors. If the entries in a vector are written horizontally one
after the other, the vector is called a row vector. The solution vector
Z is a row vector. If the entries in a vector are written vertically one
below the other, the vector is called a column vector.

The symbol R™ denotes the set of all possible n dimensional vectors
(either row vectors or column vectors). If u is an n dimensional vector
with entries uq, ..., u, in that order, each u; is a real number; and we
indicate this by u € R™ (i.e., u is contained in R™). An n dimensional
vector is also called an n-tuple or an n-tuple vector.
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In the n-dimensional vector © = (21,...,%j_1, %), Tjs1, ..., Tn), T;
is known as the j-th entry or j-th component or j-th coordinate
of the vector x, for j = 1 to n.

R™ is called the n-dimensional vector space, or the space of all
n-dimensional vectors.

Historical note on vectors: The original concept of a vector
(ordered set of numbers, also called a sequence now-a-days) goes back
to prehistoric times in ancient India, in the development of the position
notation for representing numbers by an ordered set or sequence of
digits. There are 10 digits, these are 0, 1, ..., 9. When we write the
number 2357 as a sequence of digits ordered from left to right, we are
using a notation for the number which is actually 7 + 5(10) + 3(10%) +
2(10%).

In the symbol “2357” the rightmost digit 7 is said to be in the
“digits position”. The next digit 5 to the left is in the “10s position”.
The next one 3 to the left is in the “100s position”, or “10%s position”;
and so on. Clearly changing the order of digits in a number changes
its value, that’s why it is important to treat the digits in a number as
an ordered set or sequence, which we are now calling a vector.

In the number 904 = 4 + 9(10?), there is no entry in the 10s po-
sition. For representing such numbers the people who developed the
position notation in ancient India realized that they had to introduce a
symbol for “nothing” (“sunya” in Sanskrit), and introduced the symbol
“0” (sunna) for zero or “nothing”. It is believed that zero got intro-
duced officially as a digit through this process, even though it was not
recognized as a number until then.

Example 2: Athlete’s Supplemental Diet Formu-
lation

The nutritionist advising a promising athlete preparing for an in-
ternational competition has determined that his client needs 110 units
of Vitamin E, 250 units of Vitamin K, and 700 calories of stored mus-
cular energy (SME) per day in addition to the normal nutrition the
client picks up from a regular diet. These additional nutrients can be
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(ordered set of numbers, also called a sequence now-a-days) goes back
to prehistoric times in ancient India, in the development of the position
notation for representing numbers by an ordered set or sequence of
digits. There are 10 digits, these are 0, 1, . . ., 9. When we write the
number 2357 as a sequence of digits ordered from left to right, we are
using a notation for the number which is actually 7 + 5(10)+ 3(102) +
2(103).
In the symbol “2357” the rightmost digit 7 is said to be in the
“digits position”. The next digit 5 to the left is in the “10s position”.
The next one 3 to the left is in the “100s position”, or “102s position”;
and so on. Clearly changing the order of digits in a number changes
its value, that’s why it is important to treat the digits in a number as
an ordered set or sequence, which we are now calling a vector.
In the number 904 = 4 + 9(102), there is no entry in the 10s position.
For representing such numbers the people who developed the
position notation in ancient India realized that they had to introduce a
symbol for “nothing” (“sunya” in Sanskrit), and introduced the symbol
“0” (sunna) for zero or “nothing”. It is believed that zero got introduced
oﬃcially as a digit through this process, even though it was not
recognized as a number until then.
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picked up by including five different supplemental foods with the fol-
lowing compositions (remember that the units of measurement of each
supplemental food and each nutrient may be different, for example one
may be measured in liters, another in Kg, etc.).

Nutrient Nutrient units/unit of food
Food 1 Food 2 Food 3 Food 4 Foodd
Vit E 50 0 80 90 4
Vit K 0 0 200 100 30
SME 100 300 50 250 350

A supplemental diet specifies the quantity of each of foods 1 to 5 to
include in the athlete’s daily intake. In order to express mathematically
the conditions that a supplemental diet has to satisfy to meet all the
requirements, we define the decision variables: for j =1 to 5

x; = units of food j in the supplemental diet

The total amount of Vit E contained in the supplemental diet repre-
sented by the vector = = (x1, %9, x3, x4, 25) is 50x1+80x3+90x,+4x;
units. Unfortunately, not all of this quantity is absorbed by the body,
only a fraction of it is absorbed and the rest discarded. The fraction
absorbed varies with the food and the nutrient, and is to be deter-
mined by very careful (and tedious) metabolic analysis. This data is
given below.

Nutrient Prop. nutrient absorbed, in food
Food 1 Food 2 Food 3 Food 4 Food 5
Vit E 0.6 — 0.8 0.7 0.9
Vit K — — 0.4 0.6 1.0
SME 0.5 0.6 0.9 0.4 0.8

So the units of Vit E absorbed by the athlete’s body in the supple-
mental diet represented by x is 50 x0.6x1 480 % 0.823+90x0.7x4+
4 x 0.925, which is required to be 110. Arguing the same way with
Vit K, and Calories of SME, we find that the decision variables x; to
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x5 must satisfy the following system of linear equations in order to
yield a supplemental diet satisfying all the nutritionist’s requirements:

3021 4+ 64x3 + 6324 + 365 = 110
80.T3 + 601‘4 + 301‘5 = 250
50z + 18029 + 45235 + 10024 + 28025 = 700

This is a system of three equations in five variables. Of course, here
also, in addition to these equations, the variables have to satisfy the
nonnegativity restrictions, which we ignore.

Example 3: A Coin Assembly Problem

A class in an elementary school was assigned the following project
by their teacher. They are given an unlimited supply of US coins con-
sisting of: pennies (1 cent), nickels (5 cents), dimes (10 cents), quarters
(25 cents), half dollars (50 cents), and dollars. They are required to
assemble a set of these coins satisfying the following constraints:

Total value of the set has to be equal to $31.58
Total number of coins in the set has to be equal to 171

Total weight of the set has to be equal to 735.762 grams.

Here is the weight data:

Coin Weight in grams
Penny 2.5
Nickel 5.0
Dime 2.268

Quarter 5.67
Half Dollar 11.34
Dollar 8.1

Formulate the class’s problem as a system of linear equations.

Let the index j = 1 to 6 refer to penny, nickel, dime, quarter, half
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dollar, and dollar, respectively. For 7 = 1 to 6 define the decision
variable:

x; = number of coins of coin j in the assembly

Then the constraints to be satisfied by the solution vector =z =
(1,9, 23,24, T5,26)  corresponding to an assembly satisfying the
teacher’s requirements are:

0.01z; + 0.0522 + 0.10x5 + 0.2524 + 0.525 + 6 = 31.58
Ty + 2o+ T3+ x4+ 25 +26 = 171
2521 + 5.0z + 2.26873 + 5.67x4 + 11.34w5 + 8.1zg = 735.762

Of course, in addition to these equations, we require the variables
to be not only nonnegative, but nonnegative integers; but we ignore
these requirements for the moment.

Example 4: Balancing chemical reactions

In a chemical reaction, two or more input chemicals combine and re-
act to form one or more output chemicals. Balancing this chemical
reaction deals with the problem of determining how many molecules
of each input chemical participate in this reaction, and how many
molecules of each output chemical are produced in the reaction. This
leads to a system of linear equations for which the simplest positive
integer solution is needed.

As an example, consider the well known reaction in which molecules
of hydrogen (H) and oxygen (O) combine to produce molecules of water.
A molecule of hydrogen (oxygen) consists of two atoms of hydrogen
(oxygen) and is represented as Hy (Oz); in the same way a molecule of
water consists of two atoms of hydrogen and one atom of oxygen and
is represented as HyO. The question that arises about this reaction is:
how many molecules of hydrogen combine with how many molecules of
oxygen in the reaction, and how many molecules of water are produced
as a result. Let
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X1, To, x3 denote the number of molecules of hydrogen, oxy-
gen, water respectively, involved in this reaction.

Then this chemical reaction is represented as:
leQ + J/’QOQ — IgHQO

Balancing this chemical reaction means finding the simplest positive
integral values for xy, x5, x3 that leads to the same number of atoms of
hydrogen and oxygen, the two elements appearing in this reaction, on
both sides of the arrow.

Equating the atoms of each element on both sides of the arrow leads
to an equation that the variables have to satisfy. In this reaction those
equations are: 2x; = 2z3 for hydrogen atoms, and 2x, = x3 for oxygen
atoms. This leads to the system of equations:

21‘1 — 21’3 =

2.23'2—.’13'3 = 0

in xy,x,x3. 1 = 2,19 = 1,23 = 2 leads to a simple integer solution
to this system, leading to the balanced reaction 2Hs + Oy — 2H50.

In the same way balancing any chemical reaction leads to a system
of linear equations in which each variable is associated with either an
input, or an output chemical; and each constraint corresponds to a
chemical element in some of these chemicals. We require the simplest
positive integer solution to this system, but for the moment we will
ignore these requirements.

Example 5: Parameter Estimation in Curve Fit-
ting Using the Method of Least Squares

A common problem in all areas of scientific research is to obtain
a mathematical functional relationship between a variable, say ¢, and
a variable y whose value is known to depend on the value of ¢; from
data on the values of y corresponding to various values of ¢, usually
determined experimentally. Suppose this data is:
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when t = t,., the observed value of y is y,; for r = 1 to k.

Using this data, we are required to come up with a mathematical
expression for y as a function of ¢. This problem is known as a curve
fitting problem, handling it involves the following steps.

Algorithm for Solving a Curve Fitting Problem

BEGIN
Step 1: Select a model function f(t)

An explicit mathematical function, let us denote it by f(¢), contain-
ing possibly several unknown parameters (or numerical constants with
unknown values) that seems to provide a good fit for y is selected in this
step. The selected function is called the model function. There may
be theoretical considerations which suggest a good model function. Or
one can create a plot of the observed data on the 2-dimensional Carte-
sian plane, and from the pattern of these points think of a good model
function.

Step 2: Parameter estimation

Let ag, aq, ..., a, denote the parameters in the model function f(t)
whose numerical values are unknown.

Measuring the values of y experimentally is usually subject to un-
known random errors, so even if the model function f(¢) is an exact
fit for y, we may not be able to find any values of the parameters
ag, ay, . . ., a, that satisfy:

y, = observed value of y when t = t, is = f(t,), forr =1
to k.

In this step we find the best values for the parameters ao,...,a,
that make f(¢,.) as close to y, as possible, for r = 1 to k.

The method of least squares for parameter estimation selects the
values of the parameters ay,...,a, in f(t) to be those that minimize
the sum of squares of deviations (y, — f(t,)) over r =1 to k; i.e.,
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BEGIN
Step 1: Select a model function f(t)
An explicit mathematical function, let us denote it by f(t), containing
possibly several unknown parameters (or numerical constants with
unknown values) that seems to provide a good ﬁt for y is selected in this
step. The selected function is called the model function. There may
be theoretical considerations which suggest a good model function. Or
one can create a plot of the observed data on the 2-dimensional Cartesian
plane, and from the pattern of these points think of a good model
function.
Step 2: Parameter estimation
Let a0, a1, . . . , an denote the parameters in the model function f(t)
whose numerical values are unknown.
Measuring the values of y experimentally is usually subject to unknown
random errors, so even if the model function f(t) is an exact
ﬁt for y, we may not be able to ﬁnd any values of the parameters
a0, a1, . . . , an that satisfy:
yr = observed value of y when t = tr is = f(tr), for r = 1
to k.
In this step we ﬁnd the best values for the parameters a0, . . . , an
that make f(tr) as close to yr as possible, for r = 1 to k.
The method of least squares for parameter estimation selects the
values of the parameters a0, . . . , an in f(t) to be those that minimize
the sum of squares of deviations (yr − f(tr)) over r = 1 to k; i.e.,
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minimize Lo(ag,...,a,) = > (yr — f(t,))”

The vector (ag, . ..,a,) that minimizes Lo(ay,...,a,) is known as
the least squares estimator for the parameter vector; and with the
values of the parameters (ay, ..., a,) fixed at (ao, ..., a,), the function
f(t) is known as the least squares fit for y as a function of ¢.

From calculus we know that a necessary condition for (ay, . . ., a,) to
minimize Ls(ao, ..., a,) is that it must satisfy the equations obtained
by setting the partial derivatives of Ls(ag,...,a,) WRT ay,...,a,
equal to 0.

aLQ(ao, Ceey CLn)
8aj

=0 7=0ton.

This system is known as the system of normal equations.

When the model function f(t) satisfies certain conditions, the sys-
tem of normal equations is a system of linear equations that can be
solved by the methods to be discussed later on in this chapter. Also,
any solution to this system is guaranteed to minimize Ls(ag, ..., a,).
A general class of model functions that satisfy these conditions are the
polynomials. In this case,

f(t) = Qg —|—a1t—|—a2t2 + ... —i—ant"

where the coefficients ag, ..., a, are the parameters in this model func-
tion. We will discuss this case only.

If n =1 (i.e., f(t) = ap + a1t), we are fitting a linear function of ¢
for y. In Statistics, the problem of finding the best linear function of ¢
that fits y (i.e., fits the given data as closely as possible) is known as
the linear regression problem. In this special case, the estimates
for the parameters obtained are called regression coefficients, and
the best fit is called the regression line for y in terms of .

If n = 2, we are trying to fit a quadratic function of ¢ to y. And so

o1.
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minimize L2(a0, . . . , an) =
k
�r=1
(yr − f(tr))2
The vector (¯a0, . . . , ¯an) that minimizes L2(a0, . . . , an) is known as
the least squares estimator for the parameter vector; and with the
values of the parameters (a0, . . . , an) ﬁxed at (¯a0, . . . , ¯an), the function
f(t) is known as the least squares ﬁt for y as a function of t.
From calculus we know that a necessary condition for (¯a0, . . . , ¯an) to
minimize L2(a0, . . . , an) is that it must satisfy the equations obtained
by setting the partial derivatives of L2(a0, . . . , an) WRT a0, . . . , an
equal to 0.
∂L2(a0, . . . , an)
∂aj
= 0 j = 0 to n.
This system is known as the system of normal equations.
When the model function f(t) satisﬁes certain conditions, the system
of normal equations is a system of linear equations that can be
solved by the methods to be discussed later on in this chapter. Also,
any solution to this system is guaranteed to minimize L2(a0, . . . , an).
A general class of model functions that satisfy these conditions are the
polynomials. In this case,
f(t) = a0 + a1t + a2t2 + . . . + antn
where the coeﬃcients a0, . . . , an are the parameters in this model function.
We will discuss this case only.
If n = 1 (i.e., f(t) = a0 + a1t), we are ﬁtting a linear function of t
for y. In Statistics, the problem of ﬁnding the best linear function of t
that ﬁts y (i.e., ﬁts the given data as closely as possible) is known as
the linear regression problem. In this special case, the estimates
for the parameters obtained are called regression coeﬃcients, and
the best ﬁt is called the regression line for y in terms of t.
If n = 2, we are trying to ﬁt a quadratic function of t to y. And so
on.
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When the model function f(#) is the polynomial ag+ait+. ..+ a,t",

we have Ly(ag, ..., a,) = Sr_ (y, — ag — art, — ... — a,t™)?. So,

aLQ(ao, ey

k
B Zyrt] —aOZtJ —a Zt”“ co—ap Yy ).
i r=1

for 7 = 0 to n. Hence the normal equations are equivalent to

k k
aozt]—l—a th“—i-...—l—anthH:ZyTti for j =0 ton

r=1 r=1 r=1

which is a system of n + 1 linear equations in the n 4+ 1 parameters
agy ..., Qp.

If (ag, . .., ay) is the solution of this system of linear equations, then
f(t) = ao + ait + ... + a,t™ is the best fit obtained for y.

Step 3: Checking how good the best fit obtained is

Let (ag,...,a,) be the best values obtained in Step 2 for the un-
known parameters in the model function f(t); and let f(¢) denote the
best fit for y, obtained by substituting a; for a; for j = 0 to n in f(¢).
Here we check how well f(t) actually fits y.

The minimum value of Ly(ay, . . ., a,) is La(ao, . . ., @,), this quantity
is called the optimal residual or the sum of squared errors.

The optimal residual will be 0 only if y, — f(¢,) = 0 for all r = 1
to k; i.e., the fit obtained is an exact fit to y at all values of ¢ observed
in the experiment.

The optimal residual will be large if some or all the deviations
y, — f(t,) are large. Thus the value of the optimal residual can be
used to judge how well f(t) fits y. The smaller the optimal residual
the better the fit obtained.

If the optimal residual is considered too large, it is an indication
that the model function f(t) selected in Step 1 does not provide a good
approximation for y in terms of ¢. In this case Step 1 is repeated to
select a better model function, and the whole process repeated.

END
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When the model function f(t) is the polynomial a0+a1t+. . .+antn,
we have L2(a0, . . . , an) = �k
r=1(yr − a0 − a1tr − . . . − antn
r )2. So,
∂L2(a0, . . . , an)
∂aj
= 2(
k
�r=1
yrtj
r − a0
k
�r=1
tj
r − a1
k
�r=1
tj+1
r − . . .− an
k
�r=1
tn+j
r ).
for j = 0 to n. Hence the normal equations are equivalent to
a0
k
�r=1
tj
r + a1
k
�r=1
tj+1
r + . . . + an
k
�r=1
tn+j
r =
k
�r=1
yrtj
r for j = 0 to n
which is a system of n + 1 linear equations in the n + 1 parameters
a0, . . . , an.
If (¯a0, . . . , ¯an) is the solution of this system of linear equations, then
¯ f(t) = ¯a0 + ¯a1t + . . .+ ¯antn is the best ﬁt obtained for y.
Step 3: Checking how good the best ﬁt obtained is
Let (¯a0, . . . , ¯an) be the best values obtained in Step 2 for the unknown
parameters in the model function f(t); and let ¯ f(t) denote the
best ﬁt for y, obtained by substituting ¯aj for aj for j = 0 to n in f(t).
Here we check how well ¯ f(t) actually ﬁts y.
The minimum value of L2(a0, . . . , an) is L2(¯a0, . . . , ¯an), this quantity
is called the optimal residual or the sum of squared errors.
The optimal residual will be 0 only if yr − ¯ f(tr) = 0 for all r = 1
to k; i.e., the ﬁt obtained is an exact ﬁt to y at all values of t observed
in the experiment.
The optimal residual will be large if some or all the deviations
yr − ¯ f(tr) are large. Thus the value of the optimal residual can be
used to judge how well ¯ f(t) ﬁts y. The smaller the optimal residual
the better the ﬁt obtained.
If the optimal residual is considered too large, it is an indication
that the model function f(t) selected in Step 1 does not provide a good
approximation for y in terms of t. In this case Step 1 is repeated to
select a better model function, and the whole process repeated.
END
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Example: Example of a curve fitting problem

As a numerical example consider the yield y from a chemical reac-
tion, which depends on the temperature ¢ in the reactor. The yield is
measured at four different temperatures on a specially selected scale,
and the data is given below.

Temperature ¢t Yield y

-1 7
0 9
1 12
2 10

We will now derive the normal equations for fitting a quadratic
function of ¢ to y using the method of least squares. So, the model
function is f(t) = ag + ait + ast?, involving three parameters ag, ay, as.
In this example the sum of squared deviations

LQ((ZQ, ai, ag) = (7 —ag+a; — a2)2 -+ (9 — a0)2 -+ (12 — Qg — a1 — a2)2
+<].0 — ag — 2@1 — 4@2)2
SO, g%g = —2(7 — ag + a)p — CLQ) — 2(9 — CL()) —2<12 — Qo — a; — CLQ) —
2(10 — ag — 2a; — 4as)? = —76 + 8agp + 4a; + 12a,. Hence the normal

equation % =0 leads to

8(10 + 4(11 + 12(12 =76
Deriving g% = (0 and g% = (, in the same way, we have the system

of normal equations given below.

8ag + 4a1 + 12a9 = 76
4ag + 12a7 4+ 16a, = 50
12a¢ + 16a7 4+ 36a, = 118
This is a system of three linear equations with three unknowns. If
(@g, a1, as) is its solution, f(t) = a@g + a1t + ast* is the quadratic fit
obtained for y in terms of ¢.
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We considered the case where the variable y depends on only one
independent variable t. When y depends on two or more independent
variables, parameter estimation problems are handled by the method
of least squares in the same way by minimizing the sum of squared
deviations.

Historical note on the method of least squares: The method
of least squares is reported to have been developed by the German
mathematician Carl Friedrich Gauss at the beginning of the 19th cen-
tury while calculating the orbit of the asteroid Ceres based on recorded
observations in tracking it earlier. It was lost from view when the as-
tronomer Piazzi tracking it fell ill. Gauss used the method of least
squares and the Gauss-Jordan method for solving systems of linear
equations in this work. He had to solve systems involving 17 linear
equations, which are quite large for hand computation. Gauss’s accu-
rate computations helped in relocating the asteroid in the skies in a
few months time, and his reputation as a mathematician soared.

The Importance of Systems of Linear Equations

Systems of linear equations pervade all areas of scientific computa-
tion. They are the most important tool in scientific research, develop-
ment and technology. Many other problems which do not involve linear
equations directly in their statement are solved by iterative methods
that usually involve in each iteration, one or more systems of linear
equations to be solved.

The Scope of this Book, Limitations

The branch of mathematics called Linear Algebra initially origi-
nated for the study of systems of linear equations and for developing
methods to solve them. This occurred more than 2000 years ago. Clas-
sical linear algebra concerned itself with only linear equations, and no
linear inequalities. We limit the scope of this book to linear algebra
related to the study of linear equations.
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Historical note on the method of least squares: The method
of least squares is reported to have been developed by the German
mathematician Carl Friedrich Gauss at the beginning of the 19th century
while calculating the orbit of the asteroid Ceres based on recorded
observations in tracking it earlier. It was lost from view when the astronomer
Piazzi tracking it fell ill. Gauss used the method of least
squares and the Gauss-Jordan method for solving systems of linear
equations in this work. He had to solve systems involving 17 linear
equations, which are quite large for hand computation. Gauss’s accurate
computations helped in relocating the asteroid in the skies in a
few months time, and his reputation as a mathematician soared.
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Extensions to Linear Inequalities, Linear Pro-
gramming, Integer Programming, & Combinatorial
Optimization

Historical note on linear inequalities, linear programming:
Methods for solving systems of linear constraints including linear in-
equalities and/or nonnegativity restrictions or other bounds on the
variables belong to the modern subject called Linear Programming
which began with the development of the Simplex Method to solve
them by George B. Dantzig in 1947. Most of the content of this book,
with the possible exception of eigen values and eigen vectors is an es-
sential prerequisite for the study of linear programming. All useful
methods for solving linear programs are iterative methods that need to
solve in each iteration one or more systems of linear equations formed
with data coming from the current solution. The fundamental theoreti-
cal result concerning linear inequalities, called Farkas’ Lemma, is the
key for the development of efficient methods for linear programming. It
appeared in  J. Farkas, “Uber die Theorie der einfachen Ungleichun-
gen”, (in German), J. Reine Angew. Math., 124(1902)1-24. Thus
linear programming is entirely a 20th century subject. Linear pro-
gramming is outside the scope of this book.

Integer Pro-
gramming

Linear Pro-

Linear Alge-
bra

Study of linear
equations.

Originated over
2000 years ago.

gramming

Study of lin-
ear constraints
including in-
equalities.
Developed in
20th century

Figure 1.4

Study for finding

integer solu-
tions to linear
constraints
including in-
equalities.

Developed in
20th century
after linear
programming.
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Historical note on linear inequalities, linear programming:
Methods for solving systems of linear constraints including linear inequalities
and/or nonnegativity restrictions or other bounds on the
variables belong to the modern subject called Linear Programming
which began with the development of the Simplex Method to solve
them by George B. Dantzig in 1947. Most of the content of this book,
with the possible exception of eigen values and eigen vectors is an essential
prerequisite for the study of linear programming. All useful
methods for solving linear programs are iterative methods that need to
solve in each iteration one or more systems of linear equations formed
with data coming from the current solution. The fundamental theoretical
result concerning linear inequalities, called Farkas’ Lemma, is the
key for the development of eﬃcient methods for linear programming. It
appeared in J. Farkas, “ ¨U
ber die Theorie der einfachen Ungleichungen”,
(in German), J. Reine Angew. Math., 124(1902)1-24. Thus
linear programming is entirely a 20th century subject. Linear programming
is outside the scope of this book.
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We noticed that some applications involved obtaining solutions to
systems of linear equations in which the variables are required to be
nonnegative integers. The branch of mathematics dealing with meth-
ods for obtaining integer solutions to systems of linear equations (no
inequalities) is called linear Diophantine equations, again a clas-
sical subject that originated a long time ago. Unfortunately, linear
Diophantine equations has remained a purely theoretical subject with-
out many applications. The reason for this is that in applications which
call for an integer solution to a system of linear constraints, the sys-
tem usually contains nonnegativity restrictions or other bounds on the
variables and /or other inequalities. Problems in which one is required
to find integer solutions to systems of linear constraints including some
inequalities and/or bounds on variables fall under the modern subjects
known as Integer Programming, and Combinatorial Optimiza-
tion. These subjects are much further extensions of linear program-
ming, and were developed after linear programming in the 20th century.
Approaches for solving integer programs usually need the solution of a
sequence of linear programs. All these subjects are outside the scope
of this book.

Figure 1.4 summarizes the relatioships among these subjects. The
subject at the head-end of each arrow is an extension of the one at the
tail-end.

Exercises

1.2.1: Data on the thickness of various US coins is given below.

Coin Thickness in mm
Penny 1.55
Nickel 1.95
Dime 1.35

Quarter 1.75
Half dollar | 2.15
Dollar 2.00

Formulate a version of the coin assembly problem in Example 3 in
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which the total value of the coin assembly has to be $55.93, the total
number of coins in the assembly has to be 254, the total weight of the
assembly has to be 1367.582 grams, and the total height of the stack
when the coins in the assembly are stacked up one on top of the other
has to be 448.35 mm, as a system of linear equations by ignoring the
nonnegative integer requirements on the decision variables.

1.2.2: In the year 2000, the US government introduced two new
one dollar coins. Data on them is given below.

Coin Thickness in mm  Weight in grams
Sacagawea golden 1.75 5.67
Sacagawea Silver toned 2 8.1

Consider the problem stated in Exercise 1.2.1 above. The set of
coins assembled has to satisfy all the constraints stated in Exercise
1.2.1. It may consist of a nonnegative integer number of pennies, nick-
els, dimes, quarters, half dollars, and dollars mentioned in Exercise
1.2.1; in addition, the set is required to contain exactly two Saca-
gawea golden dollars, and exactly 3 Sacagawea silver toned dollars.
Discuss how this changes the linear equations model developed in Ex-
ercise 1.2.1.

1.2.3: Data on the composition of various US coins is given below.
Consider a version of the coin assembly problem in Example 3 in which
the total value of the coin assembly has to be $109.40, the total number
of coins in the assembly has to be 444, the total weight of the assembly
has to be 2516.528 grams, the total height of the stack when the coins
in the assembly are stacked up one on top of the other has to be 796.65
mm; and the total amount of Zn, Ni, Cu in the assembly has to be
268.125, 256.734, and 1991.669 g, respectively. Also, among these coins,
the penny and the nickel are plain; while the dime, quarter, half dollar,
dollar are reeded. The number of plain and reeded coins in the assembly
has to be 194 and 250, respectively. Again, among these coins, only
the quarter, half dollar, dollar have an eagle on the reverse; and the
number of such coins in the assembly is required to be 209. Formulate
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this problem as a system of linear equations by ignoring the nonnegative
integer requirements on the decision variables.

Coin Fraction in coin, by weight, of element

Zn Ni Cu

Penny 0.975 0 0.025
Nickel 0 0.25 0.75

Dime 0 0.0833 0.9167

Quarter 0 0.0833 0.9167

Half dollar 0 0.0833 0.9167

Dollar 0 0.0833 0.9167

1.2.4: A container has been filled with water from two taps in two
different experiments. In the first experiment, the first tap was left
on at full level for six minutes, and then the second tap was left on
at full level for three minutes; resulting in a total flow of 114 quarts
into the container. In the second experiment a total of 66 quarts has
flown into the container when the first tap was left on at full level for
two minutes, and then the second tap was left on at full level for three
minutes. Assuming that each tap has the property that the flow rate
through it at full level is a constant independent of time, find these rates
per minute. Formulate this problem as a system of linear equations
(from Van Nostrand Reinhold Concise Encyclopedia of Mathematics,
2nd edition, 1989).

1.2.5: An antifreeze has a density of 1.135 (density of water = 1).
How many quarts of antifreeze, and how many quarts of water have
to be mixed in order to obtain 100 quarts of mixture of density 1.0277
(From Van Nostrand Reinhold Concise Encyclopedia of Mathematics,
2nd edition, 1989.)

1.2.6: A person is planning to buy special long slacks (SLS), fancy
shirts (FS) that go with them; special half-pants (SHP), and special
jackets (SJ) that go with them. Data on these items is given below.

The person wants to spend exactly $1250, and receive exactly 74
bonus coupons from the purchase. Also, the total number of items
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Item Price ($/item) Bonus coupons*

SLS 120 10
ES 70 4
SHP 90 )
SJ 80 3

*awarded per item purchased

purchased should be 14. The number of SLS, FS purchased should be
equal; as also the number of SHP, SJ purchased. Formulate the person’s
problem using a system of linear equations, ignoring any nonnegative
integer requirements on the variables.

1.2.7: A person has taken a boat ride on a river from point A to
point B, 10 miles away, and back, to point A on a windless day. The
river water is flowing in the direction of A to B at a constant speed
and the boat always travels at a constant speed in still water. The trip
from A to B took one hour, and the return trip from B to A took 5
hours. Formulate the problem of finding the speeds of the river and
the boat using a system of linear equations.

1.2.8: A company has two coal mines which produce metallurgical
quality coal to be used in its three steel plants. The daily production
and usage rates are as follows:

Plant Daily requirement

Mine Daily production

M, 800 tons Py 300 tons
M. 400 tons Py 200 tons
- Py 700 tons

Each mine can ship its coal to each steel plant. The requirement at
each plant has to be met exactly, and the production at each mine has
to be shipped out daily. Define the decision variables as the amounts of
coal shipped from each mine to each plant, and write down the system
of linear equations they have to satisfy.

1.2.9: The yield from a chemical reaction, ¥, is known to vary as a
third degree polynomial in ¢t — 105 where ¢ is the temperature
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inside the reactor in degrees centigrade, in the range 100 < ¢ < 110.
Denoting the yield when the temperature inside the reactor is ¢ by
y(t), we therefore have

y(t) = ag + a1 (t — 105) + as(t — 105)* + az(t — 105)°

in the range 100 <t < 110, where ag,a1,as, and a3 are unknown
parameters. To determine the values of these parameters, data on ob-
servations on the yield taken at four different temperatures is given be-
low. Write the equations for determining the parameters ag, aq, as, as
using this data.

Temperature | Yield
103 87.2
105 90
107 96.8
109 112.4

1.2.10: A pizza outlet operates from noon to midnight each day.
Its employees begin work at the following times: noon, 2 PM, 4 PM,
6 PM, 8 PM, and 10 PM. All those who begin work at noon, 2 PM, 4
PM, 6 PM, or 8 PM, work for a four hour period without breaks and
then go home. Those who begin work at 10 PM work only for two
hours and go home when the outlet closes at midnight.

On a particular day the manager has estimated that the outlet needs
the following number of workers during the various two hour intervals.

Time interval No. workers needed
12 noon — 2 PM 6
2PM — 4 PM 10
4PM — 6 PM 9
6 PM — 8 PM 8
8 PM — 10 PM 5
10 PM — 12 midnight 4

The manager needs to figure out how many workers should be called
for work at noon, 2 PM, 4 PM, 6 PM, 8 PM, and 10 PM on that day to
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meet the staffing requirements given above exactly. Write the system
of equations that these decision variables have to satisfy.

1.2.11: A shoe factory makes two types of shoes, J (jogging shoes)
and W (walking shoes). Shoe manufacturing basically involves two
major operations: cutting in the cutting shop and assembly in the
assembly shop. Data on the amount of man-minutes of labor required
in each shop for each type and the profit per pair made, is given below.

Type Man-minutes needed/pair in | Profit/pair
Cutting shop Assembly shop
J 10 12 10%
W 6 3 8%
Man-mts. 130,000 135,000
available

Assuming that all man-minutes of labor available in each shop are
used up exactly on a particular day, and that the total profit made on
that day is $140,000, develop a linear equation model to determine how
many pairs of J and W are manufactured on that day.

1.2.12: A farmer has planted corn and soybeans on a 1000 acre
section of the family farm, using up all the land in the section.

An acre planted with soybeans yields 40 bushels of soybeans, and an
acre planted with corn produces 120 bushels of corn. Each acre of corn
requires 10 manhours of labor, and each acre of soybeans needs 6 man-
hours of labor, over the whole season. The farmer pays $5/manhour
for labor.

The farmer sells soybeans at the rate of $8/bushel, and corn at the
rate of $4/bushel.

The farmer had to pay a total of $38,000 for labor over the season,
and obtained a total of $384,000 from the sale of the produce.

Develop a system of linear equations to determine how many acres
are planted with corn and soybeans and how many bushels of corn and
soybeans are produced.
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1.2.13: In a plywood company, logs are sliced into thin sheets
called green veneer. To make plywood sheets, the veneer sheets are
dried, glued, pressed in a hot press, cut to an exact size, and then
polished.

There are different grades of veneer and different grades of plywood
sheets. For our problem assume that there are two grades of veneer (
A and B ), and that the company makes two grades of plywood sheets
(regular and premium). Data on inputs needed to make these sheets
and the availability of these inputs is given below.

Input Needed for 1 sheet of | Available/day
Regular  Premium
A-veneer sheets 2 4 100,000
B-veneer sheets 4 3 150,000
Pressing mc. minutes 1 2 50,000
Polishing mc. minutes 2 4 90,000
Selling price($/sheet) 15 20

On a particular day, the total sales revenue was $575,000. 10,000
A-veneer sheets and 20,000 B-veneer sheets of that day’s supply were
unused. The polishing machine time available was fully used up, but
5,000 minutes of available pressing time was not used. Use this infor-
mation and develop a system of all linear equations that you can write
for determining the number of regular and premium plywood sheets
manufactured that day.

1.2.14: A couple, both of whom are ardent nature lovers, have
decided not to have any children of their own, because of concerns that
the already large human population is decimating nature all over the
world. One is a practicing lawyer, and the other a practicing physician.
The physician’s annual income is four times that of the lawyer.

They have a fervent desire to complete two projects. One is to buy
a 1000 acre tract of undeveloped land and plant it with native trees,
shrubs and other flora, and provide protection so that they can grow
and flourish without being trampled by humanity. This is estimated
to require 10 years of the wife’s income plus 20 years of the husband’s
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income.

The other project is to fund a family planning clinic in their neigh-
borhood, which is exactly half as expensive as the first project, and
requires 6 years of their combined income.

They read in a magazine article that Bill Gate’s official annual
salary at his company is half-a-million dollars, and thought “Oh!, that
is our combined annual income”.

Express as linear equations, all the constraints satisfied by their
annual incomes described above.

1.2.15: A university professor gives two midterm exams and a final
exam in each of his courses. After teaching many courses over several
semesters he has developed a theory that the score of any student in
the final exam of one of his courses, say x3, can be predicted from that
student’s midterm exam scores, say w1, xs; by a function of the form
ag + a1 + asxy where ag, aq, as are unknown parameters.

In the following table, we give data on the scores obtained by 6
students in one of his courses in all the exams. Using it, it is required
to determine the best values for ag, a1, as that will make x3 as close as
possible to ag + a;x1 + asxs by the method of least squares. Develop
the system of normal equations from which these values for ag, a;, as
can be determined.

Student no. Score obtained in
Midterm 1 Midterm 2 Final
1 58 38 57
2 86 76 73
3 89 70 58
4 79 83 68
5 7 74 7
6 96 90 84

1.2.16: The following table gives data on x; = height in inches, -
= age in years, and x3 = weight in lbs of six male adults from a small
ethnic group in a village. It is believed that a relationship of the form:
r3 = ag + a1x1 + asrs holds between these variables, where ag, ay, as
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are unknown parameters. Develop the normal equations to determine
the best values for ag, a;, as that make this fit as close as possible using
the method of least squares.

Person | Height Age Weight
1 62 40 152
66 45 171
72 50 184
60 35 135
69 54 168
71 38 169

O O = W N

1.2.17: They have conducted experiments at an agricultural re-
search station to determine the effect of the application of the three
principal fertilizer components, nitrogen (N), phosphorous (P), and
potassium (K), on yield in the cultivation of sugar beets. Various
quantities of N, P, K are applied on seven research plots and the yield
measured (all quantities are measured in their own coded units). Data
is given in the following table.

Let N, P, K, and Y denote the amounts of N, P, K applied and the
yield respectively. It is required to find the best fit for Y of the form ay+
a1 N +as P+az K, where ag, ai, as, az are unknown parameters. Develop
the normal equations for finding the best values for these parameters
that give the closest fit, by the method of least squares.

Plot no. | Quantity applied | Yield
N P K
1 4 4 4 90
2 5 4 3 82
3 6 2 4 87
4 7 3 5 100
) 6 8 3 115
6 4 7 7 110
7 3 5 3 80

1.2.18: Following table gives information on the box-office revenue
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(in million dollar units) that some popular movies released in 1998
earned during each weekend in theaters in USA. The 1st column is the
weekend number (1 being the first weekend) after the release of the
movie, and data is provided for all weekends that the movie remained
among the top-ten grossing films.

Weekend | Armageddon Rush hour The wedding singer

1 36.1 33.0 18.9
2 23.6 21.2 12.2
3 16.6 14.5 8.7
4 11.2 11.1 6.2
5 7.6 8.2 4.7
6 5.3 5.9 3.2
7 4.1 3.8

8 3.3

For each movie, it is believed that the earnings F(w) during week-
end w can be represented approximately by the mathematical formula

E(w) = ab®

where a, b are positive parameters that depend on the movie.

For each movie separately, assuming that the formula is correct,
write a system of linear equations from which a,b can be determined
(you have to make a suitable transformation of the data in order to
model this using linear equations).

Also, if this system of linear equations has no exact solution, discuss
how the least squares method for parameter estimation discussed in
Example 5 can be used to get the best values for the parameters a, b
that minimizes the sum of squared deviations in the above system of
linear equations. Using the procedure discussed in Example 5 derive
another system of linear equations from which these best estimates for
a,b can be obtained.

(Data obtained from the paper: R. A. Powers, “Big Box Office
Bucks”, Mathematics Teacher, 94, no. 2 (112-120)Feb. 2001.)

1.2.19:Minnesota’s shrinking farm population: Given below
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is the yearly data on the number of farms in the State of Minnesota
between 1983 (counted as year 0) to 1998 from the Minnesota Dept. of
Agriculture. Here a farm is defined to be an agricultural establishment
with $1000 or more of agricultural sales annually. Let

t =  year number (1983 corresponds to ¢ = 0)
y(t) = number of farms in Minnesota in year ¢ in thousands.

t 0 1 2 3 4 5 6 7
y(t) 102 97 96 93 92 92 90 &9

t 8 9 10 11 12 13 14 15
y(t) 88 88 86 85 83 82 81 &0

Assume that y(t) = a + bt where a, b are unknown real parameters.
Write all the linear equations that a, b have to satisfy if the assumption
is correct.

This system of equations may not have an exact solution in a,b. In
this case the method of least squares takes the best values for a, b to be
those that minimize the sum of square deviations L(a, b) = 312, (y(t) —
a — bt)%. From calculus we know that these values are given by the

system of equations:

0L(a,b) _0 0L(a,b) _0
da ob

Derive this system of equations and show that it is a system of two
linear equations in the two unknowns a, b.

1.2.20:Archimedes’ Cattle Problem, also known as Archimedes’
Problema Bovinum: The Greek mathematician Archimedes com-
posed this problem around 251 BC in the form of a poem consisting
of 22 elegiac couplets, the first of which says “If thou art diligent and
wise, O stranger, compute the number of cattle of the Sun, who once
upon a time grazed on the fields of the Thrinacian isle of Sicily.” The
Sun god’s herd consisting of bulls and cows, is divided into white,



36 Ch. 1. Linear egs.

black, spotted, and brown cattle. The requirement is to determine the
composition of this herd, i.e., the number of cattle of each sex in each
of these color groups. Ignoring the nonnegative integer requirements,
formulate this problem as a system of linear equations, based on the
following information given about the herd.

Among the bulls:

e the number of white ones is greater than the brown ones by (one
half plus one third)the number of black ones;

e the number of black ones is greater than the brown ones by (one
quarter plus one fifth)the number of the spotted ones;

e the number of spotted ones is greater than the brown ones by
(one sixth plus one seventh)the number of white ones.

Among the cows:

e the number of white ones is (one third plus one quarter)of the
total black cattle;

e the number of black ones is (one quarter plus one fifth)the total
of the spotted cattle;

e the number of spotted is (one fifth plus one sixth)the total of the
brown cattle;

e and the number of brown ones is (one sixth plus one seventh)the
total of the white cattle.

1.2.21: Monkey and Coconut Problem: There are 3 monkeys,
and a pile of N coconuts.

A traveling group of six men come to this scene one after the other.
Each man divides the number of coconuts in the remaining pile by 6,
and finds that it leaves a remainder of 3. He takes one sixth of that
remaining pile himself, gives one coconut each to the three monkeys,
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leaves the others in the pile, and exits from the scene. The monkeys im-
mediately transfer the coconuts they received to their private treasure
piles.

After all the men have left, a group of 5 female tourists show up on
the scene together. They find that if the number of remaining coconuts
is divided by 5, it leaves a remainder of 3. Each one of them take one
fifth of the remaining pile, and give one coconut to each of the three
monkeys.

Write the system of equations satisfied by N and the number of
coconuts taken by each man, and each female tourist.

1.2.22: The Classic Monkey and the Bananas Problem:
Three sailors were shipwrecked on a lush tropical island. They spent
the day gathering bananas, which they put in a large pile. It was
getting dark and they were very tired, so they slept, deciding to divide
the bananas equally among themselves next morning. In the middle of
the night one of the sailors awoke and divided the pile of bananas into
3 equal shares. When he did so, he had one banana left over, he fed
it to a monkey. He then hid his share in a secure place and went back
to sleep. Later a 2nd sailor awoke and divided the remaining bananas
into 3 equal shares. He too found one banana left over which he fed to
the monkey. He then hid his share and went back to sleep. The 3rd
sailor awoke later on, and divided the remaining bananas into 3 equal
shares. Again one banana was left over, he fed it to the monkey; hid
his share and went back to sleep.

When all the sailors got up next morning, the pile was noticeably
smaller, but since they all felt guilty, none of them said anything; and
they agreed to divide the bananas equally. When they did so, one
banana was left over, which they gave to the monkey.

Write the system of linear equations satisfied by the number of
bananas in the original pile, and the number of bananas taken by each
of the sailors in the two stages. Find the positive integer solution to
this system of equations that has the smallest possible value for the
number of bananas in the original pile.

1.2.23: (From C. Ray Wylie, Advanced Engineering Mathematics,
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6th ed., McGraw-Hill, 1995) Commercial fertilizers are usually mix-
tures containing specified amounts of 3 components: potassium (K),
phosphorus (P), and nitrogen (N). A garden store carries three stan-
dard blends M, My, M3 with the following compositions.

Blend | % in blend, of
K P N
M, 10 10 30
My 30 10 20
Ms 20 20 30

(1): A customer has a special need for a fertilizer with % of K, P,
N equal to 15, 5, 25 respectively. Discuss how the store should mix
My, M5, M3 to produce a mixture with composition required by the
customer. Formulate this problem as a system of linear equations.

(ii): Assume that a customer has a special need for a fertilizer
with % of K, P, and N equal to k, p, and n respectively. Find out the
conditions that k,p,n have to satisfy so that the store can produce a
mixture of My, My, M3 with this specific composition.

1.2.24: Balancing chemical reactions: Develop the system of
linear equations to balance the following chemical reactions, and if pos-
sible find the simplest positive integer solution for each of these sys-
tems and express the chemical reaction using it. Besides hydrogen (H),
oxygen (O) mentioned above, the elements involved in these reactions
are: lead (Pb), carbon (C), sulpher (S) nitrogen (N), phosphorous (P),
chlorine (Cl), sodium (Na), cerium (Ce), molybdenum (Mo), tantalum
(Ta), Chromium (Cr), arsenic (As), and manganese (Mn).

(i): C,Hapyo is the formula for a basic hydrocarbon for positive
integer values of n. n = 8, 10, 12 correspond to common liquid hy-
drocarbons. Each of these hydrocarbons combines with oxygen in a
chemical reaction (combustion) to produce carbon dioxide (C'O3) and
water (H,0). Balance this reaction for n = 8, 10, 12.
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(ii): CHy is the formula for methane which is the main compo-
nent in natural gas. Balance the chemical reaction in which methane
combines with oxygen to produce carbon dioxide and water.

(iii): C9H90q; is the formula for sucrose (sugar). Balance the
reaction in which sucrose combines with oxygen to produce carbon
dioxide and water.

(iv): Balance the chemical reaction in which NOy; and HyO com-
bine to form HNQOy and HNOs.

(v): Balance the reaction in which the chemical compounds PbNg
and C'rMnsQOg combine to produce Pb3Oy4, CrO3z, MnOy and NO.

(vi): Balance the reaction in which the chemical compounds MnS,
ASQOT10035, and HQSO4 combine to pI'OdUCG HMHO4, ASHg, OTSgOu
and HQO

(vii): Balance the reaction in which the chemical compounds
Tay(NHs)4(PHs)aHs and Oy combine to produce T'ayOs, HyO, PyOs,
and NO,.

(viii): Balance the reaction in which the chemical compounds
Tay(N Hs)4(PHs)aHs and Cly combine to produce TaCls, PCls, HCI,
and NCls.

(ix): Balance the reaction in which the chemical compounds
NagCeMo1504 and Cly combine to produce NaC'l, CeCly, MoCls,
and Cly0.

The reactions (vii), (viii), (ix) are given to me by K. Rengan.

1.2.25: Two couples C7, Cy who are very close friends, had their
wedding anniversaries on the same date. They decided to celebrate it
together.

First they had dinner at a nice restaurant. To cover the restaurant
bill couple Cs paid twice as much as C';. Then they went to a theater
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show. For the tickets couple C; paid twice as much as C5. Together,
the theater tickets cost 50% more than the restaurant bill.

Then they went for dancing in a nightclub. For the entrance fees
here couple '} paid as much as C5 paid at the restaurant and theater
together; and C5 paid as much as C; paid at the restaurant and theater
together.

After it was all over, they realized that the evenings program cost
them together a total of $750. Formulate a system of linear equations
to determine who spent how much at each place, and who spent more
overall.

1.2.26: Two couples (Wi, Hy), (W2, Hy) met at a weight loss clinic.
They found out that all of them together weigh 700 lbs, that the two
wives have the same weight which is the average weight of the two
husbands, and that Hs is one-third heavier than H;. Formulate a
system of linear equations to determine their weights individually.

1.2.27: In an enclosed area in a cattle ranch there are cows grazing
and cowboys riding on horseback. The total number of legs (heads) of
all the cows, horses, and cowboys put together is 2030 (510). Formulate
a system of linear equations to determine the number of cows and
cowboys in the area.

1.2.28: A college student went into a jewellery store in which all
the items are on sale for $40, with $1000 in her purse. She bought
some ear ring pairs (sold only in pairs), necklaces, single bangles, and
ordinary rings; spending 60% of her money.

The number of ear ring pairs and ordinary rings that she purchased
is twice the number of necklaces. The number of single bangles and
ordinary rings that she purchased is the total number of ear rings in all
the pairs she purchased. The number of necklaces and single bangles
that she purchased is 50% more than the number of ear ring pairs and
ordinary rings. The number of necklaces and ordinary rings that she
purchased is one-half the number of ear ring pairs and single bangles.
Formulate a system of linear equations to determine how she spent her
money.
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1.2.29: A graduate who just got a new job went to the depart-
ment store with $1000 in his pocket. He purchased some $30 shirts,
$60 trousers, $80 sweaters, and $100 shoe pairs and stopped when he
realized that he will have only $40 left in his pocket after paying for all
of them. At that time he had purchased a total of 21 items.

The amount spent on shirts is equal to the amount spent on trousers.
The number of sweaters purchased is equal to the number of shoe pairs
purchased. Formulate a system of linear equations to determine what
things were purchased by him.

1.2.30: (From Mahaaviiraa’s Ganiita saara sangraha, 850 AD) The
total price of 9 citrons and 7 wood-apples is 107 rupees; and that of
7 citrons and 9 wood-apples is 101 rupees. Write the system of linear
equations to determine the price of each fruit.

1.2.31: (Adopted from Kordemsky’s The Moscow Puzzles, Charles
Scribner’s Sons, NY 1972).

(a): A boy has as many sisters as brothers, but each sister has only
half as many sisters as brothers. Formulate a system of linear equations
to determine how many brothers and sisters are in the family.

(b): There are three tractor stations in the city. Tractors are in
short supply, and they lend each other equipment as needed. The first
station lent the 2nd and 3rd as many tractors as they each already had.
A few months later the 2nd station lent the 1st and the 3rd as many
as they each had at that time. Still later, the 3rd lent the 1st and the
2nd as many as they each had at that time. Each station now had 24
tractors. Formulate a linear equation model to determine how many
tractors each station had originally.

(c): Three brothers shared 24 apples, each getting a number equal
to his age three years before. Then the youngest proposed the following
swap “I will keep only half the apples I got and divide the rest between
you two equally. Then the middle brother, keeping half his accumulated
apples, must divide the rest equally between the oldest brother and me;
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and then the oldest brother must do the same.”

Everyone agreed, the result was that each ended with 8 apples.
Formulate a linear equation model to determine how old the brothers
are.

(d): A sister S and brothers B; to B, went mushroom hunting. S
collected 45 mushrooms, but By to By all returned empty handed. Out
of sympathy she distributed all her mushrooms among her brothers.

On the way back B; picked up 2 new mushrooms, By picked up new
mushrooms to double what he had, B3 lost two mushrooms, and B, lost
half his mushrooms. At the end all the brothers had the same number
of mushrooms. Formulate a linear equation model to determine how
many mushrooms S gave each boy originally.

1.2.32: Magic squares: (i) Lo Shu, the most famous magic
square: Associate a variable with each cell of a 3 x 3 array as in the
following:

Tl | Ty | T3

Ty | Ty | Tg

X7 | g | Xy

It is required to find values for all the variables satisfying the mag-
ical property that the sum of the variables in every row, column, and
the two diagonals is the same, here 15. Write this system of linear
equations.

Find a solution to this system, in which x; to x9 assume distinct
integer values from 1 to 9 (this yields Lo Shu (Shu means writing or
document in Chinese) which is said to have first been revealed on the
shell of a sacred turtle which appeared to the mythical emperor Yu
from the waters of the Lo river in the 23rd century BC).

(ii): Magic square from India (more than 2000 year old): Same
as the above, except that we now have 16 variables x; to x4 arranged
in a 4 x 4 array; and the sum of all the variables in each row, column,
and the two diagonals is required to be 34. Write this system of linear



1.2 Example applications 43

equations. In the magic square the variables are required to assume
distinct integer values from 1 to 16, find it.

1.2.33: A group of 12 students from a class went to eat lunch in
a restaurant, agreeing to split the bill equally. When the bill for $a
arrived, two of them discovered that they did not have any money
with them. Others in the group made up the difference by paying an
extra $b each.

Then one of these two students who did not have any money took
them all to an ice cream parlor where he maintains an account. Each
one in the group took ice cream worth $b, and the total bill this time
came to one-fifth of the total bill at the restaurant, which the student
charged to his account.

Develop a system of linear equations to determine how much each
student paid.

1.2.34: A kid’s piggybank has cents, nickels, dimes, quarters and
half-dollars. The number of cents is the total number of nickels and
dimes together. The number of dimes is the total number of quarters
and half-dollars together. The number of nickels is twice the number
of half-dollars. The value of all the dimes is the same as the value of all
the quarters. The total value in the bank is $29.10. Develop a system
of linear equations to find the total number of coins in the piggy bank.

1.2.35: A group of 12 people consists of doctors, lawyers, and en-
gineers. The avarage ages of doctors, lawyers, engineers in the group is
60, 30, 40 years respectively. The average age of all the group members
is 40 years. The total ages of the doctors is the same as the total ages
of the lawyers, and this number is one half of the total ages of the
engineers. Write a system of linear equations to determine the number
of doctors, lawyers, and engineers in the group.

1.2.36: The sum of the first 5 terms in an arithmetic sequence is
40, and the sum of the first 10 terms is 155. Develop a system of linear
equations to find the sum of the first 20 terms.
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1.2.37: A fundraiser for storm victims was organized in a theater
with tickets priced at $10, $50, $100; and a total of 1600 tickets were
sold. The number of $50 tickets sold was the sum of two times the
number of $100 tickets plus the number of $10 tickets sold. The sum
of the numbers of $10, $50 tickets sold was three times the number of
$100 tickets sold. The sum of the numbers of $50, $100 tickets sold
was seven times the number of $10 tickets sold. Formulate a system of
linear equations to determine the amount of money raised.

1.2.38: A batch of 30 lbs of blended coffee was made by blending
two varieties of coffee beans valued at $2/1b, and $5/1b respectively.
The mixture has a value of $3/1b. Develop a system of linear equations
to determine how many lbs of each variety were used in the blend.

1.2.39: A lady has a total of $35,000 invested in three separate
investments 11, 12, 13 that yield annual interest of 5%, 10%, 15% re-
spectively. If she can rollover the amount invested in I1 completely
into the investment 12 (I3) her net annual yield will change to 12.86%
(13.57%). If she can roll over the amount invested in 12 completely into
the investment I3 her net annual yield will change to 13.57%. Formu-
late a system of linear equations to determine her present net annual
yield.

1.2.40: A husband and wife team went on a car trip to a destination
800 miles away. They started at 6 AM. At the beginning the husband
drove the car nonstop at an average speed of 70 miles/hour for some
time. Then they stopped and did some touring and sightseeing on foot.
Then the wife took the wheel and drove nonstop at an averag speed
of 60 miles/hour to the destination. The time spent sightseeing in the
middle was one-sixth of the total time spent driving. The distance
driven by the wife was 30% of the total distance. Formulate a system
of linear equations to determine when they reached their destination.

1.2.41: Problems dealing with snow shoveling rates of peo-
ple: In these problems assume that each person always shovels snow at
a constant rate independently of any others who may also be shoveling
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snow on the same driveway.

(i): Husband and wife working together can clear their driveway in
36 minutes. Working alone, the lady requires half an hour more than
her husband to complete the job. Develop a system of linear equations
to determine how long it would take each of them to complete the job
working alone.

(ii): A family of father, mother, son have to clear their driveway.
Father and son working together can finish it in 4 hours. If son and
mother work on it they will finish in 3 hours. If father and mother work
on it they will need 2.4 hours. Formulate a system of linear equations
to determine how long it would take each of them to complete the job
working alone.

1.2.42: Problems dealing with ages of people: (i): Persons
Py, P,, P5 all have birthdays on 9 September. P;’s present age is 5 years
less than the sum of the present ages of P, P;. In 10 years P; will be
two and a half times as old as P will be then. 5 years ago P» was
one-sixth as old as P3 was. Develop a system of linear equations to
determine their present ages.

(ii): (From Metrodorus, Greek Anthology, about 500 AD) A person
named Demochares lived one-fourth of his life as a boy, one-fifth as a
youth, one-third as a man, and the remaining 13 years in his dotage
before he passed away. Develop a linear equation model to determine
how old he was when he died.

(iii): In 10 years a father will be twice as old as his son will be
then. 5 years ago the father was 5 times as old as his son was then.
Develop a system of linear equations to determine their present ages.

(iv): 6 years ago Rod was 4 times as old as Chandra. 2 years ago
Rod was twice as old as Chandra. Develop a system of linear equations
to determine their present ages.
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(v): Brother B and sisters S, Sz have discovered that when B was
half the age of S, S5 was 30 years old. When S; was half as old as S,
B was just born. The sum of the ages of B and S is twice the age of
S1. Develop a system of linear equations to find all their ages.

(vi): A teenage girl fell in love with an older man twice her age.
The sum of the digits in both their ages are equal. Also, one year ago
the man was one year older than twice her age. Develop a system of
linear equations to determine their ages.

(vii): By, Bq, B3 are brothers, and B;’s age is the sum of the ages
of By, Bs two years ago. The sum of the ages of By, B is one more
than twice the age of By. Also, the difference between the ages of B;
and B, is one more than half the age of By. Formulate a system of
linear equations to determine their ages.

(viii): Three brothers all of whose ages are of two digits, have the
interesting property that the sum of the ages of any two of them is
the number obtained by writing the age of the third in reverse order.
Formulate a system of linear equations to determine their ages.

(ix): Three people Py, P», P3 discovered that their present ages total
90. When P, was twice as old as P, P3 was 5 years old. When P, was
twice as old as P53, P; was 50. Formulate a system of linear equations
to find their ages.

1.2.43: A clothing store received a truckload consisting of $20
shirts, $30 slacks, and $60 sweaters. The total value of the slacks
received was 65.22% of the sum of the values of all the shirts and
sweaters received. The total value of the shirts received was 111.11%
of the sum of the values of all the slacks and sweaters received. If each
oh the slacks had been valued $10 more, then the total value of the
slacks received would have been equal to the total value of the shirts
received. Formulate a system of linear equations to determine the total
value of the truckload received.
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1.2.44: A carpenter and her assistant did some work at a home.
The assistant arrived first and started the work. 4 hours later the
carpenter arrived and both of them worked for 3 more hours to finish
the work. The homeowner paid both of them together $360 for the
work. If each of them had worked 2 hours longer, the total bill would
have been $520. Formulate a system of linear equations to determine
their hourly rate of pay.

1.2.45: A girl’s piggybank consists of a total of 220 coins consisting
of nickels, dimes, and quarters, and has a value of $35.

If the numbers of nickels and dimes are doubled, the value would
go up by 28.57% of the present value.

If the number of quarters is tripled, and the number of nickels is
changed to 11 times their present number the value will be tripled.

If the number of dimes is tripled, and the number of nickels in-
creased by 75%, the value will go up by 50%.

Formulate a system of linear equations to determine the number of
coins of each type in the piggybank.

1.2.46: A person receives yearly income of $13,600 from invest-
ments he made during his working years in bonds bearing 5%, 7%,
8%, and 10% interest annually. If the amounts invested in the 5%,
7% bonds are interchanged, he will earn $400 less annually. If the
amounts invested in the 5%, 8% bonds are interchanged, he will earn
$1200 less annually. If the amounts invested in the 5%, 10% bonds
are interchanged, he will earn $1500 less annually. If he could transfer
the amounts invested in the 5% and 7% bonds to the 10% bond, he
will earn $2200 more annually. Develop a system of linear equations to
determine the total amount of money invested in all the bonds.

1.2.47: The cupola already contains 100 lbs of an alloy consisting
of 20% Cu (copper), 5% Sn (tin), 50% Al (aluminium), and 25% Zn
(zinc) by weight. Two other alloys: R1, R2 with % composition by
weight of (Cu, Sn, Al, Zn) equal to (10%, 10%, 60%, 20%), (10%, 20%,
40%, 30%) respectively are available to add to the cupola; as also pure
Cu and Zn. Formulate a system of linear equations to determine how
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much R1, R2, Cu, Zn to add to the cupola to make a batch of 400 lbs
with % composition by weight of (Cu, Sn, Al, Zn) equal to (16.25%,
8.75%, 47.5%, 27.5%).

1.2.48: 4 Ibs of coffee, 10 lbs of sugar and 2 lbs of butter in 2000
cost $41. By 2001 coffee is 10% more expensive, sugar is 20% more
expensive, and butter is 25% more expensive; and the same order costs
$43.64. Also, in 2000, 10 lbs each of coffee, sugar, and butter together
cost $95. Formulate a system of linear equations to determine the 2001
prices of coffee, sugar, and butter.

1.2.49: Problems dealing with speeds of vehicles: (Adopted
from M. R. Spiegel, Theory and Problems of College Algebra, Schaum’s
Outline Series, McGraw-Hill, 1956). In these problems assume that
each vehicle always travels at a constant speed, but the speeds of dif-
ferent vehicles may be different. Formulate a system of linear equations
to determine the speeds of the vehicles discussed from the information
given.

(i): Two race cars racing around a circular mile track starting from
the same point at the same time, pass each other every 18 seconds when
traveling in opposite directions; and every 90 seconds when traveling
in the same direction.

(ii): A paasenger at the front of a train A notices that he passes
the complete length of 330 feet of train B in 33 seconds when traveling
in the same direction as B, and in 3 seconds when traveling in opposite
directions.

1.2.50: (Adopted from the issues of Mathematics Teacher).

(i): In a school each student earns between 0 to 100 points on each
test. A student has already taken n + 2 tests.

At the end of the nth test his average score per test was m.

On the (n + 1)th test he got a grade of 98 and his average points
per test became m + 1.

On the last test he got a grade of 70 and his average points per test
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became m — 1.

Develop a system of linear equations to determine the number of
tests taken so far, and the average points per test at this stage.

(ii): When a pile of dimes is distributed equally into 100 red boxes,
50 dimes were left over. When the same pile was distributed equally
into 110 blue boxes none was left over, but each blue box contained
5 fewer dimes than the red ones before. Develop a system of linear
equations to determine the number of dimes in the pile.

(iii): A train traveling at constant speed takes 20 seconds from the
time it first enters a 300 meter long tunnel until it completely emerges
from the tunnel at the other end. A stationary ceiling light in the
tunnel was directly above the train for 10 seconds. Find the length of
the train and its traveling speed using a linear equation model.

1.2.51: Three boys have some $ cash in their pockets. If each of
them put $2 more in their pocket, boy 1 will have twice the amount
of boys 2, 3 combined. If boy 1 transfers $6 from his pocket to the
pockets of each of boys 2, 3; he will have half as much as they both
have. If boy 3 transfers $1 from his pocket to the pockets of each of
the others, he will have one-tenth of the money in all the pockets. If $2
is taken away from the pocket of each boy, boy 1 will have 5 times as
much money as the other two combined. Formulate a system of linear
equations to determine how much money each boy posesses.

1.2.52: To encourage energy conservation, California has adopted
the following electricity rate structure: each household consuming be-
tween 0 to 500 kwh in a month will pay at the rate of a cents/kwh. If
the consumption in a month is between 500 kwh to 1500 kwh, the first
500 kwh is charged at a cents/kwh, and any amount beyond that at
the greater rate of b cents/kwh. If the consumption in a month exceeds
1500 kwh the first 1500 kwh are charged as mentioned before, and any
amount above 1500 kwh is charged at the highest rate of cents ¢/kwh.
Given that the monthly electricity bill when the consumption is 300,
600, 1600 kwh; is $30, $65, $220 respectively; use a linear equation
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(b)
Figure 1.5:

model to find the various rates.

1.2.53: Problems based on network diagrams: (i): Given be-
low are several network diagrams, each consisting of nodes represented
by little circles, and edges joining some pairs of nodes. Each diagram
leads to a separate exercise, in each do the following. For each node
J, associate a decision variable z;. You are required to find values for
the variables so that the variables along any n-ball straight path is b
mentioned there. Write these conditions on the variables as a system
of linear equations. If possible try to find a solution to this system
in which the values of the variables form a permutation of the node
numbers.

For (a) n = 3 and b = 12.

For (b) n = 3 and do separately for b = 9, 10, 11, 12 respectively.

For (¢) n =4 and b = 34.

(ii): Same as in (i) with n = 4 for the pentagram in figure (d), but
here b is not given; all you are required to do is to find the values for
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the variables so that the sums of all the variables along every 4-node
straight path is the same. Write this as a system of linear equations.

(iii): Magic circles: (Adopted from J. S. Madachy, Madachy’s
Mathematical Recreations) Associate a variable z; with point j in fig-
ure (e). Find the values for the variables such that the sum over all
intersections is the same constant for all the circles.

1.2.54: Finding new girlfriend’s house number: While think-
ing fondly about the four-digit house number of his new girlfriend
Rama, Venu discovered some of its amazing properties. For exam-
ple, to divide it by 7, you only have to delete its second digit from left.
The sum of its two rightmost digits is five times the sum of its two
leftmost digits. To multiply by three, all you have to do is to add 21 to
the number consisting of its two leftmost digits. If you interchange the
two rightmost digits, its value goes down by 4.29%. Develop a system
of linear equations to determine Rama’s house number.

1.2.55: Is this a linear system?: On returning from the depart-
ment store John explained to his wife Mary that the prices of one type
of shirts and one type of slacks that he liked were integer numbers in
$. He purchased as many shirts as the sum of the prices of a shirt and
a slack; and as many slacks as the sum of the price of a shirt and
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(e)
Figure 1.7:

one-half the price of a slack. He purchased 50 items in all, and spent
$700. Develop a system of equations to determine how many shirts and
slacks he purchased. Is this a system of linear equations? Explain.

1.2.56: Squashes galore!: On a hot summer day they were selling
yellow, black, white, and big-8 summer squashes at 20, 25, 30, 35 cents
each respectively in a Farmer’s market. A restaurant owner purchased
all four types and paid exactly the same total amount for each type,
getting 319 squashes in all. Develop a system of linear equations to
determine how many of each type she purchased.

1.2.57: Problem from ancient Chinese text Chiu-chang Suan-
shu (Nine Chapters on the Mathematical Art): The yield from
one sheaf of inferior grain, two sheaves of medium grain, and three
sheaves of superior grain is 39 tou. The yield from one sheaf of inferior
grain, three sheaves of medium grain, and two sheaves of superior grain
is 34 tou. The yield from three sheaf of inferior grain, two sheaves of
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medium grain, and one sheaf of superior grain is 26 tou. What is the
yield of inferior, medium, and superior grains? Formulate the system
of linear equations to determine these. (This Chinese text is estimated
to be over 2000 years old.)

1.2.58: A farmer grows hogs, geese, sheep, and ostrichs on his small
farm. The number of birds in his farm is 50 plus two times the number
of animals. His birds and animals together have a total of 350 heads
and 900 legs. The number of sheep and ostrichs is 10 less than half
the number of geese and hogs. Develop a system of linear equations to
determine how many of each type he has on his farm.

1.2.59: Sita purchased a total of 90 bulbs consisting of tulip, daf-
fodil, and gladiola bulbs to plant in her garden. For each type she
purchased as many bulbs as the price per bulb of that type in cents,
and paid a total of $29. She purchased twice as many gladiola bulbs as
daffodil bulbs. Develop a system of equations to determine the price
and the number of each type of bulb that she purchased. Is this a
system of linear equations? Explain.

1.2.60: Each year Rabi purchases individual gifts for his sister and
her two children, a niece and a nephew.

Last year he spent a total of $240 for these gifts. That year his
sister’s gift and nephew’s gift together cost two times his niece’s gift.
His nephew’s gift plus three times his niece’s gift cost three times his
sister’s gift.

This year his sister’s gift will cost twice as much as his niece’s gift
last year. His niece’s gift will be twice as expensive as his nephew’s
gift last year. And his nephew’s gift will cost only half as much as his
sister’s gift last year.

Develop a system of linear equations to determine his total gift
expense this year.

1.2.61: Cities 1, 2, 3 form a triangle.

From 1 to 3 via 2 is three times the distance by direct route.
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From 2 to 1 via 3 is twice the distance by direct route.

From 3 to 2 via 1 is 20 miles more than the distance by
direct route.

Formulate a system of linear equations to determine the lengths of
direct routes between pairs of cities.

1.2.62: Three students Si, Ss, S3 took a test which had 50 ques-
tions, some easy, others tough. S; answered three times as many ques-
tions as the sum that S, S5 missed. Ss, S5 answered the same number
of questions, each of them missing a fourth of what S; missed. Formu-
late a system of linear equations to determine how many each of them
answered.

1.2.63: A middle school teaches grades 7, 8, 9, 10 and has a total
enrollment of 330 students. They receive annual funding at the rate of
$4000 per 7th grade student, $4300 per 8th grade student, $4500 per
9th garde student, and $4700 per 10th grade student; and received a
total funding of $1,457,000 for the year. 30% of students in 7th grade,
25% in 8th grade, and 20% in grades 9 and 10 take music classes; this
year they have a total of 76 students enrolled in music classes. Also, this
year they have a total of 31 students enrolled in AP courses, consisting
of 15% of students of 8th grade and 10% of students in each of grades
9 and 10. Formulate a system of linear equations to determine the
number of students in each grade.

1.2.64: The automobile route to a scenic mountainous area is 50
miles each way with only 10 miles of it level road each way, the rest
is either uphill or downhill. A person maintained an average speed of
20 miles/hour uphill, 50 miles/hour downhill and 40 miles/hour on the
level road on a car trip to this region. The return trip took 44.44%
more than the riding time to get there (not counting stops). Formulate
a system of linear equations to determine the total driving time for the
trip.

1.2.65: A family purchased cantaloupes (50 cents each), honeydews
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($1 each), oranges (20 cents each), grape fruit (15 cents each), and
mangoes (75 cents each) at a road side fruit stall on their way back
from vacation, and paid $26.30 for all of them, obtaining 80 fruit in
all. They purchased 6 times as many citrus fruit as melons; as many
mangoes as one-fourth of oranges and cantaloupes put together; and
as many oranges as 20% more than the honeydews and grapefruit put
together. Formulate a syatem of linear equations to determine how
many fruit of each type they purchased.

1.2.66: ((Adopted from J. A. H. Hunter Entertaining Mathematical
Teasers and How to Solve Them, Dover, NY, 1983).

(a): A kid’s mother organized a birthday party for him. She pur-
chased enough apples at 50 cents/apple to give two to each child invited,
but a quarter of the invited kids did not show up. So she distributed
two apples to each of the 16 boys who showed up, and then had suffi-
cient apples to give three to each of the girls who showed up. Formulate
a system of linear equations to determine how much money she spent
on the apples.

(b): A dealer of speciality teas imports pure oolong tea at $3.29/1b,
and lapsang souchong tea at $2.38/1b from China; blends them and
sells the blend at $4.48/1b which gives him a 60% markup. Formulate
a system of linear equations to determine the proportions in the blend.

(c): In an office there are both men and women working as clerks.
If they had twice as many girls’ or three times as many men, they would
have 30 clerks. Formulate a system of linear equations to determine
how many clerks they have.

1.2.67: In an ordered list of six numbers every one (except the end
ones) is equal to the sum of the two adjacent numbers in the list. The
sum of all the numbers is the sum of the first three. The third number
is —6. Formulate a system of linear equations to find all the numbers
in the list.
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1.2.68: There are 60 girls in an undergraduate class. Each is either
a blonde or brunette, and has either blue or brown eyes. Among them
40 are blondes and 22 have blue eyes. Formulate a system of linear
equations to determine the number of girls in this class in each of the
four hair and eye color combinations.

1.2.69: A four digit integer number has the property that mul-
tiplying it by 9 yields the four digit number obtained by writing the
digits in the original number in reverse order. Formulate a system of
linear equations to determine the original number.

1.2.70: A school principal noticed that the number of students in
her school has the property that when it is divided by k, a reminder of
k—1isleft for k =2, 3, ..., 10. Formulate a system of linear equations
to find the number of students in the school.

1.2.71: Three numbers are in arithmetic progression, three other
numbers are in geometric progression. Adding coorresponding terms
of these two progressions we obtain 9, 16, and 28 respectively. Adding
all three terms of the arithmetic progression we obtain 18. Formulate
a system of equations to find the terms of both progressions. Is it a
system of linear equations?

1.2.72: (Adopted from G. Polya, J. Kilpatrick, The Stanford Math-
ematics Problem Book With Hints and Solutions, Teachers College
Press, Columbia University, NY, 1974) (i): Unlimited numbers of
coins- cents, nickels (5 cent coins), dimes (10 cent coins), quarters (25
cent coins), and half-dollars are available. It is required to determine
in how many different ways you can assemble a collection of these coins
so that the total value of this collection is n cents for a positive integer
n, say, for n varying between 0 to 50. Formulate a system of linear
equations to solve this problem, and show that for n = 50, the number
of different ways is 50.

(ii): 10 people are sitting around a round table. $20 is to be
distributed among them satisfying the rule that each person receives
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exactly one-half of the sum of what his (her) two neighbors receive.
Formulate a system of linear equations to determine how to distribute
the money. Using the special properties of this system (or the results
you will learn in Chapters up to 4) argue that there is only one way to
distribute the money here.

1.2.73: A magical card trick: As a child, I was enthralled by a
card trick performed by the great magician Sirkar in India. It involves
a deck of playing cards. The deck has 52 cards divided into 4 suits
of 13 cards each. As they call them in India, these are kalaavaru and
ispeetu (the black suits), and aatiinu and diamond (the red suits).

Sirkar gave me the deck and said “shuffle it as much as you want,
then divide it into two piles of 26 cards each and place the piles on
the table”. He then covered the two piles with his hands and uttered
the magical chant “Om, bhurbhuvasvuh” three times saying that he is
using his power of magic to make sure that the number of black cards
in the first pile becomes equal to the number of red cards in the second
pile. He then asked me to count and verify the truth of his statement,
which T did.

Define four decision variables; the number of black, red cards in piles
1, 2. Formulate the system of linear equations that these variables have
to satisfy. Using this system, unravel the magic in this trick.

1.2.74: The sports department in a middleschool offers classes in
bicyling, swimmimg, skating, and tennis. A class in this school has 25
pupils. In this class 17 pupils are enrolled in the bicycling class, 13 in
the swimming class, 8 in the skating class, and 6 in the tennis class.
None of the pupils enrolled in any of bicycling, swimming, or skating
classes is enrolled in the tennis class. It is required to determine how
many pupils of this class are enrolled in various combinations of sports
classes. Formulate this using a system of linear equations.

1.2.75: People can be divided into four distinct blood groups:
O, A, B, and AB. Blood transfusion with donated blood will be with-
out danger to the receiver only under the following criteria: Every one
can accept blood for transfusion from a person of the O blood group,
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or from a person in his/her own blood group. Also, a person in the
AB group can accept blood from any person.

Among the members in a club willing to donate blood, there are
A7 (64) [67] {100} members from whom an O (A) [B] {AB} can ac-
cept blood for transfusion. Formulate a system of linear equations to
determine how many of these members belong to the various blood
groups.

1.2.76: At a club meeting they served: coffee, a chacolate drink
(for drinks); pie, a cacolate dessert (for dessert); and a nonvegetarian
dish with meat, a vegetarian dish (for main dish); and members select
what they like. There was a bill for each item separately for the whole
club. The drink items together cost $35. The dessert items together
cost $50. The cacolate items together cost $55. The main dishes to
gether cost $110. All the items which have no meat, together cost $135.
The tip which is calculated at 10% of the total cost came to $19.50.
Formulate a system of linear equations to determine the cost of each
item separately.

1.2.77: Newspaper buying habits of households in Ann Ar-
bor: In any quarter of the year, the households in Ann Arbor can be
classified into four classes: C = those who do not subscribe to any
daily newspaper, Cs = those who subscribe to the Detroit Free Press
only, C5 = those who subscribe to Ann Arbor News only, and Cy =
those who subscribe to both the Detroit Free Press and the Ann Arbor
News.

Consumer research has shown that at the end of every quarter,
households move from the class in which they currently belong, to
another class, in the following proportions.

Table: Fraction of households belonging to the class defined by the
row, who stay in same class or move to class defined by column, at end
of a quarter.
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Gy |G | Cs | Gy
C1]06{02[01]0.1
Cy|05{03[02] 0
C3]05(0.2{0.1]0.2
Cy [ 02]07]01] 0

These transition fractions have remained very stable at these values
for a very long time.

Let p1, p2, p3, p4 denote the proportion of households in Ann Arbor
belonging to the classes C to C} respectively, in a quarter. Typically
we would except the values of p; to ps to change from one quarter to the
next, but surprisingly their values have remained essentially unchanged
for a long time in spite of the transitions of households taking place
from one quarter to the next mentioned above. Use this information
to construct a system of linear equations satisfied by these proportions
D1 tO py.

1.2.78: Figure 1.7 shows a rectangle with sides a, b cut into squares
with sides z1 to xg. Write the system of linear equations that =4, ..., x;
have to satisty.

X6

Figure 1.8:
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1.2.79: An avid gardener has created nine mounds for planting
different types of zucchini plants in his garden. He planted green zuc-
chini seeds on some mounds, yellow zucchini seeds on some, and white
zucchini seeds on the rest. On each mound as many plants sprouted
as the number of mounds allotted to zucchini of that color; and all
the sprouted plants started growing vigorously. On a certian morning
each zucchini plant had as many squashes as the total number of plants
of that zucchini color, and he counted a total of 353 squashes in the
garden. He noticed that only half the yellow squashes, one third of the
white squashes, and one eighth of the green squashes are of harvestable
size and he harvested all of them (67 total) that morning.

Develop a system of equations to determine how many mounds he
allocated to zucchinis of each color. Is this a system of linear equations?

1.2.80: A small farmer grows three types of chicken, each in its
own pen. He has noticed that the chicken in pens 1, 2, 3 lay 24, 22, 19
eggs per chicken per month; and he has collected 5110 eggs in all one
month.

All his chicken are either white or brown, and the proportions of
brown chicken in pens 1, 2, 3 are 0.5, 0.25, 0.4 respectively. He counted
a total of 90 brown chickens in all the pens together.

He estimates that the chicken in pens 1, 2, 3 consume on an average
4, 3, 2 units of feed per chicken per day respectively. He has been using
740 units of feed daily.

Develop a system of linear equations to determine how many chick-
ens are housed in each pen.

1.2.81: On a holiday, players 1, 2, 3, 4 played singles tennis all day.

The total number of games in which player 1, 2, 3, 4 participated
was 13, 10, 15, 14 respectively. The total number of games in which
player 1, 2, 3, 4 was not one of the players was 13, 16, 11, 12 respec-
tively.

Develop a system of linear equations to determine how many games
were played by each pair of players.

1.2.82: Problems adopted from “Ganitamlo podupu kad-
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halu” in Telugu by CSRC Murthy: (i): A person has loans from
three different banks. One month he saved $1000 which he used to
payoff part of these loans. He paid Bank 2 $100 more than Bank 1,
and he paid Bank 3 as much as the sum he paid to Banks 1, 2. Develop
a system of linear equations to determine how much he paid each bank.

(ii): A man married a woman who is four years younger than him.
They have two children, a boy and his younger sister. On a certain
day, the father’s age is 1 less than three times the age of the boy; and
the mother’s age is 1 more than three times the daughter’s age. Also,
the sum of the ages of the children on that day is 24.

Develop a system of linear equations to determine the ages of mem-
bers of this family.

(iii): At a party people had hot coffee or tea, or cold OJ (orange
juice) for drinks, a total of 15 drinks. The number of coffees ordered
was five more than the sum of teas and OJ ordered. Also, the number
of hot drinks ordered was four times the number of cold drinks ordered.
Develop a system of linear equations to determine how many drinks of
each type were ordered.

1.3 Solving a System of Linear Equations
Is a Fundamental Computational Tool

In the previous section, we have seen a variety of applications in which a
system of linear equations to be solved appears directly. Actually, solv-
ing a system of linear equations is a very fundamental computational
tool used in almost all areas of scientific computation. Many problems
which are not themselves systems of linear equations are solved either

e by approximating them through a system of linear equations, or

e by algorithms using iterative steps, each of which involves solving
one or more systems of linear equations.

Here we provide an example of the first type of problem in dif-
ferential equations, which are equations that involve functions and
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their derivatives. They appear in many studies in engineering, physics,
chemistry, and biology. Most differential equations appearing in these
areas are very hard to solve through exact mathematical techniques, so
they are usually handled numerically by approximating them through
a system of linear equations. For a specific example, consider a real
valued differentiable function f(¢) of one variable ¢, defined over the
interval a <t < b. We denote this interval by [a,b]. Let f'(t), f”(t) de-
note the first and second derivatives of f(t). Suppose we do not know
the function f(t) explicitly, but know that it and its derivatives satisfy
the following equations

w(t) f"(@) + o) f'(t) +w(t)f(t) = 2(t) for all ¢ in [a,b]
fla)=a,  f(b)=p

where u(t),v(t), w(t), z(t) are known real valued functions, and «, 3 are
given constants.

Since the values of the unknown function f(¢) at the two boundary
points a,b of the interval [a,b] are given, the problem of finding the
function f(t) satisfying the above equations is known as a two-point
boundary value problem. It is an example of a differential equation
that appears in many applications.

To handle such problems, numerical methods are employed to find
approximate values of f(t) at a set of discrete points inside the inter-
val [a,b]. The approximating technique is called discretization, and
proceeds as follows. Divide the interval [a,b] into n + 1 subintervals
of equal length h = (b —a)/(n + 1). h is called the step size. The
boundary points of the subintervals, called the grid points are

to =a, t; = a+h, ty =a+2h, ...t, =a+nh, t,y1 =a+(n+1)h =0b.

The aim now is to find the values of f(¢) at the grid points, i.e.,
f(t1),..., f(t,), which are the unknowns. Discretization converts the
differential equations corresponding to the grid points into a system of
linear equations, using approximations for the derivatives at the grid
points in terms of the unknowns. Derivative approximations called
central difference approximations, given below for i = 1 to n, are
used.
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f(t:) (f(tis1) — f(tiz1))/2h
')~ (f(tice) = 2f(t:) + f(tigr)) /1°

Substituting these expressions for f'(¢;), f”(t;) in

Q

u(ty) f(t:) +v(t:) f'(t:) + w(ts) f(t:) = 2(t:)

for i+ = 1 to n, we get a system of n linear equations in the n un-
knowns f(t1),..., f(t,). Solving this system of linear equations gives
approximations to the values of the function f(¢) at the grid points.
Once approximations to f(t1),..., f(t,) are obtained, an approxima-
tion to the value of f(t) at any point ¢ which is not a grid point, can
be obtained using standard interpolation techniques.

For better derivative approximations, we need to make the step
size h small; this makes n large and leads to a large system of linear
equations.

1.4 The Detached Coefficient Tableau Form

The detached coefficient tableau form is a neat way of organizing
the data in a system of linear equations so that:

e the coefficients of all the variables in each constraint appear in a
row of the tableau,

e the coefficients of each variable in all the constraints appear in a
column of the tableau.

To represent a system of m linear equations in n variables (say,
x1,...,x,) in detached coefficient tableau form:

e Set up an m x (n + 1) two dimensional array.

e Arrange the variables in the system in some order, say x; to x,
in the natural order of increasing subscripts, and allocate one
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variable to each of columns 1 to n in that order, and record this
by writing that variable in that column in a top row of the array.
Then allocate the last column on the right, column n + 1, to the
RHS (right hand side) constants.

e Take the constraints in any order, say constraint 1 to constraint
m in natural order, and record the coefficients of the variables
and the RHS constant in that constraint, in the order selected
above, in a row of the tableau, one after the other.

Example 1:

Consider the 5 constraint, 4 variable system of linear equations
derived in Example 1, Section 1.2, which is reproduced below.

S5r1 4+ Taxo 4+ 223 +24 = 4.43
3r1 + 629 + 23+ 204 = 3.22
dxy 4+ by +3x3 +x4 = 3.89
88x1 + 82x9 + 943 + 962, = 88.46
T+ ax+r3s+xTs = 1

By taking the variables and constraints in natural order, the de-
tached coefficient tableau form for this system is:

ry X2 T3 X4

5 7 2 1| 443
3 6 1 2] 322
4 5 3 1] 389
88 72 94 96 | 88.46
11 1 1 1

Example 2:
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Consider the following system of linear equations.

3ry — Txo + 811 = —13
—x1 + 223 = —2

To — 13x5 — Ty + 423 = 18
—2x3+ Tr; = 12

20z5 — 1923 = —1

Recording the variables and constraints in their natural order, this
system in detached coefficient form is:

T i) I3 Ty Iy
8 =7 0 3 0] —-13
-1 0 2 0 0| -2
0 1 4 -7 —13 18
7 0 =2 0 0 12
0 0 —-19 0 20| —1

Discussion: Rows Correspond to Con-
straints, Columns to Variables

Notice that in the detached coefficient tableau form, the “=" symbol
for each constraint is not explicitly recorded, but is implicitly under-
stood.

Clearly, the ith constraint in the system can be read directly from
the ith row in the tableau by multiplying the coefficients in this row
by the corresponding variables and forming the equation. For example,
from the fourth row of the above tableau we read the equation 7x; —2x3
= 12, which is the same as the fourth equation in the system in this
example. Hence, rows in the tableau correspond to constraints in the
system. That’s why people sometimes refer to constraints in a system
as “rows” in informal conversations.

Similarly, the column in the tableau under a variable is the column
vector of coefficients of that variable in the various constraints of the
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system. Thus each column in the tableau corresponds to a variable in
the system.

Let the symbol A denote the detached coefficient tableau for a sys-
tem of constraints, in which the variables are listed in the order z; to
zp. The ith row in the tableau (without the RHS constant in this row)
forms a row vector which we denote by A; (the dot following the i in
the subscript indicates that it is the ith row vector in the tableau A).
A; is the row vector of the coefficients of the variables in the order x;
to z, in the ith constraint of the system.

Since each entry in A; corresponds to a specific variable, if we
change the order of the entries in A;, it may lead to a different con-
straint. For example, in the above tableau, Ay = (7,0,—2,0,0). If we
interchange the first two entries here, we get the row vector (0,7, —2,0,0),
which leads to the constraint 7z, —2x3 = 12, not the same as the fourth
constraint in the system. That’s why the order of entries in a vector is
very important.

The jth column in the tableau forms a column vector which we
denote by A; (the dot before the j in the subscript indicates it is
the jth column vector in the tableau A), it is the column vector of
coefficients of the variable z; in the various constraints of the system.

The Column Vector of Every Variable in the Tableau
Must Contain Atleast One Nonzero Entry

A variable appears in a system of linear equations only if it has a
nonzero coefficient in at least one equation in the system. Hence an
important property of the detached coefficient form is that the column
vector corresponding to every variable in the system must have at least
one nonzero entry.

Of course the rightmost column in the tableau, the column of the
RHS constants, may consist of all zero entries.

Exercises

1.4.1 Write the following systems of equations in detached coeffi-
cient form.
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(i)

(ii)

(iii)

(iv)

—21‘6 — 31‘1 + Ty = —12
Ty — 71‘4 + 2I3 =17
—5x9 + 8x3 = 13

Here variables have two subscripts (x1; etc.)
T11 + X192 + T3 = 800

To1 + Tog + Loz = 300

T11 + Top = 400

T1o + Tog = 500

T13 + Tog = 200

—31'4 + 7.172 =—-10+ 61‘5 — 171’1

8re — 3x1 = 15 — 13x9 + 1224 — 923

—22 + Taxs — 4xy + 14w = 33 + 221 + 623
88x9 + 6bxy — by = 29 — 43 — 324

Ty — 7$3 = =27+ 6.%'7 - 81’5

39 + 4177 — 131’4 + 111‘2 =0

0= 13.%‘7 - 5I3 + 251‘1 - 91’5

$1+$2:110
T = T3+ 24
To9 = T + X3
Tg = T3+ T
Ty = Ty + g
JZ7+$6:110

1.4.2 Write all the constraints in the system corresponding to the
following detached coefficient forms:

T i) T3 Ty Ty Tg
-5 o o0 17 -13 8| -23
0 0 21 -13 0 0| 37
-97 —-15 0 0 0 33| —56
0 11 0 -2 0 38 0
7 0 —6 0 26 0] 29
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Ty To T3 Ty Tz Tg L7 Ty L9
1 1 1 O 0 0 O 0 0]1
o 0 o0 1 1 1T 0 0 0f1
o 0 o0 o0 o 0 1 1 1/1
1 0 O 1 0 O 1 0 011
0 1 0 O 1 0 O 1 01
0 0 1 0 0 1 0 0 1)1

1.5 Operations on Vectors, the Zero and
the Unit Vectors, Subspaces and Co-
ordinate Subspaces of R"

Transposition of Vectors

A row vector can be transformed into a column vector by writing
the entries in it one below the other instead of side by side and vice
versa. This operation is called transposition. Thus the transpose of
a row vector is a column vector and vice versa. The transpose of a
vector u is usually denoted by the symbol u”. For example:

T
AN
3,8, )" =1 8 |; o | = (7,-1,0,3)
4 3
In particular, we will find it very convenient to write a column
3
vector, for example | 8 |, as (3,8,4)7 to conserve vertical space in
4

the text.

Dot (Inner) Product of Two Vectors

Now consider the detached coefficient tableau for the system in
Example 2, Section 1.4, which is reproduced below.
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1 ) X3 Ty Ty
8§ =7 0 3 0] —-13
-1 0 2 0 0| —2

0 1 4 -7 —13 18
7 0 -2 0 0 12
0 0 —-19 0 20| -1

Let us denote by z = (21, z9, 73, 74, 25)7 the vector of variables in
this system written as a column vector. Also, let b = (by, by, b3, by, bs) T
= (—13,-2,18,12,1) denote the column vector of RHS constants in
this tableau.

Denoting this tableau by A, the first row vector of coefficients in it,
Ay = (8, =7,0, 3, 0), and it corresponds to the first constraint in the
system

81‘1 — 71’2 + 0.173 + 3.174 + 0.175 = b1 =-13

The quantity on the left of this constraint, 8z —7xo+0x3+3x4+0x5
is called the dot product or inner product of the row vector A; with
the column vector z. It is written as A; x in this specific order. Using
this notation, we can write the ith constraint in the system as

The dot product or inner product of two vectors is defined only
if both the vectors have the same dimension (i.e., the same number
of entries). Then it is the sum of the products of the corresponding
entries. Thus if u € R™ with entries u, . .., u, in that order, and v € R"
with entries vy, ..., v, in that order, then the dot (inner) product of u
and v is the number wyv; + ... + u,v,. It is denoted in mathematical
literature in two ways:

e as wuv where the left vector u is written as a row vector, and
the right vector v is written as a column vector, or

e as < u,v>or<wv,u> whereeither of u or v may be row or
column vectors.
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We caution the reader that the product written as wv  where
u € R" is a column vector and v € R" is a row vector has a totally
different meaning to be explained in the next chapter.

Scalar Multiplication of Vectors

Let u be a (row or column) vector in R™ with entries uy, ..., u,. Let
a be any real number. Multiplying the vector u by « is called scalar
multiplication of u by the scalar «. It has the effect of multiplying
each entry in u by a. Thus:

a(uy,...,u,) = (ouy,...,auy)
U1 auq
(0% =
Uy, Uy,

For example:

10(3,0,—4) = (30,0, —40)

3 —45
—15( O = 0
—4 60

0(3,0,—4) = (0,0,0)

Addition of Vectors, Linear Combination of Vec-
tors

Let u, v be two vectors. The operations

u+v or u-—v
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are only defined if either both u and v are row vectors of the same
dimension, or both are column vectors of the same dimension. The
result is a vector of the same type obtained by performing the operation

component by component. Thus:

(Ugy .oy up) + (V1,0 y0n) = (ug + 01,00, Uy + V)

(Ugy ooy tpn) — (V1,0 vn) = (U — U1, .0y Up — Up)

Ui U1 Ui + U1 Ui U1 Uy — M
- = , —| | =

U, Un, Uy + Up U, Un, U, Un,

Thus the operation
(Ugy ooy um) + (V1,2 0n)
is not defined if m # n. And the operation

U1
(Ug, ..., up) +
Un

is not defined.

In general, when «, 3 are scalars, the general linear combination of

two vectors is defined by:

a(uy, ... up) + B(v1,...,0,) = (auy + Puy, ..., qu, + Buy,)

Ui (%1 auy + ﬁvl
al + [+0] = :
U, Up, au, + Pu,

Examples:
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—3 8 5 _3 8 11
7 ST N T 7 T N Y
o | 3|~ 3| o | | =3 |~ 3
8 —20 —12 3 28 _12

2(4,-6,8,2) — 10(6, —5,0,8) = (—52,38,16,—76)

Some Properties of the Addition Operation on
Vectors

In summing two vectors u and v, the order in which you write them
in the sum is immaterial, i.e., u +v = v+ u

When you want to find the sum of three vectors w,v,w, you
can either add w  to the sum of w,v; or wu to the sum of
v, w; both will give the same result; i.e., (u+v)+w=u+ (v+w).
This property is known as the associative law of addition.

Also, for all vectors u, wehave w+0=wu where 0 is
the zero vector of the same type as wu  and in the same space.

In the same way, for r = 1 to k, let

be a column vector in R". The general linear combination of these &
column vectors {x!,... 2%} with scalar multipliers oy, ..., ax, each of
which can be an arbitrary real number, is

k r

Ezzl Xy

k r

r 1 k Er:l QrLy
Zaﬂc =qxr +... o = .

r=1
k r
r=1 Ty

and the set of linear combinations of a set of row vectors in R" is
defined in a similar way.



1.5. Operations on Vectors 73

The set of all possible linear combinations of the set of vectors
{z',.. ., 2%}, {oqxt + ... + a2 - where oy, ..., ay each take arbitrary
real values} is called the linear hull or linear span of {z!,... z*}.

For example, let

1 1 —1
' = 1 |,2°=| -1 |,2°= 1
—1 1 1
Then
3+4—(=5) 12
vt +4a® —5x° = | 3+4(-1)+5 | =] 4
3(-=1)+4+5 6

and so the vector (12, 4, 6)” is contained in the linear hull of {z!, 22, z°}.

Given a set of vectors {z!,..., 2%} (either all row vectors, or all
column vectors) from R™, the linear combination ayzt + ... + a2 is
called an affine combination if the scalar multipliers in it satisfy the
condition

a1+...+04k:1.

The set of all possible affine combinations of {z!,... 2%} is called
the affine hull or affine span of {z!,... 2*}.

For the set of vectors {z!, 2% 23} from R? given above, the linear
combination 3z! 4 422 — 522 is not an affine combination because 3 +
4 — 5 = 2 is different from 1. But

—8 —4+13(-1) —25
8! — 4t + 132 = | -8 —4(-1)+13 | = 9
—8(—1)—4+13 17

is an affine combination of {x', 2%, 2®} because —8 —4+ 13 = 1. Hence
(—25,9,17)7 is in the affine hull of {z!, 22, z3}.

Exercises

1.5.1 Find the following if they are defined:
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(6,—2,8) + (0,10)

6
(3,3,3)— | 8
11

15(1,—1,1,0,1) — 21(0,1,5,2,3) + 3(0,0,0,0, 1)

3
<| -8 1,(1,2,3) >
4
2
(1,2,3) | -3
4
8
< (1,2,3,0), [ —17 | >
3

The Zero Vector and the Unit Vectors

We now define some important special vectors in R".

The vector in R™ in which all the entries are zero is called the zero
vector and is itself denoted by the symbol “0”, whether it is a row or
a column vector. From context, one can determine whether the symbol
0 is denoting the row or the column zero vectors.

A vector in R"™ in which the ith entry is 1 and all the other entries
are 0 is called the ith unit vector in R". Thus there are n different
unit vectors in R". For example:

(0,0,1) is the third unit row vector in R®.
1

(1,0,0)T = [ 0 [ is first unit column vector in R3.
0
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Caution: For n > 2, the vector in R™ in which all the entries are
1, for example (1,1,1) € R? is not a unit vector.

Spanning Property of the Unit Vectors

The set of n unit vectors in R™ have the special property that their
linear hull is R" itself, i.e., every vector in R" is a linear combination
of the set of n unit vectors in R".

For instance, let n = 3. Consider the column vector (3, —69,75)7.
We have

3 1 0 0
—69 | =310 |—-69]1 1 |+7] 0
75 0 0 1

and hence (3, —69,75)7 is contained in the linear hull of the set of three
unit vectors in R3.

Similarly, let {I;,...,1,} denote the set of n unit column vectors
in R". Consider the general column vector x = (xy,...,x,)T € R". We
have

x
T = =+ 2,
xn
and hence z is in the linear hull of {7,...,I,}.

Subspaces of R"

A subset S of n-dimensional vectors (either all row vectors or all col-
umn vectors) is said to be a subspace of the n-dimensional vector
space R", if it satisfies the following property:

Subspace Property: for every pair of vectors x,y € S, every
linear combination ax + By for any real numbers «, 3 is also contained

in the set.

Here are some examples of subspaces of R".
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e The singleton set {0} containing the 0-vector only, is a sub-
space of dimension 0. This is the only subspace containing only
one vector in it. All other subspaces contain an infinite number
of vectors.

e The j-th coordinate subspace of R". For any j = 1 to n, this
is the set of all vectors {x = (z1,...,z;-1,2; = 0,2j41,...,2p) :
in which the component x; = 0, while all the other components
may take any real values}. This subspace has dimension n — 1.

e Lower dimensional coordinate subspaces of R" of dimen-
sion n —r < n — 1. Select any subset T" of r components
among ri,...,x,, where r > 2. Then the set of all vectors
{z = (x1,...,2,) : each component z; € T is 0} is an (n — r)-
dimensional coordinate subspace of R™ defined by the subset of r
components T'. For example the set of vectors {x = (z1 = 0,25 =
0,...,2, = 0,241, ...,2,)} is the n — r-dimensional subspace in
which all the components {x1,...,z,} are fixed equal to 0.

e Set of all linear combinations of a given set of vectors
A C R™ is a subspace of R" containing all the vectors in A.

1.6 Notation to Denote the General Sys-
tem of Linear Equations

We now describe the algebraic notation that we will use for denoting
a general system of m linear equations in n variables. (Here, m =
the number of equations; may be <, or =, or > n = the number of
variables.)

Let x = (z1,...,2,)" denote the column vector of variables in the
system.

Let a;; denote the coefficient of x; in the ¢th constraint, for ¢ = 1
tom, 5 =1 ton.

Let b = (by,...,by)" be the column vector of the RHS constants in
the constraints 1 to m. Then the system of constraints is:
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a1r1 + appxs + ...+ apr, = b
A21T1 + A22%2 4+ ...+ aonTy, = b2
Am1Z1 + AmaZ2 + ...+ QT = bm

In detached coefficient tableau form, it is:

1 ... x; ... x, | RHS constants
a1 e Qay; e QA1n b1
;1 e Q45 e Qin bl
Qm1 -+ Amj ... Qmp bm

Denoting this tableau by A, in this system, the row vector of coef-

ficients of the variables in the ith constraint is:  A; = (a1, ..., @), @
=1 tom.

The column vector corresponding to the variable z; in this tableau
is: A= (a1, . am;)", j=1ton.

Denoting the System in Terms of the Rows of the
Tableau

So, the ith constraint in the system can be written as:  A; x = b;,
1 = 1 to m, using our notation. So, the above system of equations can
also be written as:

Denoting the System in Terms of the Column
Vectors Corresponding to the Variables

The column vectors corresponding to the variables z; to x,, are A
to A,,. It can be verified that the left hand side of the general system of
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equations given above is the linear combination of the column vectors
Aq,..., A, with z1,...,z, as the coefficients. Thus this system of
equations can also be written as a vector equation as:

Thus the values of the variables x; to x,, in any solution of the sys-
tem, are the coefficients in an expression of the RHS constants column
vector b as a linear combination of the column vectors corresponding
to the variables, A; to A, in the system.

Exercises

1.6.1 Write the systems of constraints in the following detached
coefficient tableaus as vector equations, expressing a column vector as
a linear combination of other column vectors.

Ty T2 T3 T4 T
0 -7 0O 0 14| -36
—2 0 12 3 -3 22
13 17 -—11 8 0 0
0 3 0 5) 6| —12

1 2 1 2 —-1]11
1 2 1 —4]10

1.7 Constraint Functions, Linearity As-
sumptions, Linear and Affine Func-
tions

Consider the following general system of m linear equations in n vari-
ables © = (z1,...,2,)7.

aﬂxl—{—...—i—amxn:bi, izl,...,m
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The left hand side expression in the ith constraint, a;;z; + ... +
Ty 1s a real valued function of the variables called the constraint
function for this constraint. Denoting it by g;(z), the constraints in
this system can be written as

gl(l'):b“ izl,...,m

Hence each constraint in the system requires that its constraint
function should have its value equal to the RHS constant in it.

As an example, consider the system of 5 equations in 4 variables in
Example 1 of Section 1.2, which is reproduced below.

S5r1 4+ Taxo 4+ 223 +x4 = 4.43

3r1 + 629 + 23+ 204 = 3.22

41+ 520+ 3x3+24 = 3.89
88x1 + 82x9 + 94x3 + 96, = 88.46
1

T+ Ty + T3+ 24

The left hand side expression in the first equation, 5xq + 7x9 +
2x3 + x4 = ¢1(x) measures the percentage by weight of Al in the
mixture represented by the vector =z, and this is required to be =
4.43. Similarly, the left hand side expressions in equations 2, 3, 4 in
the system, g¢o(x) = 321+ 629+ 23+ 224, g3(x) = 421 + 529+ 323+ 24,
ga(z) = 8821482194+ 94w3+9624, respectively measure the percentage
by weight of Si, C, Fe respectively in the mixture represented by
the vector . gs(x) = 21 + 22 + x3 + x4 from the fifth equation is
the sum of the proportions of SM-1 to SM-4 in the mixture, and unless
this is equal to 1 the vector x cannot be a solution to the problem.

With these constraint functions defined as above, we can denote
this system in the form

g1(z) 4.43
g2(7) 3.22
gs(x) | = 3.89
9a() 88.46
g5() 1
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In the same way, in any system of linear equations, the constraint
function associated with any constraint measures some important quan-
tity as a function of the variables, and the constraint requires it to be
equal to the RHS constant in that constraint.

Linear Functions

Definition 1: A real valued function, h(z), of variables =z =
(1,...,7,)T s said to be a linear function if it satisfies the fol-
lowing two assumptions, which together are called the linearity as-
sumptions.

Additivity or Separability assumption: This assumption re-
quires that the function h(z) should be the sum of n functions,
in which the jth function involves only one variable x;, for j =1 to
n; i.e.,

h(z) = hy(z1) + ha(x2) + ... + hp(zy)

Proportionality assumption: A real valued function of a single
variable, say x;, satisfies this assumption if the function is equal to
c;x; for some constant ¢;.

The function h(x) of n variables z = (z1,...,2,)7 which
satisfies the additivity assumption as in the above equation, is said to
satisfy this proportionality assumption, if each of the functions h;(z;),
j=1ton satisfyit.

Therefore, the real valued function h(z), where = = (z1,...,2,)7,
is a linear function iff there exist constants c¢i,...,¢, such that
h(z) = ciz1+4. . .+cpz, forall x € R" Inthiscase c¢= (c1,...,¢,)"

is called the coefficient vector of the variables in the linear function
h(z). Consider the following examples.
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The function Comments
of v = (11,...,25)7
3xy — Txs A linear function with coefficient vec-

tor (0,3,0,0,—7).

Ty — 3x9x3 — 4z, | Not a linear function, as it does not
satisfy the additivity assumption be-
cause of the term —3xzyx3 in it.

T3+ x5 + x5 + 27 | Satisfies additivity assumption, but
not the proportionality assumption,
because of the square terms. Hence
not a linear function.

Another equivalent definition of a linear function is the following:

Definition 2: A real valued function h(z) of variables z =
(1,...,2,)T 1is said to be a linear function if for every pair of vectors
y=(y1,. .., yn)" and z=(21,...,2,)7 andscalars «,f3, we have

hay + Bz) = ah(y) + Bh(z)

or equivalently, for every set of vectors {z!,... 2"} in R", and scalars
i, ..., 0, we have

h(apz' + ...+ apa”) = ayh(z') + ...+ a.h(z")

To show that Definition 1 implies Definition 2: Suppose
h(z) satisfies Definition 1. Then h(z) = cix1+...+ ¢z, for some
constants ci,...,c,. Given y = (y1,...,yn)7 and z = (21,...,2,)7
and scalars «a, 3,

Y

n

h(ay+[2) :Z (ay;+Bz;) —&Zc]yfFﬂchz]—ah( )+ Bh(z).

j=1 j=1 Jj=1

So, h(z) satisfies Definition 2.

To show that Definition 2 implies Definition 1: Suppose
h(x) satisfies Definition 2. Let I, be the jth unit vector in R" for
j = 1ton. Then the vector =z satisfies
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v=(21,...,0.) =11 +...+x,1,

Applying Definition 2 using this equation, we have

So, if we denote h(I ;) (the value of the function corresponding to
the jth unit vector) by ¢;, we have

hz) =1z + ...+ cpxy,

and hence h(z) satisfies Definition 1.
Affine Functions

Definition 3: A real valued function, a(z), of variables =z =
(x1,...,2,)T is said to be an affine function if it is equal to a con-
stant + a linear function of variables z; i.e., if there are constants
Co,C1, - - .,Cpn such that

a(x) =co+ 1z + ...+ cpxy

forall ze€e R*". X

Hence every linear function is also an affine function (if the constant
co = 0), but the converse may not be true.

As an example, the function —300+2x,—3z3 is an affine function,
but not a linear function.

Another equivalent definition of an affine function is the following:

Definition 4: A real valued function h(z) of variables =z =
(21,...,7,)T 1is said to be an affine function if for every pair of vectors
y=(y1,- - ,yn)T and z=(21,...,2,)7 andscalars «,3 satisfying
a+ (G =1, we have

hay + Bz) = ah(y) + Bh(z)



1.7. Constraint Functions, Linearity Assumptions 83

or equivalently, for every set of vectors {z!,... 2"} in R" and
scalars «aq,...,q, satisfying a3 +...4+ o, =1, we have

h(aqa' + ...+ a,2”) = aqh(a') + ...+ ah(z”)

Notice the difference between the conditions stated in Definitions 2
and 4. Definition 2 requires the condition to hold for all linear combi-
nations of vectors, but Definition 4 requires it to hold only for all affine
combinations of vectors (i.e., only when the scalar multipliers in the
linear combination sum to 1).

We leave it to the reader to verify that Definitions 3 and 4 are
equivalent using arguments similar to those used above to show that
Definitions 1 and 2 are equivalent. Remember that a function a(x)
satisfying Definition 4 is of the form ¢o+ cix1 + ...+ ¢z, Wwhere

co = a(0) where 0 = (0,...,0)7 is the zero vector in
R™.
and ¢; = a(l;) for j = 1 to n, where I; is the jth unit
vector in R".

Sometimes, in informal conversations, people refer to affine
functions also as linear functions.

A real valued function f(z) of variables = = (xy,...,2,)
which is neither linear nor affine is known as a nonlinear function.
An example of a nonlinear function in the variables x = (z1,15)7 is
f(x) =923 + 162175 + 623.

Hence, given a system of m linear equations in variables x = (x,
..., x,)T, if the constraint functions associated with the m constraints
are  ¢1(x), ...,gm(z) and the RHS constants vector is b = (by,

.., by)T, then the system can be written as

T

gl<.’lf):bl, 221,,777,

For i« = 1 to m, by transferring the RHS constant term in the ith
equation to the left, we get the affine function a;(x) = g;(z) — b;. In
this case, the above system of equations can be written in an equivalent
manner as
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This shows that each constraint in a system of linear equations
requires that the constraint function associated with it should have a
value equal to the RHS constant in that equation. This constraint is
in the model only because of this requirement.

In constructing mathematical models for real world problems, very
often the constraint functions that we have to deal with do not satisfy
the linearity assumptions exactly. For instance, in Example 2 of Section
1.2, we assumed that the amount of nutrient (like a vitamin) absorbed
by the body from the food consumed, is proportional to the amount
of the nutrient present in the food. This is only approximately true.
In reality, the percentage of vitamins in the diet absorbed by the body
goes up if some protein is present in the diet.

If the constraint functions violate the linearity assumptions by huge
amounts, then we cannot model the equality constraints in the prob-
lem as a system of linear equations. However, in many applications,
the constraint functions, while not satisfying the linearity assumptions
exactly, do satisfy them to a reasonable degree of approximation. In
this case, a linear equation model for the system of equality constraints
in the problem provides a reasonable approximation.

The reader should read the examples and exercises in Section 1.2
and check whether the constraint functions in them do satisfy the lin-
earity assumptions either exactly or to a reasonable degree of approxi-
mation.

Admonition to engineers: In engineering there is an oft quoted
admonition: Be wise, linearize!. This refers to the fact that engineers
very often simplify models of problems by approximating constraint
functions with judiciously chosen linear functions. <

A system of equations of the form
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where at least one of the constraint functions fi(z), ..., fi(z) isnon-
linear (i.e., not linear or affine) is called a system of nonlinear equa-
tions. Systems of nonlinear equations are much harder to solve than
systems of linear equations. Usually nonlinear equations are solved by
iterative methods. These require in each iteration the solution of at
least one system of linear equations based on the linear approxima-
tions of functions at the current point. Solving nonlinear equations is
outside the scope of this book.

Bilinear Functions

A real valued function of two or more variables is said to be a
bilinear function if the variables can be partitioned into two vectors
u, v say, such that when wu is fixed at any @, the function is a linear
function in the remaining variables v; and similarly when v is fixed at
any v, the function is a linear function in u.

Thus, if the function is f(u,v), it is bilinear if

for any @, f(u,v) is a linear function of v, and

for any o, f(u,v) is a linear function of w.

An example of a bilinear function is the dot product of two vectors.

Let u = (uy,...,up,), v = (vi,...,v,)". Let the function
f(u,v) =uv = dot product of u and v.
f(u,v) is anonlinear function of all the variables uy, .. ., up,v1,. . . ,Up;

however it is bilinear since it is a linear function of v when w is fixed
at any @, and a linear function of v when v is fixed at any v. For
instance, let n = 3, 4 = (3,—1,-7), v = (=2,0, D)7, u = (u1, us, u3),
v = (v1,v2,v3)T. Then the dot product of u and v, f(u,v) satisfies

f(u,v) = 3v; — vy — Tus; f(u,0) = —2uy + us

both of which are linear functions. We state this formally in the fol-
lowing result.
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Result 1.7.1: The dot product of two vectors is a bilinear
function of the two vectors: The dot product of two vectors is a
bilinear function, whenever any of these vectors is fixed equal to some
numerical vector, the dot product is a linear function of the other vector.

1.8 Solutions to a System, General Solu-
tion; Nonbasic (Independent), Basic
(Dependent) Variables in Parametric
Representation

Three Possibilities

Given a system of linear equations, there are three different possi-
bilities, which we discuss below.

(a): System Has No Solution: In this case we say that the
system in infeasible or inconsistent. An example of such a system
is:

T+ x9 = 2
—1

—T1 — T2

If there is a solution (1, z2)T satisfying both these equations, then
by adding them we would get 0 =1, a contradiction. Hence this
system is infeasible, or inconsistent.

(b): System Has a Unique Solution: System may have a so-
lution, and that solution may be the only one, i.e., unique solution.
An example of such a system is the following:

Ilzl

T+ T2 = 3
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By subtracting the first equation from the second, we see that this
system has the unique solution (zy,29)" = (1,2)T.

We will see later that if a system of m equations in the variables
r = (z1,...,2,)7 has the unique solution z = (¢, ...,¢c,)?, then the
system of equations is equivalent to, i.e., can be reduced to the
simple system:

(c): System Has an Infinite Number of Solutions: When the
system has more than one solution, it actually has an infinite number
of solutions. An example of such a system is:

Ty +x3 = 10
To + X3 = 20

For this system we see that z = (10—«,20—a,a)? is a solution
for every real value of a.

In this case the set of all solutions of the system is called the solu-
tion set for the system.

When the solution to the system is unique, the solution set consists
of that single solution.

Two systems of linear equations in the same variables, are said to
be equivalent, if they have the same solution set.

Representation of the General Solution in Para-
metric Form

Consider a system of m equations in variables = (xq,...,2,)7
which has more than one solution. In this case we will show that the
system of equations is equivalent to another, which expresses a subset
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of r variables as linear functions of the other variables for some r < m;
i.e., that the system of equations can be reduced to one in the following
form (here for simplicity we are assuming that the r variables expressed

in terms of the others are  xq,...,z,).

1 = a1+ Bi1%rp1 .o+ Brats

Ty = o+ Bori1Trp1 ..+ Bony

Ty, = O+ 67-’7-4_11’7‘4_1 + ...+ ﬁ'r,nxn
where aq, ..., qa,, and the §’s are constants. This system does not say
anything about the values of the variables Tpily ey L hence
they can be given any arbitrary real values; and then the values of
x1,...,%, canbecomputed by substituting those values for x,.1,...,

r, in the above expressions to yield a solution to the system. Ev-
ery solution of the system can be obtained this way. Hence a general
solution for the original system is of the form:

T a1 + ﬁl,r-{—lfr—l-l + ..+ ﬁl,ni‘n

Ly (078 + Br,r—i—li'r—kl +...+ ﬁr,ni‘n
Tr41 i‘r—i—l

-Tn jjn
where Z,,1,...,Z, are parameters that can take arbitrary real val-
ues. Such an expression is known as a representation of the general
solution to the system in parametric form with z,.4,...,%,
as real valued parameters.

In this representation, the variables Tyilyeey,Tn which can
be given arbitrary real values are known as independent or free or
nonbasic variables. The variables  xz,...,2,  whose values in
the solution are computed from the values of independent variables are
known as dependent or basic variables in this representation.
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In the general solution given above, the expressions for the ba-
sic variables in terms of the nonbasic variables are listed in the order
Z1,...,2T,. Hence x1,29,...,2, are known as the first basic vari-
able, second basic variable, ..., rth basic variable respectively in
this general solution.

When the basic variables are put in this order as a vector, (x1,...,x,),
this vector is called the basic vector for this representation.

The particular solution obtained by giving all nonbasic variables
the value zero, namely:

€ (€51
Tr - (674
Tr41 0
Tp 0

is known as the basic solution for the system of equations corre-
sponding to the basic vector  (xy,..., ;).

The choice of basic, nonbasic variables leading to such a represen-
tation of the general solution is usually not unique; i.e., the variables
x1,...,T, can be partitioned into basic, nonbasic variables in many
different ways leading to such a representation of the general solution.
One important property is that in all such partitions, the number of
basic variables, r will always be the same. This number r is called
the rank of the original system of equations. The number of nonbasic
variables in such a representation = n —r (where n is the total number
of variables in the system, and 7 is the number of basic variables in the
representation) and is called the dimension of the solution set for
the system.

As an example, consider the system:

x|y +x3 = 10
To + X3 = 20

For this system, one parametric representation of the general solu-
tion is:
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T 10 — T3
i) = 20 — T3
x3 T3

for arbitrary real values of the parameter  Z3. In this representation:

basic vector is: (x1,22); nonbasic variable is: x3;  rank of system
is 2; dimension of the solution set is 1. The basic solution of the
system corresponding to this basic vector (xy,x5) is: (xy, 12, 23)7 =
(10,20, 0)T.

Another representation of the general solution of this system is:

x Z
T2 = 10 + .1_71
I3 10 — T

this one corresponds to the selection of (zq,x3) as the basic vector,
and x; asthe nonbasic variable; and this also exhibits the same rank
of 2 for the system, and dimension of 1 for the solution set. Also, the
basic solution of the system corresponding to the basic vector (xq, z3)
is: (z1, 79, 23)7 = (0,10,10)T.

Efiicient algorithms for determining the general solution of a given
system of linear equations are discussed later on.

Exercises

1.8.1: Problem of the incorrectly cashed cheque: (Adopted
from M. H. Greenblatt, Mathematical Entertainments, A collection of
Hlluminating Puzzles New and Old, T. Y. Crowell co., NY, 1965) Long
time ago there was a man who cashed his pay cheque at a bank where
the teller made the mistake of giving him as many dollars as there
should have been cents, and as many cents as there should have been
dollars. The man did not notice the error. He then made a 5 cent
payphone call (phone rates were low in those days). Then he discovered
that he had precisely twice as much money left as the pay cheque had



1.8. General Solution 91

been written for. Construct a linear equation model for this problem,
find its general solution, and using the limits for the variables that
come from the above facts on it deduce what the amount of his pay
cheque is.

1.8.2: For each of the following problems construct a linear equa-
tion model, find its general solution, and using all the facts stated in
the problem on it, deduce the required answer.

(i):A brother B and sister S are in their twenties now. When S
was one year older than half of Bs present age, B was as old as S is
now. Find their present ages.

(ii): A brother B is 6 years older than his sister S. The 1st digit
in B’s age is twice the 2nd digit in S’s age; the 2nd digit in B’s age is
twice the 1st digit in S’s age. Find their ages.

(iii): A four digit number has the property that if you move the
leftmost digit in it to the rightmost position, its value changes to 1 +
three-fourths of the original number. Find the number.

(iv): A two digit number is equal to 34 + one-third of the number
obtained by writing the digits in it in reverse order. Find this number.

(v): A kid’s piggybank has a total of 70 coins consisting of pennies
(cents), nickels (5-cent coins), and dimes (10-cent coins) for a total
value of $1.17. Determine how many coins of each type it has.

(vi): A brother B and sister S took the same examination in which
there were several questions. Both B and S attempted all the questions.
S got a third of the answers wrong. B had 5 of them wrong. Both of
them put together got three-quarters of the questions right. Find out
how many questions were there, and how many each answered correctly.
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1.9 Linear Dependence Relation Among
Constraints, Redundant Constraints,
Linearly Independent Systems

Linear Combinations of Constraints

In a system with m linear equations, let R; to R,, denote the
m equations. A linear combination of these constraints is of the
form: Y7, o;R;, ie.,multiply R, by «; on both sides of
the equality symbols and add over ¢ =1 to m. Here all «; are
arbitrary real numbers.

Consider the system of equations:

x| +x3 = 10
To + XT3 = 20
If 7 = (Z,%2,73)7 s a solution to this system, it satisfies

both the first and the second constraints, and hence also any linear
combination of these constraints, namely:

041(1'1 + .173) + OéQ(.TQ + 1‘3) = 10061 + 200[2
for every «aq,as real. For example, taking «; =5,a9 =10 leads

to the linear combination of constraints in above system:

5x1 + 10z + 1523 = 250

which will be satisfied by every solution of the system.
For exactly the same reason, we have the following result:

Result 1.9.1: Every solution satisfies all linear combina-
tions of equations in system:FEvery solution of a system of linear
equations satisfies every linear combination of constraints in the sys-
tem.

Redundant Constraints in a System of Linear
Equations
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Consider the following system of linear constraints in detached co-
efficient tableau form:

I T2 xT3 Ty Ty
1 1 1 1 1110
1 -1 0 0O 0] 5
1 0 -1 0 0115
1 0 0 -1 0120
4 0 0 0 1150
Let R; to Rs; denote the constraints in the system from top

to bottom. The following relationship can be verified to hold among
these constraints:

Rs =Ry + Ry + R3 + Ry

In a system of linear equations, a particular constraint can be said
to be a redundant constraint if it can be obtained as a linear com-
bination of the other constraints. So, in the system above, Rs; can
be treated as a redundant constraint. If we delete R5  from that
system, we get the following system:

Ty T2 T3 X4 Ts
1 1 1 1 110
1 -1 0 0 O 5)
1 0 -1 0 0115
1 0 0 -1 0120

Since the second system has one constraint less than the first, we
have:

Solution set of 2nd system O  Solution set of 1st system

However, since R; is a linear combination of Ry to R4, by
Result 1.9.1, every solution of the 2nd system satisfies = R;. Hence

both systems above have the same solution set. Using exactly the same
argument on a general system, we have the following result:
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Result 1.9.2: Deletion of a redundant constraint leads to
an equivalent system: Consider a system of linear equations. If one
of the equations in the system can be expressed as a linear combination
of the other equations, that equation can be considered as a redundant
constraint and deleted from the system without affecting the set of so-
lutions; i.e., this deletion leads to an equivalent system with one less
equation. The same process can be repeated on the remaining system.

Linear Dependence Relations for a System of Lin-
ear Equations

In the system in the first tableau above, the constraints R; to Rs
satisfy Ry = Ry+ Ro+ R3+ Ry4. So, if we take the linear combination
of the constraints Ry + Ry + R3+ Ry — R;, we get the equation:

01‘1 +0I2 +0I3+0.T4+0.T5 =0

with all the coefficients of the variables on the LHS as 0, and the RHS
constant 0. We will call thisthe 0 =0 equation.

A linear combination of these constraints R; to R is of the
form 37, o;R;. In this linear combination if we take «o; =0 for
all i = 1 to 5, we get the trivial linear combination, and it of course
results in the 0=0 equation.

If at least one of the «; is # 0, the linear combination is called
a nontrivial linear combination.

In the same way, in a general system of linear equations with equa-
tions R; to R,,, a nontrivial linear combination of these equations

is of the form: TR, with at least one a; # 0; and we say
that the equation R; participates in this linear combination

As an illustration, in the linear combination R;+ Ry+ R34+ R4— R5
in the example above, all the equations Ry to R; are participating
because all of them have nonzero coefficients in it.

A nontrivial linear combination of a system of equations is said to
be a linear dependence relation for the system if it leads to the
0=0 equation.
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In the example considered above, the linear combination  R; +
Ry+ R3+ Ry — Rs is a linear dependence relation because it is  0=0.

Among the equations participating in a linear dependence relation,
any one can be expressed as a linear combination of the others. For
instance, in the linear dependence relation R; + Ry + Rz + Ry — Rs
in the example above, all the equations R; to R5 are participating,
and we can verify that:

Ry = Rs—Ry— Ry — Ry
Ry = Ry —Ri— Ry — Ry
Ry = Ry—Ry— Ry — Ry
Ry = Ry—Ry—Rs— Ry
Rs = Ri+Ry+ Rs+ Ry

Therefore we have the following result:

Result 1.9.3: Any one constraint in a linear dependence
relation can be considered redundant: Among the constraints
participating in a linear dependence relation for a system of linear equa-
tions. any one of them can be considered as a redundant equation and
eliminated from the system without affecting the set of solutions.

A system of linear equations is said to be linearly dependent if
there is at least one linear dependence relation for it. In a linearly
dependent system of linear equations, there is a redundant equation
that can be eliminated without affecting the set of solutions.

A system of linear equations is said to be linearly independent
if there is no linear dependence relation for it; i.e., if no nontrivial
linear combination of constraints in it leads to the 0=0 equation.
For instance, the system obtained by deleting Rs; from the system
considered above, which is reproduced below
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Ty To XT3 Ty Ts
1 1 1 1 110
1 -1 0 0 0| 5
1 0 -1 0 0115
1 0 0 -1 0120

is linearly independent. To verify this, the equations in this tableau
from top to bottom are Ry to R,. The linear combination Z;L:l o; R;
is the equation:

(Ckl + Qg + g + 044)1’1 -+ (041 — 042)1’2 -+ (041 — ag)l’g
+(C¥1 — 044).’E4 + x5 = 100&1 + 50&2 + 15&3 + 20&4

For this to be the 0=0 equation, we must have the coefficient
of x5, oy = 0. Given a; = 0, the coefficients of x5, x3, 24 are 0 only
if g = a3 = a4 = 0. Hence the only linear combination of the four
equations in this system that is the 0=0  equation is the trivial
linear combination; i.e., the system is linearly independent.

A system of equations which is linearly dependent is said to be
minimally linearly dependent if the system obtained by eliminat-
ing any one constraint from it is always linearly independent. Hence
a system of linear equations is minimally linearly dependent iff it is
linearly dependent, and there is no linear dependence relation for it in
which at least one constraint does not participate. An example of a
minimally linearly dependent system of linear equations is the system
considered above consisting of equations R; to Rs, which is reproduced
below:

T i) I3 T4 Ty
1 1 1 1 1110
1 -1 0 0 0] 5
1 0 -1 0 01]15
1 0 0 -1 020
4 0 0 0 1150

Exercises
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1.9.1: Show that the following systems of linear equations are lin-
early dependent. For each of them check whether it is minimally lin-
early dependent.

(i): 1+ Lo+ X3 = 100
T4 + 5 + 26 = 200
.’E7+l’8+l’9:300
$1+$4+$7:200
$2+$5+$8:200
$3+$6+$9:200

(ii): =, =6
.T2:7
T1+ To9 = 13
21‘1 + o = 19

(111): Ty +Xo+ T3+ x4 = 100
2z1 =20
1+ 2172 = 50
.T1+$2+2173 = 90
5.231 + 41’2 + 31’3 + x4 = 260

1.9.2: Show that the following systems of linear equations are lin-
early independent.

(1): T1+To+ T3+ Ty +Ts = —18
Lo+ T3+ T4+ 25 = —12
233+334+$5:9
T4+ X5 =6

(11). 1+ To+ T3 = 800
l‘4+l’5+l‘6:300
1 4+ x4 = 500
To + x5 = 200
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1.10 The Fundamental Inconsistent Equa-
tion “0 = 17

The equation 0 =1 is known as the fundamental inconsistent
equation.

Consider the following system of linear equations. Let R; to Ry
denote the constraints in it from top to bottom.

Ty T2 T3 Ty Ts
1 1 -1 1 1 4
1 2 4 3 2 6
2 3 3 4 3 9
—1 2 1 3 2115

Taking the linear combination R+ Ry — Rs leads to the
equation:

0xq + 02y + 023 + 024 + 025 = 1

which is the fundamental inconsistent equation 0 = 1. If the above
system of equations has any solution, it has to satisfy this inconsistent
equation too, an impossibility. This implies that the above system has
no solution.

We will show later (see item 3 in “Discussion of Some Features of
the GJ Method”, Section 1.16) that the converse must be true also.
This leads to the following result:

Result 1.10.1: Fundamental condition for inconsistency: A
system of linear equations has no solution iff the fundamental incon-
sistent equation — 0=1  can be obtained as a linear combination of
equations in 1t.

An algorithm to determine whether this condition holds is given
later.

Exercises
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1.10.1: A problem from Bulgaria: A person A claims that he
and his three brothers B, C, D live in a building, each occupying a
separate apartment. Their statement contains the following details:

i) Apartment of A has 3 windows and 2 doors.

(

(ii) B has as many windows as the doors of C.
(iii) C has as many windows as the doors of B.
(

iv) D says that in total his brothers have the same number
of windows as doors.

Represent these statements through a system of linear equations
and solve it. What possible conclusion can you draw about the building
from this?

1.11 Elementary Row Operations on a Tableau
Leading to an Equivalent System

Row operations are the most heavily used computational tool today. It
is truly amazing that such a simple tool plays such an important role in
so many complex tasks. We now discuss two different row operations
(also called elementary row operations). These are:

1. Scalar Multiplication: Multiply each entry in a row
by the same nonzero scalar

2. Add a Scalar Multiple of a Row to Another:
Multiply each element in a row by the same nonzero scalar
and add the result to the corresponding element of the other
TOw.

Here are the results for two rows in a general tableau:
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Row Con-
dition
R a1 a2 e a1n by
Ry ao1 a22 . aon bo
alRq aa] Qs ... aay, ab; a#0
Ry + fBRy | a21 +Bayn  ax+Baa ... agp+Pay, | b2+ B8by | B#0

Here are numerical illustrations:

Row

R 1 2 -1 2 1)|-10

Ry -1 1 -2 -1 1 15

6R; 6 12 -6 12 6| —60
Ro+2Ry | 1 5 —4 3 3| =5

There is another row operation called row interchange (inter-
changing two rows in the tableau) which we will discuss later in Section
1.20, as it is used by the Gaussian elimination method discussed there.

We state some important facts about row operations on the de-
tached coefficient tableau for a system of linear equations in the fol-
lowing result:

Result 1.11.1: Row operations lead to an equivalent sys-
tem, and nonzero columns remain nonzero: (a): Since we are
dealing with a system of equations, row operations lead to an equivalent
system with the same set of solutions.

(b): A nonzero column vector in a tableau remains nonzero after
some row operations are performed on the tableau.

As discussed in Section 1.4, in the detached coefficient tableau for
a system of linear equations, every column vector is always nonzero.
From (b) of Result 1.11.1 we conclude that every column vector contin-
ues to remain nonzero after performing any sequence of row operations
on the tableau.

Exercises
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1.11.1 Perform the following row operations and record the results:

Row
R 3 2 4 1 5| —7
R, 1 -2 -1 1 0] -2
Rs 0O 4 -2 1 1| -7
Ry —1 4 -3 4 -2 8
Ry + Ry
Rs + 2R,
Ris— 2R,
(1/2)R,

1.12 Memory Matrix to Keep Track of
Row Operations

A tableau changes whenever row operations are performed on it. Clearly
every row vector in the resulting tableau is a linear combination of row
vectors in the original tableau, but we do not know what that linear
combination is. Sometimes, when performing a series of row opera-
tions, it is a good idea to have the formula for each row vector in the
current tableau as a linear combination of rows in the original tableau.
A tool called memory matrix helps us to keep track of these linear
combinations at the expense of slight extra work. Here we explain what
this memory matrix is, how to set it up and how to use it.

Let Ry,...,R, denote the row vectors in the original tableau.

If a row vector in the current tableau is the linear combination
a1 Ri+. . .+a, R, thememory matrix will store this in detached coef-
ficient form, i.e., it consists of column vectors labeled with Ry,..., R,
at the top, and in these column vectors it will have entries «q, ..., a,,
in this row; and updates this whenever new row operations are carried
out.



102 Ch. 1. Linear egs.

Algorithm: How to Set Up the Memory Matrix and Use
It

BEGIN

To use this facility, before doing any row operations, on the left
hand side of the original tableau open a memory matrix consisting of
m column vectors labeled R;,...,R,  at the top. For each 7 =
1 to m, the column vector under R; should be the ith unit vector of
dimension m. This will be the initial memory matrix set up on the
original tableau itself. All it says is that the first row vector in the
original tableau is 1R; +0Rs + ...+ 0R,, = Ry, the second row
vector is OR; + 1Ry +0R3+...0R,, = R», etc.

Then, whenever you perform any row operations on the tableau,
carry out exactly the same operations on the memory matrix also (this
is the extra work in operating this memory matrix). This updates the
memory matrix appropriately, and at any stage, the ¢th row of the
memory matrix will contain the coefficients of R;,...,R,, in the
expression of this row in the current tableau as a linear combination of

Rl to Rm

END

We will illustrate with an example of a detached coefficient tableau
for a system consisting of 4 equations in 5 variables.

T i) T3 X4 Ty
1 -1 1 0 1 )
2 1 -2 1 -1 6
0 0 1 2 1| -2
1 2 0 O 0 3

Denoting the constraints from top to bottom as R; to R4, we open
the memory matrix as below.
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BEGIN
To use this facility, before doing any row operations, on the left
hand side of the original tableau open a memory matrix consisting of
m column vectors labeled R1, . . ., Rm at the top. For each i =
1 to m, the column vector under Ri should be the ith unit vector of
dimension m. This will be the initial memory matrix set up on the
original tableau itself. All it says is that the ﬁrst row vector in the
original tableau is 1R1 + 0R2 + . . . + 0Rm = R1, the second row
vector is 0R1 + 1R2 + 0R3 + . . . 0Rm = R2, etc.
Then, whenever you perform any row operations on the tableau,
carry out exactly the same operations on the memory matrix also (this
is the extra work in operating this memory matrix). This updates the
memory matrix appropriately, and at any stage, the ith row of the
memory matrix will contain the coeﬃcients of R1, . . ., Rm in the
expression of this row in the current tableau as a linear combination of
R1 to Rm.
END
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Memory matrix Original tableau
Rl R2 Rg R4 T i) Trs T4 Ty
1 0 0 0] 1 -1 1 0 1 5
o 1 0 0] 2 1 -2 1 -1 6
0O o0 1 0] O 0 1 2 1] -2
o o0 0 1|1 2 0 O 0 3

So, the information in the memory matrix on the original tableau
indicates that the first row in the original tableau is 1Ry +0Ry +0R3+
0R4s = R4, etc.

Now suppose we perform the following row operations:

Multiply Row 1 by 2

Subtract two times Row 1 from Row 2
Subtract Row 1 from Row 4.

We carry on the same operations on the memory matrix too. This
leads to the current tableau which is the tableau after the above row
operations are carried out.

Memory matrix Current tableau
Rl R2 R3 R4 T i) T3 X4 T5
2 0 0 0] 2 =2 2 0 21 10
-2 1 0 0| 0 3 -4 1 -3|—-4
0O 0 1 0] 0 0 1 2 1] -2
-1 0 0 1|0 3 -1 0 —-1]-8
According to the memory matrix,
the first row in the current tableau is 2R,
the second row is —2R; + R,
the third is  Rj3,
and the fourthis —R;+ Ry

which are true. In the same way, we can continue performing additional
row operations on the current tableau, and the memory matrix will
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update and always show the coeffients in the expressions of rows of the
current tableau as linear combinations of rows in the original tableau.

Thus when performing a sequence of row operations on a tableau,
we use the memory matrix if we need to have the expressions for rows
in the current tableau as linear combinations of rows in the original
tableau.

1.13 What to Do With “0=0”, Or “0=1"
Rows Encountered After Row Oper-
ations 7

The “0=0” Equation
We start with an example first. Consider the detached coefficient
tableau given below for a system of linear equations, in which we call

the equations as Ry to Ry.

Original Tableau-1

Eq. name | 1 29 x3 x4 5
Ry 1 1 1 1 1] =2
R 2 -1 2 -1 2|1 —4
Rs 5 —1 5 -1 5| —10
Ry 3 4 2 1 -2 6

We introduce the memory matrix, and then perform the following
row operations: subtract Row 1 from Rows 3 and 4. This leads to the
following tableau:

Memory matrix
Rl R2 R3 R4 T Ty I3 Ty Ty
1 0 0 0| 1 1 1 1 1| -2
0 1 0 oy 2 -1 2 -1 2| —4
—1 0 1 0| 4 -2 4 =2 4| =8
-1 0 0 1| 2 3 1 0 -3 8
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In this tableau we subtract two times Row 2 from Rows 3 and 4.
This leads to the following Current Tableau-1.

Memory matrix Current Tableau-1
Rl R2 Rg R4 T i) I3 Ty Is
1 0O 0 0 1 1 1 1 1] -2
0 10 O 2 -1 2 -1 2| —4
-1 -2 1 0 0 0 0 0 0| O
-1 -2 0 1|-=2 5 =3 2 =71 16

In this tableau Row 3 has become the “0=0" equation. What should
be done about it?

This implies that the set of 4 constraints in the original system is
linearly dependent, and that a linear dependence relation for them has
just been discovered by the row operations we carried out. Whenever a
“0=0" row appears in the current tableau after carrying out some row
operations on the detached coefficient tableau for a system of linear
equations, it is an indication of the discovery of a linear dependence
relation among the original constraints, and consequently the equa-
tion corresponding to this row in the original system is a redundant
constraint.

That linear dependence relation can be read out from the entries
in the memory matrix in the row of the “0=0" row in the current
tableau. Here from Row 3 in the memory matrix in the current tableau
we find that the linear dependence relation is: —Ri — 2Ry + R3,
because it leads to the “0=0" equation. The vector of coefficients of
the equations in the original system (in the order in which the equations
are listed in the original system) in this linear dependence relation is
called the evidence (or certificate) of redundancy for treating
the equation corresponding to Row 3 as a redundant constraint in the
original system. The reason for the name is the fact that one can form
the linear combination of the constraints in the original system with
coefficients in this row and actually verify that it leads to the “0 = 0”
equation. This evedence is provided by Row 3 of the memory matrix
in the current tableau.

This evidence (—1,—2,1,0) implies that among the constraints in



106 Ch. 1. Linear egs.

the original tableau, we have the relation: Rs = Ry 4+ 2R,. So, R3
can be eliminated from the original system as a redundant constraint,
leading to an equivalent system. The effect of this is to eliminate the
“0=0" row in the current row (i.e., third row) and the corresponding
column, column 3 of R3, from the memory matrix. After this elimina-
tion, the resulting equivalent original tableau, and current tableau are
shown below.

Original Tableau-2

Eq. name | 1 29 x3 x4 5

Ry 1 1 1 1 1] -2

Ry 2 -1 2 -1 2| —4

R, 3 4 2 1 -2 6
Memory matrix Current Tableau-2
R, Rs Ry| 1 9 X3 x4 x5

1 0 0 1 1 1 1 1] -2
0 1 0 2 —1 2 -1 2| —4
-1 =2 1] -2 5 —3 2 =71 16

The processing of these equivalent systems can now continue.

In the same way, whenever a “0=0" row is encountered after some
operations on the detached coefficient tableau for a system of linear
equations, do the following:

e Suppose the “0=0" equation is in Row r of the current tableau.

It is an indication that the equation in Row r of the original
system is a redundant constraint. If the memory matrix is being
maintained, you can get an expression for this constraint as a
linear combination of the other constraints from Row r of the
memory matrix in the current tableau (this row of the memory
matrix is the evidence for the redundancy of the equation in Row
1), as illustrated in the above example.

e Eliminate Row r (i.e., the row of the “0=0" equation) from the
current tableau, and also eliminate column 7 of the memory ma-
trix if it is being maintained. Also, eliminate Row r from the
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original tableau.

Equivalently, you can leave this row r in both the current and
original tableaus (and row r and column 7 of the memory matrix
too) as they are in these tableaus, but ignore them in any future

computation to be carried out.

Equivalent Systems

Suppose we are given a system of linear equations, say System 1.
Any system, say System 2, obtained by performing a series of row
operations on System 1 and eliminating any redundant equations dis-
covered during the process is said to be equivalent to System 1. All
such systems have the same set of solutions as System 1.

Given a system of linear equations to solve, the strategy followed
by algorithms discussed in the following sections is to transform this
system through a series of row operations into an equivalent simpler
one for which the general solution can be easily recognized.

The “0=1” Equation

Again we begin with an example. Consider the following system of
equations in detached coefficient tableau form.

Original Tableau

Continue processing the remaining tableaus,
which represent an equivalent system with one less constraint.

Eq. name | 1 zo 3 x4 x5
Ry 1 1 1 1 1|15
R 1 2 2 2 2|22
Rs 1 3 3 3 3|35
Ry 2 5 4 5 4140

We introduce the memory matrix and perform the following row
operations: subtract Row 1 from Rows 2 and 3; and subtract two
times Row 1 from Row 4. This leads to the following tableau.
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Memory matrix
Ri Ry Rs Ry|x1 9 x3 T4 x5
10 o o0} 1 1 1 1 1]15
-1 10 o0 1 1 1 1|7
-1 0 1 oy 0 2 2 2 220
-2 0 0 10 3 2 3 2|10

On this tableau subtract two times Row 2 from Row 3, and subtract
three times Row 2 from Row 4. This leads to the following tableau.

Memory matrix

Rl R2 Rg R4 r1 T2 T3 T4 Iy
1 0 O 0 1 1 1 1 1 15
—1 1 0 0 0 1 1 1 1 7
1 =2 1 0] 0 O 0 0 0 6
1 -3 0 110 0 -1 0 —-1]-11

The third row in this tableau is the equation “0=6". So, from
the memory matrix entries in this row we conclude that the linear
combination %(Rl — 2Ry + R3)  is the fundamental inconsistent
equation “0=1", and hence that the original system has no solution.

The vector of coefficients of the equations in the original system
(in the order in which the equations are listed in the original system)
that produce the “0 = 1”7 equation or the “0 = a” equation for some
a # 0 has been called by the obscure name supervisor principle for
infeasibility. The idea behind this name is that if your supervisor
is suspicious about your claim that the system is infeasible, he/she
can personally verify the claim by obtaining the linear combination of
constraints in the original system with this vector of coefficients and
verify that it is “0 = 1" or “0 = a” for a # 0. But we will call this vector
by the simpler name evidence (or certificate) of infeasibility. This
evidence is provided by the row in the memory matrix in the current
tableau that corresponds to the “0 = a” equation for a # 0.

In the same way for any system of equations, if we end up with a
row corresponding to the equation “0 = a” where a # 0 after some row
operations on it, we conclude that the system is inconsistent and has
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no solution, and terminate.

When row operations are carried out on the detached coefficient
tableau of a system of linear equations without introducing the memory
matrix, we will still be able to discover all the redundant constraints in
the system, and determine if the system is infeasible; but then we will
not have the evedences (or certificates) of redundancy or infeasibility.
To have those evidences we need to introduce the memory matrix on
the system before row operations are commenced, and carry out all the
same row operations on the columns of the memory matrix as well.

1.14 The Elimination Approach to Solve
Linear Equations

The classical elimination approach for solving systems of linear
equations was figured out by Chinese and Indian mathematicians more
than 2000 years ago. Without trying to list all possibilities that can
occur individually, we want to present the main idea behind this ap-
proach, which is the following:

Algorithm: The Elimination Approach For Solving
Linear Equations

BEGIN

Select any equation and take it out of the system. Select
a variable which appears with a nonzero coefficient in it
as the basic variable in this equation. Use this equation
to derive the expression for this basic variable in terms of
the other variables. Substitute this expression for the basic
variable in all the other equations, thereby eliminating this
variable from the remaining system.

Once the values of the other variables are determined from
the remaining system, the corresponding value of this vari-
able can be computed from the expression for it obtained
above.
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BEGIN
Select any equation and take it out of the system. Select
a variable which appears with a nonzero coeﬃcient in it
as the basic variable in this equation. Use this equation
to derive the expression for this basic variable in terms of
the other variables. Substitute this expression for the basic
variable in all the other equations, thereby eliminating this
variable from the remaining system.
Once the values of the other variables are determined from
the remaining system, the corresponding value of this variable
can be computed from the expression for it obtained
above.
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The remaining system is now smaller. It has one equation
less, and one variable less than the previous system. If it
has a “0 = a” equation in it for some a # 0, the original
system is inconsistent (i.e., it has no solution), terminate.
If it has some “0 = 0”7 equations, eliminate them. If the
remaining system now has only one equation, obtain the
general solution for it, and using the expressions for ba-
sic variables generated in previous steps obtain the general
solution of the original system. If the remaining system
consists of more than one equation, apply the elimination
step on it and repeat the same way.

END

Example: Solving a Syatem of Linear Equations
by the Elimination Approach

We will apply this approach on the following system of 3 equations
in 4 variables as an illustration:

Original System = System 1

21’1 +4.Z'2 —633'3 = 10
T —XT2 +xr3 —x4 = 5
—x1 +2x9 223 +x4 = 3

Selecting the first equation to take out from the system, and the
variable x; with the coefficient of 2 as the basic variable in it, we get
the expression:

1
T — 5(10 — 4.73'2 -+ 6.733) =5— 2.1'2 + 3.’13'3

We now substitute this expression for x; in the remaining equations
2 and 3 leading to:

(5—2$2+3$3)—I2+l’3—l‘4 = 5
—(5 —2x9 + 3x3) + 209 — 223 + x4 =
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The remaining system is now smaller. It has one equation
less, and one variable less than the previous system. If it
has a “0 = a” equation in it for some a �= 0, the original
system is inconsistent (i.e., it has no solution), terminate.
If it has some “0 = 0” equations, eliminate them. If the
remaining system now has only one equation, obtain the
general solution for it, and using the expressions for basic
variables generated in previous steps obtain the general
solution of the original system. If the remaining system
consists of more than one equation, apply the elimination
step on it and repeat the same way.
END
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Rearranging terms, this leaves the reduced system:

System 2
—3ry +4x3 —x4 = 0
4dxy —dx3 H+14 = 8

The reduced system, System 2 has two equations in three variables.
Taking out the top equation from it, and the variable x; with the
coefficient of —1 as the basic variable in it, we get the expression:

T4 = —3xy + 43

Substituting this expression for x; in the remaining equation leads
to the system with one equation only

4[[’2 — 51’3 -+ (-3.’132 + 4.’173) =8
or
To — X3 — 8

The remaining system is a single equation in two variables xs, x3.
Selecting x5 as the basic variable in it, we get the general solution for

1t as:
i) . 8+ T3
T3 n T3

Z3 is an arbitrary real valued parameter. Plugging this solution in the
expression for x4 above leads to the general solution

i) 8+ T3
I3 = T3
Ty —24 + T3

for System 2. Plugging this in the expression for z; above leads to the
general solution for the original system
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T —11 +J_?3
i) i 8 +i‘3
T3 - i‘g

X4 —24 + x5

where 73 is an arbitrary real parameter. In particular, taking z3 = 0
leads to the basic solution WRT the basic vector (x1, x4, x2), which is:

I —11
i) . 8
I3 N 0
Ty —24

Exercises

1.14.1 Apply the elimination approach to get the general solution
of the following systems. For each, check whether the solution obtained
is unique, and explain your conclusions carefully.

(i) An infeasible system
—x1 + Tx9 — 923 = 10
Ty — 8x9 + 12253 = —15
21‘1 — 111’2 + 7I3 =5
21‘1 — 121’2 + 10173 =0
3x1 — 1925 + 1923 = —10

(ii) An infeasible system
3.%‘1 — To + 2173 - 71‘4 =10
21‘1 + 2I2 + 15174 =3
7.731 + 31’2 + 21’3 + x4 = 16
8r1 +4x3 + x4 = 30
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(iii) A system with a unique solution
51’1 —71’2—1’3:5
—8x1 + 1573 + 2253 = 15
—2.731 + 9.’E2 + 3 = —13

(iv) A system with multiple solutions
4I1+5$2—$3—61’4+31’5 =8
1021 — 629 + 23 + 1324 + 225 = —4
24x1 — Txg + 23 + 2004 + Txs = 0
1321 + 24+ 1725 = —5

1.14.2: Solve the following systems of equations through simple
manipulations.

(a) x1 x2 x3 x4
1 7 3 5 16
8 4 6 2|-16
2 6 4 8 16
5 3 7 1| -16
(b) = xy x5 a4
1 1 1 0 4
0 1 1 1(-5
1 0 1 1 0
1 1 0 1)]-8

1.15 The Pivot Step, a Convenient Tool
For Carrying Out Elimination Steps

Here we discuss a step known as the Gauss-Jordan pivot step or
GJ pivot step or sometimes just pivot step which offers a very
convenient tool for carrying out the elimination steps discussed in the
previous section. In a later section we will discuss a slightly different
version of the pivot step called the Gaussian pivot step.

Consider the general system of m equations in n variables in de-
tached coefficient tableau form. A GJ pivot step on this tableau is a
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computational tool specified by:

e A row of the tableau selected as the pivot row for the pivot step

e A column of the tableau selected as the pivot column for the
pivot step

e The element in the pivot row and the pivot column as the pivot
element for the pivot step, which should be nonzero.

The GJ pivot step itself consists of a series of row operations on
the tableau to convert the pivot column into the unit column with a
single nonzero entry of “1” in the pivot row. We give the operations
for the general system first. We use the abbreviations “PR” for “pivot
row”, and “PC” for “pivot column”, and indicate the pivot element by
putting a box around it. The general system in detached coefficient
tableau form is:

Original Tableau

ry  To ... Xs ... x, | RHS constants
a1 a19 e A1s e Q1n b1
asy ao9 Ce a9s Ce Aop bg
Ar1  Qpa ... |Qps| ... Qg b, PR
Am1i Am2 -+ Qms -+ Qmn b,
PC

This GJ pivot step is only possible if the pivot element a,s # 0.
This pivot step involves the following row operations:

e for each i # r such that a;s =0, leave Row ¢ unchanged

e for each ¢ # r such that a;s # 0, carry out Row ¢ — (%)ROW r

TS

e fori=r carry out (Row r)/a,s
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The entries in the tableau will change as a result of the pivot step,
we denote the new entries by a;;, b; etc. with a bar on top

Tableau after pivot step

Ty Lo ... Ts ... xn | RHS constants
all &12 .« .. O .. aln @1
asy a9 Ce 0 Ce Aoy bg
a1 dry ... 1 ... G b,
A1 Gmz - 0 ... G bon

Hence the GJ pivot step eliminates the variable corresponding to
the pivot column from all rows other than the pivot row.

We now provide some numerical examples. Consider the tableau
given below. We will carry out the GJ pivot step on this tableau with
Row 2 as the pivot row, Column 3 as the pivot column, and the boxed
entry 2 in both of them as the pivot element.

Original Tableau
r1 xy x3 x4 x5 | RHS
—1 2 1 1 0 4
4 -2 0 —4| —10 PR
3 7 0 —4 8| =2
—2 4 -1 1 0 -7
PC

This GJ pivot step involves the following row operations:

Row 1 — (%)ROW 2
Row 4 + (3 )Row 2
(%)ROW 2

No change in Row 3 because the entry in pivot column in Row 3 is
already zero.
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Tableau after the pivot step
1 xy x3 x4 x5 | RHS
-3 3 0 1 2 9

2 -1 1 0 -2 )
3 7 0 —4 8 -2
0 3 0 1 -2 —-12

Notice that the pivot column, column of x3, became the 2nd unit
column (with a “1” entry in the pivot row, Row 2) after the pivot step.

Here is another example:

Original Tableau
r1 X9 T3 x4 x5 | RHS
1 0 —4 2 1 -7
-1 2 2 3 -1 8
1 -2 -1 -5 0| —12
2] 3 4 o0 1 4 PR
pPC

Tableau after the pivot step

ry T2 x3 x4 x5 | RHS
0 3 -2 2 2| =5
o + 0 3 -3 6
0 -+ 1 -5 L] -10
1 -3 -2 0 -1]| -2
Exercises

1.15.1 Perform the GJ pivot steps indicated by the pivot row, pivot
column, and the pivot element in a box, in the following tableaus.
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(1) Al T I3 Ty Ts
1 -2 =2 2 3 2
0 1 2 1| -7 PR
—-12 -8 19 0 17| 18
3 -2 -1 —2 2| -3
PC
(ii) 1 To T3 Ty s
0 21 48 37 0| 73
2 —4 5) 6 1 8
-3 -1 -2 -5 —-1|-7
4 —4 2 6 20 PR
PC
(111) Try T I3 Ty Ty Tg
1 0 0 -1 =2 314
0O 1 0 1 -1 215
0 0 1 1 -1]2 PR

pPC
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The GJ Pivot Step as a Tool for Eliminating a

Variable From a System

In Section 1.14 we talked about eliminating a variable from a sys-
tem of linear equations using one of the equations in which it appears
with a nonzero coefficient. We will show that this is exactly what a
GJ pivot step does. In fact, the GJ pivot step offers a very conve-
nient tool for carrying out this elimination step when the system is
expressed in detached coefficient form. In the following table we show

the correspondence between various elements in the two steps.

Following this table, we reproduce the system solved in Section 1.14
by the elimination method. There, we first eliminated the variable x;
from it using the first equation in the system.
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Element in Elimination step | Correponding element in GJ

pivot step

1. Eq. used to eliminate | Pivot row. Row corre-

a variable sponding to that eq. in
tableau is the PR in GJ
pivot step.

2. Variable eliminated Pivot column. Column

corresponding to that vari-
able in tableau is the PC in
GJ pivot step.

3. Coeff. of variable | Pivot element.
eliminated, in eq. wused
to eliminate it

Original System = System 1

21’1 +4.I’2 —6.’13‘3 = 10
T —XT2 +xr3 —x4 = 5
—x1 +2x9 223 +x4 = 3

After this elimination step, we got the following:

Ty = —2x94+3x3+5 Expression for z; in terms of
other variables.

—3x9 + 4x3 — x4 = 0 Remaining system after
4xg — Dr3 + x4 =8 eliminated using 1st eq.

The PR, PC, and the boxed pivot element for the GJ pivot step on
the detached coefficient tableau for the original system, corresponding
to this elimination step are indicated below:
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Original Tableau

r1 X9 w3 x4 | RHS

4 -6 0| 10 PR
1 -1 1 -1 )

-1 2 =2 1 3

PC

Carrying out this GJ pivot step leads to the following tableau

Tableau after pivot step

r1 X9 w3 x4 | RHS
1 2 -3 0 5
0 -3 4 -1 0
0 4 -5 1 8

In this tableau, the equation corresponding to Row 1 is:
l‘1+2l‘2—3l‘3:5

We get the expression for x; in terms of the other variables by
transferring the terms of those variables to the right in this equation.
Also, rows 2 and 3 in this tableau contain the reduced system after
is eliminated from the original system.

Thus we see that the GJ pivot step eliminates the variable corre-
sponding to the pivot column from all the equations other than that
represented by the pivot row. Hence the GJ pivot step offers a very
convenient computational tool for carrying out elimination steps.

In Section 1.16, we will formally discuss a method for solving sys-
tems of linear equations based on the elimination approach, using the
GJ pivot step as the main computational tool.

Note: To carry out a sequence of pivot steps on a tableau, they
are performed one after the other in sequence. Each pivot step leads to
a new tableau, on which the next pivot step is performed. Usually the
various tableaus obtained are listed one below the other in the order
in which they are generated.
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1.16 The Gauss-Jordan (GJ) Pivotal Method
for Solving Linear Equations

We will now discuss the method for solving linear equations using the
elimination approach based on GJ pivot steps. This is one of the
most commonly used methods for solving linear equations. It is known
as the GJ (Gauss-Jordan) pivotal (or elimination) method and
also known as the Row reduction algorithm or Row reduction
method.

Historical note on the GJ pivotal method: The essential ideas
behind the method were figured out by Chinese and Indian mathemati-
cians more than 2000 years ago, but they were unknown in Europe
until the 19th century when the famous German mathematician Carl
Friedrich Gauss discovered them. Gauss discovered the method while
studying linear equations for approximating the orbits of celestial bod-
ies, in particular the orbit of the asteroid Ceres (whose diameter is less
than 1000 km). The positions of these bodies are known from obser-
vations which are subject to errors. Gauss was trying to approximate
the values of the unknown coefficients in an algebraic formula for the
orbit, that fit the observations as closely as possible, using the method
of least squares described in Example 5 of Section 1.2. This method
gives rise to a system of linear equations in the unknown coefficients.
He had to solve a system of 17 linear equations in 17 unknowns, which
he did using the elimination approach. His computations were so ac-
curate that astronomers who lost track of the the asteroid Ceres, were
able to locate it again easily.

Another German, Wilhelm Jordan, popularized the algorithm in a
late 19th century book he wrote. From that time, the method has been
popularly known as the Gauss-Jordan elimination method. <

The method involves a series of GJ pivot steps on the detached co-
efficient tableau form. To solve a system of m equations in n variables,
the method needs at most m (actually min{m, n}, but as shown later,
we can assume without loss of generality that m < n) GJ pivot steps.

At each pivot step, the variable corresponding to the pivot column
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Historical note on the GJ pivotal method: The essential ideas
behind the method were ﬁgured out by Chinese and Indian mathematicians
more than 2000 years ago, but they were unknown in Europe
until the 19th century when the famous German mathematician Carl
Friedrich Gauss discovered them. Gauss discovered the method while
studying linear equations for approximating the orbits of celestial bodies,
in particular the orbit of the asteroid Ceres (whose diameter is less
than 1000 km). The positions of these bodies are known from observations
which are subject to errors. Gauss was trying to approximate
the values of the unknown coeﬃcients in an algebraic formula for the
orbit, that ﬁt the observations as closely as possible, using the method
of least squares described in Example 5 of Section 1.2. This method
gives rise to a system of linear equations in the unknown coeﬃcients.
He had to solve a system of 17 linear equations in 17 unknowns, which
he did using the elimination approach. His computations were so accurate
that astronomers who lost track of the the asteroid Ceres, were
able to locate it again easily.
Another German, Wilhelm Jordan, popularized the algorithm in a
late 19th century book he wrote. From that time, the method has been
popularly known as the Gauss-Jordan elimination method. ��
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is recorded as the basic variable selected in the pivot row, and is elimi-
nated from all equations other than that represented by the pivot row
(this is the property of the GJ pivot step). The equations corresponding
to the expressions of each basic variable in terms of the other variables
are kept in the tableau itself.

We first give the statement of the method, and then give illustrative
examples for all the possibilities that can occur in the method. In the
description of each step, instead of just giving a curt statement of the
work to be done in that step, we also give some explanation of the
reasons for it to help the reader understand it easily.

If you need evidence for each redundant constraint identified and
eliminated during the method, and evidence for infeasibility when the
method terminates with the infeasibility conclusion, you need to in-
troduce the memory matrix into the computation as pointed out in
Section 1.13. We omit those to keep the discussion simple. Also, the
version of the method presented below is the simplest version from
ancient times. A computationally more efficient version of the same
method using the memory matrix is presented in Section 4.11 (it is
based on computational improvements introduced by George Dantzig
in his paper on the revised simplex method for linear programming).
That version has the additional advantage of automatically producing
the “evidences” without increasing the computational burden.

The GJ Pivot Method

BEGIN

Step 1: Put the system in detached coefficient tableau form and
obtain the original tableau. Open a column on the left hand side to
record the basic variables. Select the top row as the pivot row in the
original tableau and go to Step 2.

Step 2: General Step: Let r denote the number of the present
pivot row in the present tableau.

If the coefficients of all the variables in the pivot row are 0, go to
Step 2.1 if the RHS constant in the pivot row, b, = 0, or to Step 2.2 if—4
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BEGIN
Step 1: Put the system in detached coeﬃcient tableau form and
obtain the original tableau. Open a column on the left hand side to
record the basic variables. Select the top row as the pivot row in the
original tableau and go to Step 2.
Step 2: General Step: Let r denote the number of the present
pivot row in the present tableau.
If the coeﬃcients of all the variables in the pivot row are 0, go to
Step 2.1 if the RHS constant in the pivot row, ¯br = 0, or to Step 2.2 if
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b, # 0. If at least one of the variables has a nonzero coefficient in the
pivot row, go to Step 2.3.

Step 2.1: Redundant Constraint Elimination: In the
present tableau, the pivot row represents the equation “0
= 0”7, a redundant constraint. Eliminate the corresponding
row (i.e., the one with the same number from the top) in the
original tableau as a redundant constraint. If this pivot row
is the last row in the present tableau, eliminate it from the
present tableau and go to Step 3 with the resulting tableau.
Otherwise, eliminate this row from the present tableau, in
the resulting tableau select the next row as the pivot row
and with these repeat Step 2. (Equivalently, you can leave
these redundant rows in both the tableaus, but ignore them
in future work.)

Step 2.2: Concluding Original System Inconsistent:
In the present tableau, the pivot row represents the equa-
tion “0 = b,” where b, # 0, an inconsistent equation. So
the original system is inconsistent and has no solution. Ter-
minate.

Step 2.3: GJ Pivot Step: Select a variable with a nonzero
coefficient in the pivot row in the present tableau as the ba-
sic variable in the pivot row (i.e., the rth basic variable) and
record it. This variable is also called the entering vari-
able for this pivot step. The column vector of this basic
variable in the present tableau is the pivot column. Per-
form the GJ pivot step on the present tableau, and let the
resulting tableau be the next tableau.

If row r is the last row in this next tableau, go to Step 3
with the next tableau. If row r is not the last row in the
next tableau, with the next row in it as the pivot row repeat
Step 2.

Step 3: Checking Uniqueness of Solution, and Writing the——
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¯br �= 0. If at least one of the variables has a nonzero coeﬃcient in the
pivot row, go to Step 2.3.
Step 2.1: Redundant Constraint Elimination: In the
present tableau, the pivot row represents the equation “0
= 0”, a redundant constraint. Eliminate the corresponding
row (i.e., the one with the same number from the top) in the
original tableau as a redundant constraint. If this pivot row
is the last row in the present tableau, eliminate it from the
present tableau and go to Step 3 with the resulting tableau.
Otherwise, eliminate this row from the present tableau, in
the resulting tableau select the next row as the pivot row
and with these repeat Step 2. (Equivalently, you can leave
these redundant rows in both the tableaus, but ignore them
in future work.)
Step 2.2: Concluding Original System Inconsistent:
In the present tableau, the pivot row represents the equation
“0 = ¯br” where ¯br �= 0, an inconsistent equation. So
the original system is inconsistent and has no solution. Terminate.
Step 2.3: GJ Pivot Step: Select a variable with a nonzero
coeﬃcient in the pivot row in the present tableau as the basic
variable in the pivot row (i.e., the rth basic variable) and
record it. This variable is also called the entering variable
for this pivot step. The column vector of this basic
variable in the present tableau is the pivot column. Perform
the GJ pivot step on the present tableau, and let the
resulting tableau be the next tableau.
If row r is the last row in this next tableau, go to Step 3
with the next tableau. If row r is not the last row in the
next tableau, with the next row in it as the pivot row repeat
Step 2.
Step 3: Checking Uniqueness of Solution, and Writing the
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General Solution:

If every variable in the system has been selected as a basic variable
in some row (i.e., there are no nonbasic variables at this stage), all
the column vectors in the present tableau are unit vectors. So, the
number of rows in the present tableau is n (n may be less than m =
number of equations in original system, if some redundant equations
were eliminated during the method). In this case, the column vector
of the basic variable in the ith row is the ith unit vector in R™ for ¢
= 1 to n. So, each row vector in the present tableau represents the
equation giving the value of a different variable in the solution to the
system. Collect these values and put them in a column vector in the
proper order of the variables to yield the solution. This solution is the
unique solution of the system in this case.

If there are some nonbasic variables in the present tableau, the
original system has an infinite number of solutions. In the equation
corresponding to the ith row, if you transfer all the terms containing
nonbasic variables to the right, it gives the expression for the 7th basic
variable in terms of the nonbasic variables. Collecting these expressions
for all the basic variables together, we have a parametric representation
for the general solution of the system as discussed in Section 1.8. The
values of the nonbasic variables are the parameters in it, these can be
given arbitrary real values to obtain a solution for the system, and all
the solutions for the system can be obtained this way. In particular,
making all the nonbasic variables equal to 0, leads to the basic solution
of the system WRT present basic vector.

END.

Numerical Examples for the GJ Method

We now provide numerical examples illustrating the three possible
ways in which the method can terminate. In this method, on each
tableau one GJ step is performed yielding the next tableau on which the
next GJ step is performed, and so on. We provide the various tableaus
one below the other indicating the pivot row (PR), pivot column (PC),
and the boxed pivot element if a GJ pivot step is performed on it;
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General Solution:
If every variable in the system has been selected as a basic variable
in some row (i.e., there are no nonbasic variables at this stage), all
the column vectors in the present tableau are unit vectors. So, the
number of rows in the present tableau is n (n may be less than m =
number of equations in original system, if some redundant equations
were eliminated during the method). In this case, the column vector
of the basic variable in the ith row is the ith unit vector in Rn for i
= 1 to n. So, each row vector in the present tableau represents the
equation giving the value of a diﬀerent variable in the solution to the
system. Collect these values and put them in a column vector in the
proper order of the variables to yield the solution. This solution is the
unique solution of the system in this case.
If there are some nonbasic variables in the present tableau, the
original system has an inﬁnite number of solutions. In the equation
corresponding to the ith row, if you transfer all the terms containing
nonbasic variables to the right, it gives the expression for the ith basic
variable in terms of the nonbasic variables. Collecting these expressions
for all the basic variables together, we have a parametric representation
for the general solution of the system as discussed in Section 1.8. The
values of the nonbasic variables are the parameters in it, these can be
given arbitrary real values to obtain a solution for the system, and all
the solutions for the system can be obtained this way. In particular,
making all the nonbasic variables equal to 0, leads to the basic solution
of the system WRT present basic vector.
END.
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or marking it as RC (redundant constraint to be eliminated), or IE
(inconsistent equation) otherwise. We use the abbreviation “BV” for

“basic variable”.

We number all the rows (equations) serially from top to bottom,
and record these numbers in a rightmost column, to make it easy to
keep track of redundant constraints eliminated.

The original detached coefficient tableau for the original system is

always the first one.

Example 1:

Ch. 1. Linear egs.

T T T3 zy x5 | RHS Eq. no.
—1 0 1 2| 10 PR 1
1 -1 2 -1 1 5 2
1 -2 5 -1 4] 20 3
2 0o 0 -2 1| 25 4
3 -2 5 -3 5| 45 5
5 -2 5 -5 6| 70 6

BV PCT

x3 | —1 0 1 1 2| 10 1
3 0 -3 -3|-15 PR 2
6 -2 0 -6 —6| —30 3
2 0o 0 -2 1| 25 4
8 -2 0 -8 —5| =5 5
10 -2 0 —10 —4| 20 6

PCT

x3 | —1 0 1 1 2| 10 1

zy | =3 1 0 3 3| 15 2
0 o 0 0 0 0 RC 3
2 0 0 -2 25 PR 4
2 0o 0 -2 1| 25 5
4 0 0 —4 2| 50 6

PC
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BV | 1 2o x3 w4 z5 | RHS Eq. no.
r3 | =5 0 1 5 0] —40 1
o | =9 1 0 9 0] —60 2
Ts 2 0 0 -2 1 25 4
0O 0 0 0 O 0 RC 5
0O 0 0 0 O 0 RC 6
Final Tableau
r3 | =5 0 1 5 0] —40 1
o | -9 1 0 9 0] —60 2
Ts 2 0 0 -2 1 25 4

So, the constraints eliminated as redundant constraints are equa-
tions 3, 5, 6 in the original tableau. When we eliminate the corre-
sponding rows from the original tableau, we get the following detached
coefficient tableau form with the redundant constraints deleted.

Original Tableau With Redundant Eqs. Deleted

Ty X9 x3 T4 x5 | RHS Eq. no.
-1 0 1 1 2 10 1

1 -1 2 -1 1 5 2

2 0O 0 -2 1 25 4

Since we have x; and x4 as nonbasic variables in the final tableau,
this system has an infinite number of solutions. The set of solutions
has dimension 2. From the 1st, 2nd, 3rd rows in the final tableau, we
get the expressions for the 1st, 2nd, 3rd basic variables x3, xs9, 5 Te-
spectively in terms of the nonbasic variables, leading to the parametric
representation of the general solution of the system as:

T T

i) —60 + 9%’1 - 9.’1734
T3 = —40 + 5@'1 - 51_/’4
T4 )

Iy 25 — 2.’i’1 -+ 2[2'4

where ¥, 4 are arbitrary real valued parameters. For example, making
71,74 = 0 leads to the basic solution of the system WRT the basic
vector (3, %9, Ts5) as (1, T, T3, T4, 75)" = (0, —60, —40,0,25)T.
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Notice also that the original system had six equations in five vari-
ables, but after eliminating three redundant equtions one at a time, the
final tableau was left with only three equations. In the final tableau,
the column vectors of the 1st, 2nd, 3rd basic variables x3, zo, x5 are the
Ist, 2nd, 3rd unit vectors in R? in that order.

Example 2:

Zy T2 x3 | RHS Eq. no.
1 1 5 PR 1
~1 3 1 6 2
0 4 2| 11 3
2 3 1| 10 4
BV PCT
T3 1 1 1 5 1
—2 0 1 PR 2
—2 2 0 1 3
1 2 0 5 4
PCT
3 2 0 1 g 1
Ty | —1 1 0 5 2
0 0 0 0 RC 3
0 0 4 PR 4
PCT
Final Tableau
T3 0 0 1 2 1
3 1 0 0 3 4

So, the third constraint is eliminated as a redundant constraint.
When we eliminate the corresponding row from the original tableau, we
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get the following detached coefficient tableau form with the redundant
constraints deleted.

1 xo x3 | RHS Eq. no.
1 1 1 5 1

—1 3 1 6 2
2 3 1 10 4

All the variables are basic variables, and there are no nonbasic vari-
ables. Hence this system has a unique solution which we read from the
final tableau to be:

T %
T2 = %
xT3 %
Example 3:
1 To x3 w4 x5 | RHS Eq. no.
2 -1 -2 0 4 PR 1
4 1 5 6 4 9 2
6 2 4 4 4| 12 3
10 3 9 10 8| 22 4
BV PCT
T 2 I -1 -2 0 4 1
0 6 8 4 5 PR 2
2 0 6 8 4 4 3
4 0 12 16 8| 10 4
PC
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Final Tableau — Inconsistency discovered

BV |21 29 23 sy x5 | RHS Eq. no.
T o 1 -7 —-10 -4 -1 1
x| 10 3 4 2 2 2

Since the 3rd row in the final tableau leads to the inconsistent equa-
tion “0 = —1”7, we terminate with the conclusion that the original
system has no solution.

Optimal Selection of Pivot Columns and Rows in
the GJ Method

Whenever Step 2.3 is carried out, we need to select one of the
columns with a nonzero coefficient in the pivot row in the present
tableau as the pivot column. How is the choice made?

In the GJ method we perform exactly one pivot step in each row
of the tableau. In the description of the method given above, we have
selected the rows of the tableaus as pivot rows in the order 1 to n; i.e.,
if Row 7 is the pivot row in the present tableau, we are taking Row
r 4+ 1 (or the first row different from the “0=0" equation below r) as
the pivot row in the next tableau. Is this the best order or is there any
advantage to be gained by using a different order?

We will provide brief answers to these questions now. But the
answer depends on whether the situation under consideration is a small
problem being solved by hand, or a large problem being solved on a
digital computer. First, we review the main differences between these
two situations.

When the pivot element is different from 1, division by the pivot
element may generate fractions, and the calculations involved in the
pivot step get very tedious to do manually. So, when all the data in
the present tableau is integer, and the system is being solved by hand,
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we try to select the pivot column and row so that the pivot element is
+1 as often as possible, or at least an integer with the smallest possible
absolute value so that the fractions generated in the pivot step will not
be too tedious. This is what you should do in solving the exercises
given in this book (i.e., for the next pivot step select the pivot row
among the rows in which a pivot step has not been carried out so far,
and the pivot column among the columns in which a pivot step has
not been carried out so far, so that the pivot element is 41 as often as
possible, or an integer with the smallest absolute value).

Of course real world problems are always solved using digital com-
puters. When writing a computer program for the GJ elimination
method, the tediousness of the fractions generated is no longer an im-
portant consideration. Other highly critical factors become extremely
important. Digital computation is not exact, as it involves finite preci-
sion arithmetic. For example, in computing the ratio %, digital compu-
tation would choose the answer to be 0.33 or 0.333 etc. depending on
the number of digits of accuracy maintained. This introduces round-
off errors which keep on accumulating as the method progresses, and
it may cause the computed solution to be too far away from the un-
known actual solution. In writing a computer program for the GJ
method, the pivot row, pivot column choice is handled by very special
rules to keep the accumulation of round-off errors in check as far as
possible. Keeping round-off errors in check is the focus of the subject
Numerical Analysis, which is outside the scope of this book; but we
will give a summary of the most commonly used strategies called full
or complete pivoting that work well.

Full Pivoting: For the next pivot step in the present tableau,
select the pivot element to be an element of maximum absolute value
among all the elements in the present tableau contained in rows in
which a pivot step has not been carried out so far, and in columns
in which a pivot step has not been carried out so far; breaking ties
arbitrarily. The pivot row, pivot column for this pivot step are the
row, column respectively of the pivot element.

In some applications, the GJ method is implemented in a way that
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in each pivot step, the pivot column is chosen first by some extraneous
rule, and then the pivot row has to be selected among the rows in which
a pivot step has not been carried out so far. In such implementations,
the strategy that is commonly used is to find a maximum absolute
value element in the present tableau among the entries in the pivot
column contained in rows in which a pivot step has not been carried
out so far, and select its row as the pivot row. This strategy is called
partial pivoting.

Round-off error accumulation is a serious problem in the GJ method
that limits its applicability to solve the very large scale systems that
arise sometimes in real world applications. The Gaussian elimination
method to be discussed in Section 1.20, implemented with other highly
sophisticated numerical analysis techniques, is able to alleviate the
round-off error problem somewhat better in such applications.

Obtaining the “0 =1” and “0 = 0” Equations En-
countered in GJ Method As Linear Combinations
of Original Equations

In the description of the GJ method given above, whenever we
discovered the “0 = b,” equations, we did not get the “evidence”, i.e.,
the vector of coefficients in the expression of this equation as a linear
combination of equations in the original system. In some applications
it may be necessary to get these expressions. For this, the memory
matrix should be introduced in the original tableau in Step 1 before
beginning any work on the GJ method, as indicated in Section 1.12,
1.13.

Discussion on Some Features of the GJ Method

Here we summarize the main features of the GJ method. Some of
these have already been mentioned above.

1. When applied on a system of m equations in n variables, the
method performs at most one GJ pivot step in each row for a
total of at most m pivot steps.
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2. Whenever a “0 = 0" equation is encountered in the present tableau,
a linear dependence relation among the equations in the original
system has been identified. The row containing that equation
corresponds to a redundant equation, and is eliminated from the
present tableau and the original tableau.

Thus the method identifies and eliminates redundant constraints
one by one.

3. Whenever a “0 = b,” (for some b, # 0) equation is encountered
in the present tableau, we conclude that the original system is
inconsistent, i.e., it has no solution.

If no inconsistency is encountered during the method (as evi-
denced by a “0 = b,” equation for some b, # 0) the method
terminates with a solution for the system. This proves Result
1.10.1 discussed in Section 1.10.

4. Suppose the original system of equations is consistent, and there
are p rows remaining in the final tableau. The method selects a
basic variable for each of these rows, The basic variable in the
1th row is called the ith basic variable, its column vector in the
final tableau is the ith unit vector in RP.

Rearrange the variables and their column vectors in the final
tableau so that the basic variables appear first in the tableau
in their proper order, followed by nonbasic variables if any (in
any order). Also rewrite the original tableau with the variables
arranged in the same order.

For instance, when we do this rearrangement for the systems in
Examples 2, 1 above, we get the following:
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Final tableau in Example 2 after

rearranging variables

Basic var. | x3 22 1 RHS
T3 1 0 0 +
T 0 1 0 a
3 0 0 1 2

Remaining Original
tableau for Example 2

Ch. 1. Linear egs.

T3 To X RHS
1 1 1 5
1 3 -1 6
1 3 2 10

Final tableau in Example 1 after rearranging

variables
Basic var. | 3 22 x5 =1 24 RHS
x3 1 0 0 -5 5 —40
T 0O 1 0 -9 9 —60
s 0 0 1 2 -2 25

Remaining original tableau for
Example 1

T3 X9 x5 x1 x4 | RHS

1 0 2 -1 1 10

2 -1 1 1 -1 5)

0 0 1 2 =2 25

In the same way, for a general system, after rearrangement of
variables, the final tableau will be of the following forms. We
assume that the basic variables are z;,, ..., z;, in that order and

the remaining nonbasic variables are, if any, x;,,...,2;, .
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Then, the vector of variables  (z;,,...,7;,) is called the ba-
sic vector of variables selected by the method for the system.
There may be several basic vectors of variables for the system,
the one obtained in the method depends on the choice of pivot
columns selected in Steps 2.3 during the method.

When no nonbasic variables left
Final tableau after rearrangement
of variables

Basic Tiy  Tigy Ce l‘z‘p

Vars.
z, |1 0 0 by
z, | 0 1 0 by
z, | 0 0 1| b

When nonbasic variables exist
Final tableau after rearrangement of variables

Basic | wy, @, ... omm, om0 T,
Vars.
Ty 1 0 Ce 0 &17]-1 e &17jn_p 91
Lig 0 1 . 0 aQ,jl e &27]'71_1) b2
Ly, 0 0 ce 1 Qpgy - - ap;jnfp bp

In both cases, since each row in the final tableau has a basic
variable which only appears in that row and none of the other
rows, the only linear combination of the constraints in the final
tableau that leads to the “0 = 0” equation is the one in which the
coefficients of all the constraints are zero. Hence the system of
constraints in the final tableau in both cases is linearly indepen-
dent. Since the system of constraints in the remaining original
tableau (after the elimination of redundant constraints) is equiv-
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alent to the system in the final tableau, it is linearly independent
as well.

In the first case, (which occurs when all the variables are basic,
and there are no nonbasic variables) the final tableau consists of
the unit columns arranged in their proper order, and the unique
solution of the system is:

(xiu"'yl’ip)T = (bil,...,BiP)T

as can be read from the equations corresponding to the rows in
the final tableau. The solution set consists of a single point and
we say that its dimension is zero. In this case the final sys-
tem and the remaining original system at the end (i.e., after the
elimination of redundant constraints one by one until the final
system has no more redundant constraints) have the same num-
ber of equations as variables, which are therefore called square
systems of linear equations. Also , since they are linearly
independent, they are called nonsingular square systems of
linear equations.

In the second case, (which occurs when there is at least one non-
basic variable in the final tableau) there are an infinite number
of solutions to the system. By writing the equations correspond-
ing to the rows in the final tableau, and then transferring all
the terms involving the nonbasic variables to the right in each
equation, we get the general solution to our system as:

Ty bi — @1, %5 — ... — @, T,
i by = g5 Tjy — .. = A2, Tj,
Ty | = | bp = GiuTj = = Apj, T,
Ly Ly
Ljn—p Lijn—p
where 7 ,...,7;,_,, the values given to the nonbasic (indepen-

dent) variables are arbitrary real parameters. In this represen-
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tation for the general solution of the system, the variables may
not be in the usual order of z; to x,, but the variables can be
reordered if desired. Except for the order of the variables, this
representation is exactly the same parametric representation for
the general solution as discussed in Section 1.8. By giving these
parameters I;,...,Z;,_, appropriate real values in this repre-
sentation, all possible solutions of the system can be generated.
That’s why in this case the dimension of the set of solutions
is defined to be equal to the number of nonbasic (i.e., indepen-
dent) variables in the final tableau. Also in this case, the number
of equations in the final system is strictly less than the number
of variables. Hence the final system and the remaining origi-
nal system are rectangular systems with more variables than
equations.

A Simple Data Structure

The phrase data structure refers to a strategy for storing infor-
mation generated during the algorithm, and using it to improve
its efficiency. The idea of recording, after a pivot step is com-
pleted, the variable corresponding to the pivot column as the
basic variable in the pivot row, is a very simple data structure
introduced by G. Dantzig in his pioneering 1947 paper on the
simplex method for linear programming. It helps to keep track
of the unit column vectors created by the pivot steps carried out
in the algorithm, and makes it easier to directly read a solution
of the system from the final tableau as described in Step 3.

When the system is consistent, the final tableau will have a basic
variable associated with each remaining row in it; and the column
associated with the rth basic variable will be the rth unit vector
in the final tableau for all . Dantzig used the term canonical
tableau for the final tableau with a full set of unit vectors in it.

In describing the GJ elimination method, mathematics books on
linear algebra usually state that in each step the pivot column
is selected as the leftmost of the eligible columns. When the
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system is consistent and the method is carried out this way, the
final tableau will have a full set of unit vectors occuring in their
proper order all at the left end of the tableau, without the need
for rearranging the variables and column vectors as mentioned
above. The final tableau with this property is said to be in RREF
(reduced row echelon form) in mathematical linear algebra
literature. So RREF refers to a specific type of canonical tableau
with all the unit column vectors appearing in their proper order
at the left end of the tableau.

In fact it is not important that all the unit vectors in the final
tableau appear at the left end, or in their proper order. Allowing
the method to generate any canonical tableau (and not just the
RREF) introduces the possibility of pivot column choice without
having to choose it always as the leftmost of the eligible.

Basic Solution

In linear programming literature the final tableau obtained here
(whether the column vectors and the variables are rearranged as
discussed above or not) is commonly known as the canonical
tableau for the original system WRT the basic vector

(l’il, ey l’z‘p).
In the general solution for the system obtained above, if we fix
all the nonbasic variables at zero, we get the solution

xil Z_)l
JZZ'Q bQ
.Z'l'p = D
.’L‘jl 0
Ijnfp 0

known as the basic solution for the system WRT the basic
vector (z;,,...,7;,).



1.16 GJ Method 137

When we put the column vectors of the basic variables z;,,...,x;
in the remaining original tableau after all the redundant con-
straints are deleted, side by side in that order, we get a pXp square
array of numbers which is known as the basis matrix or basis
for the system corresponding to the basic vector (z;,...,z;,).
The general concept of a matrix as a two-dimensional array of
numbers is given later in Chapter 2.

P

There is another worked out example after this discussion.

5. One consequence of the results in 4. is that any consistent sys-
tem of linear equations is either directly itself or is equivalent to
another in which the number of equations is < the number of vari-
ables. If a consistent system has more equations than variables,
then some of them can be eliminated as redundant equations
leading to an equivalent system in which the above condition is
satisfied. Therefore, when discussing a consistent system of equa-
tions, we can always, without loss of generality, assume that the
number of equations is < the number of variables.

6. On a system of m equations in n variables, in the worst case all
the m(n + 1) entries may change in a pivot step, requiring up to
3m(n + 1) multiplication, division, or addition operations. Since
the method may take up to m pivot steps on this system, it may
require at most 3m?(n + 1) arithmetical operations.

The computational complexity of a method is a measure of
the worst case computational effort needed by the method as a
function of the size of the system as measured by the number
of data elements, or the total number of binary digits of storage
space needed to store all the data, etc. In giving the computa-
tional complexity, constant terms like 3 in 3m?(n+ 1) are usually
omitted, and then we say that the computational complexity is of
Order m?n and write it as: O(m?n). It provides the order of an
upper bound on the computational effort needed by the method
in terms of the size of the problem. So, we can say that the com-
putational complexity of the GJ method to solve a system of m
linear equations in n variables is O(m?n).
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EX&IIlplG 4: We apply the GJ method to solve the following
system of 5 linear equations in 5 variables. The detached coefficient
tableau for the original system is the one at the top. PR (pivot row),
PC (pivot column), RC (redundant constraint to be eliminated), BV
(basic variable selected in this row) have the same meanings as before,
and in each tableau the pivot element for the pivot step carried out in
that tableau is boxed.

1 T r3 x4 x5 | RHS Eq. no.
0 1 -1 -2 3 PR 1
1 0 11 -1 9 2
1 1 0 -1 1] 15 3
1 1 2 0 —3| 12 4
2 2 2 -1 —2| 27 5
PCT

BV 1 T rs x4 x5 | RHS Eq. no.

T3 0 1 I -1 -2 3 1
—1 o 2 1 6 PR 2
1 1 0 -1 1] 15 3
1 -1 0o 2 2 6 4
2 0 0o 1 2] 21 5

PCT

T3 0 1 I -1 -2 3 1

T 1 -1 0o 2 1 6 2
0 0 -3 0 9 PR 3
0 0 0 0 0 0 4
0 2 0 -3 0 9 5

PCT

T3 0 0 1 5 2| -3 1

) 1 0 o i 1] % 2

Ty 0 1 0 -2 0 2 3
0 0 0 0 0 0 RC 4
0 0 0 0 0 0 RC 5
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Final tableau

Ty T2 x3 x4 x5 | RHS Eq. no.
BV |2y 2o 23 x4 x5 | RHS Eq. no.
T3 0O 0 1 % -2 —% 1
w10 0 5 1| % 2
| 01 0 =3 0 2 3

So, equations 4 and 5 are eliminated as redundant constraints. The
remaining system of original constraints, after these redundant equa-
tions are deleted, is:

Remaining Original system after deletion of redundant eqgs.

r1 Toa x3 x4 x5 | RHS Eq. no.
0 1 1 -1 -2 3 1
1 0 1 1 -1 9 2
1 1 0 -1 1 15 3

The basic vector of variables selected is  (x3,21,z3). The basis
matrix corresponding to this basic vector is defined to be the square two
dimensional array of numbers obtained by putting the column vectors
of the basic variables x3,x1, x5 in the remaining original system after
the deletion of redundant constraints, in that order, which is:

S

I
O~ =
— = O
_ o =

The general concept of a matrix is discussed in Chapter 2. From
the final tableau, we find that the general solution of the system is:



140 Ch. 1. Linear egs.

T 271 - %i‘gl - i‘5
9 5+ 314

T3 = —% — %i’z; + 2.1_75
Ty Ty

Iy i‘5

where Z4, T5 are real valued parameters representing the values of the
free (nonbasic) variables x4, x5 in the solution. Making 74, = 0,25 = 0
gives the basic solution of the system associated with the basic vector
of variables (x3, 21, x5), which is:

T 3>
i) %
I3 = —%
Ty 0
Iy 0

By selecting different basic variables in the various pivot steps, we
can get different basic vectors of variables for the system.

Since there are two nonbasic variables in the final tableau in this
example, the dimension of the set of solutions in this example is 2.

Exercises

In solving these exercises by hand you may want to use pivot ele-
ments of +1 as far as possible to avoid generating fractions that can
make the work messy.
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1.16.1: Systems with a unique solution: solve the following systems
by the GJ method and verify that the solution obtained is the unique
solution of the system.

(a) T 9 I3 Ty
-1 =2 0 0 1
2 5) 2 2] -3
0 1 3 0—4
1 0 -1 1 3
2 =2 1 -1 2
(b) T i) I3
3 1 4 )
4 —1 —6| —4
-2 -1 0| —10
() x w3 x3 x4
1 2 3 2 )
-1 -3 -5 -1 -4
1 0 4 1 11
1 2 -2 =2|-13
(d) T i) I3
1 1 5
-1 3 1| 6
0 4 2|11
2 3 1]10

1.16.2: Systems with multiple solutions, but no redundant con-
straints: Solve the following systems by the GJ method. For each
obtain an expression for the general solution of the system, and find
the dimension of the set of all solutions. From the general solution
check whether you can obtain a nonnegative solution for the system
by trying to generate nonnegative values to the nonbasic variables that
will make all basic variables nonnegative using simple trial and error.
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—To + 31’3 + 81’4 — 7.’136 =-3
Tx1 + 19 — 223 — 1024 + 225 — 326 = —4
10.%‘1 + 21‘3 + 121’4 + 51‘5 - 81‘6 =2

(a) 1 T2 T3 Ty Iy T
1 1 0 -1 -1 1 -3
—1 0 1 2 —1 -7
0 3 2 3 -5 1]-10
1 1 0 2 -1 =2 8
(¢) x w2 ® x4 T5 T T
2 -1 0 1 2 -3 -2 1
-3 1 -1 0 1 -2 —-1| -4
2 0 3 -3 -1 0 2 7
0 2 1 -1 0 2 1 7
(d) x x9 x3 w4 TF Tg T
1 -2 0 1 0 -1 6 4
1 -1 2 =2 1 8 —17 | -1
0 2 5 1 -5 3 —4 3

1.16.3: Systems with multiple solutions and redundant constraints:
Solve the following systems by the GJ method, and obtain an expres-
sion for the general solution, and the dimension of the solution set.

(a) T i) I3 Ty Ty Tg
—1 0 1 -1 -1 2] -1
0 -1 1 0 1 1 2
-2 =3 5 —2 1 7| 4
1 1 -3 2 0 -2 -2
-2 =3 4 -1 1 8 3
2 2 4 1 2 -1| -4
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1.16.4: Infeasible systems: solve the following systems by the GJ

method.
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(a) @ x T3 T4 X5 Te
1 2 —1 0 3 113
-1 -3 2 2 -2 —-314
0 -1 1 2 1 —2|7
-1 —4 3 4 -1 —-519
1 1 0 2 4 117
(b) T11 Ti2 T3 To1 T2  T23
1 1 1 0 0 0 500
0 0 0 1 1 1| 1000
1 0 0 1 0 0 600
0 1 0 0 1 0 500
0 0 1 0 0 1 500
(C) 1T T T3 T4 Ty
1 1 0 0 013
0 1 1 0 01
0 0 1 1 01
0 0 0 1 114
1 0 0 0 1|5
1 1 1 1 117
1 2 1 1 119
(d) —5x1 — 229 + 1023 + @4 + Tx5 + 206 — 407 = 2
—3JZ1+3172 —2I3—I4+2$5+l‘6+3$7:3
—8I1+l‘2+8$3+9$5+3$6—1‘7 =6
T1 + 2x3 — 35 — 4we + 227 = 5
—Tx1 + 29+ 1023 + 625 — 26 + 27 = 8
(e) | 1 x2 w3 x4 x5 | RHS
2 1 -1 =2 0 4
4 1 5 6 4 9
6 2 4 4 4 12
10 3 9 10 8 22
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1.17 A Theorem of Alternatives for Sys-
tems of Linear Equations

Consider a system of linear equations. In the previous section, we have
seen that the GJ method will always find a solution for this system
if no inconsistent equation of the form “0 = «” for some o # 0 is
encountered during the method.

If a “0 = a” equation for some « # 0 is found during the method,
by dividing that equation by a we get the “0 = 1”7 equation. This
provides a proof of Result 1.10.1 of Section 1.10 which states that a
system of linear equations has no solution iff the “0 = 1”7 equation can
be obtained as a linear combination of equations in the system.

Consider the general system of m equations in n variables x =
(x1,...,2,)T which is reproduced below in detached coefficient form.

General system

... % ... x, | RHS constants
aiy c. Qay; c. A1n b1
;1 e Qg5 e Qin bz
¢ S S b,

Suppose we take a linear combination of these equations by multi-
plying the ¢th equation in this tableau by m; and summing over ¢ = 1
to m. The m = (my,...,m,) is the vector of coefficients in this linear
combination. This results in the following equation:

(7T1az'j+. . .+7Tiaij+. . .+7Tmamj)l‘j = <7T1b1+. . +7szz+ . +7Tmbm)
1

n

J

This equation will be the “0 = 1”7 equation iff the coefficient of z;
init, miay; 4. . .+ Tpmap; is 0 for all j = 1 ton, and mby +. . .+ 70, =
1. That is, this linear combination is the “0 = 1”7 equation iff the (m;)
satisfy the following system of equations in detached coefficient form,
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which is known as the alternate system corresponding to the general
system given above.

Alternate system

T ... m ... m, | RHS
a1 N 0 751 .. Ama 0
Ay oo Qi ... Qupyj 0
Alp . Qi .. Amn

by ... b ... by 1

Result 1.10.1 of Section 1.10 is often stated as a mathematical the-
orem about systems of linear equations in the following way:

Theorem of Alternatives for Systems of Linear Equations:
Consider the general system of m equations in n variables v = (xy, ...,
x,)T given above. Using the same data in this system, we can con-
struct the alternate system of (n + 1) equations in m new variables
7 = (m,...,m,) as shown above, such that the following property
holds: the original system has no solution x iff the alternate system
has a solution 7.

As explained in Section 1.13, any solution of the alternate system
provides an evidence for the infeasibility of the original system.

As stated above, if the original system is solved by the GJ method
after introducing the memory matrix in it, when the method terminates
we will either have a solution of the original system, or of the alternate
system.

As an example, consider the following system of 4 equations in 5
variables.
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Original system

Ty Xy x3 x4 x5 | RHS
0 0 1 0 0 3
1 -2 2 -1 1 -8

—1 0O 4 -7 7 16
0 -2 6 -8 8 6
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The alternate system will have 4 variables my, mo, 73, m4. It is:

Alternate system

™ my ws  my | RHS
0 1 -1 0 0
0 -2 0 -2 0
1 2 4 6 0
0o -1 -7 -8 0
0 1 7 8 0
3 -8 16 6 1

Let us denote the equations in the original system R; to R, from top
to bottom. We introduce the memory matrix as discussed in Section
1.12, and apply the GJ method on it. In each step the PR (pivot row),
PC (pivot column) are indicated and the pivot element is boxed; “BV”
is “basic variable selected in row”, and “IE” indicates an inconsistent

equation discovered.

BV | Memory matrix RHS
Ri Ry Ry Ry Tl X T3 Xy Tp
1 0 0 0 0 0 0 0 3 PR
0 1 0 0 1 -2 2 -1 1| -8
o 0 1 0| -1 0 4 -7 7| 16
0 0 0 1 0 -2 6 -8 8 6
PCy
z3 | 1 0 0 0 0 0 1 0 0 3
-2 1 0 0 —2 0 -1 1| -14 PR
-4 0 1 0 -1 0 0 -7 7 4
-6 0 0 1 0 -2 0 -8 8| —12
PC|
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BV Memory matrix RHS
Ry Ry Rs R4 | x1 To X3 T4 Xy

T3 1 0 0 0] 0 0 1 0 0 3

x| —2 1 0o o} 1 -2 0 -1 1| —14
—6 1 1 0|0 0 -8 8| —10 PR
—6 0 0 110 -2 0 -8 8| —12

PCT

3 1 0 0 0] 0 0 1 0 0 3

1 4 0 -1 0 1 0 O 7T =7 —4

9 3 —-1/2 —-1/2 0| 0 1 0 4 —4 5
0 -1 -1 110 0 0 0 0 -2 IE

The method terminates with the conclusion that the original system
has no solution because of the inconsistent equation “0 = —2” in Row 4 of
the final tableau. From the corresponding row of the memory matrix we
conclude that the “0 = —2” equation is the linear combination @ —Ry —
R3+ Ry of equations in the original system. Dividing by —2, we conclude
that the linear combination

1 1 1
§R2 + §R3 — §R4

yields the inconsistent equation “0 = 1”. Hence the coefficient vector of this
linear combination, = = (0, %, %, —%) is a solution of the alternate system,
which can be verified.

In the same way, for any system of linear equations, we can write the
alternate system, and obtain a solution for it if the original system is incon-
sistent, by applying the GJ method on the original system with the memory
matrix.

Exercises

1.17.1: For each of the following systems do the following: (a) Write the
alternate system, (b) Solve the original system by the GJ method using the
memory matrix, and obtain a solution for it if it is consistent, or a solution
for the alternate system if the original system is inconsistent.



1.18 Triangular Systems 149

(i): T1 — 229 +2x3 — x4 + x5 = —8
—x1 +4x3 — Txg + 725 = 16
—2x9 4 623 — 8x4 + 8x5 = 6

(ii): =z +xo+x3+24 =3
—x1 — 2x9 + 224 = —4
T3 — x4 =4
201 + 3204+ 14 =5

(iii): T1+ X9 —T3— x4 = —5
—2x9 4+ 13— 24 = —6
T, — 229 + 214 = 4
2$1 - 3$2 = —4

1.18 Special Triangular Systems of Lin-
ear Equations

In this section we consider square nonsingular systems of linear equations
with the special triangular property, and a very efficient method for

solving them.
Consider the general square system of n equations in n unknowns in

detached coefficient form.

T To S A r, | RHS
ai1| a2 ... Aip-1  Qip by
a1 a9 . a2 n—1 QA92n, b2 Above
diagonal
part
Below
diagonal
part
an1 an2 -e. Qpn—1 Gnn by

For i = 1 to n, the boxed coefficients a; in Row ¢ and Column i of
this tableau are known as the diagonal entries in this tableau. They
constitute the principal diagonal or the main diagonal of the tableau.

Remember that the concept of diagonal entries and diagonal are only
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defined for square systems. There is no such concept for rectangular systems

which are not square.

Ignoring the RHS constants vector, the coefficients of the variables in

this square tableau are partitioned into three parts:

the diagonal part consisting of a;; for i = 1 to n

Ch. 1. Linear egs.

below the diagonal part consisting of a;; for 7 > j

above the diagonal part consisting of a;; for 7 < j.

The square system is said to be an:

Upper triangular system If all diagonal elements nonzero, and be-
low diagonal part is all zero; i.e., a;; # 0

for all 4, and a;; = 0 for all 7 > j.
Lower triangular system If all diagonal elements nonzero,

above diagonal part is all zero; i.e., a; # 0

for all ¢, and a;; = 0 for all 7 < j.

Triangular system

an upper triangular system.

Here are some examples.

Upper triangular system

Lower triangular system

If the columns (or rows) of the tableau can
be rearranged so that the system becomes

- - - T T1 T2 T3 T4 Z5
L S B -1 0 0 0 0 5
1 1 -1 1| -10
1 -1 0 O 0| -5
0o -1 -2 1| -20
-1 2 1 0 0 10
0 0 1 1 20
0 0 0 -1 10 1 1 -1 1 0 10
-1 2 1 2 -11-10
Triangular system
I T2 T3 Ty
0 0 0 -1 10
1 1 -1 1| -10
0 0 1 1 20
0 -1 -2 1| —-20
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The last system is triangular, because by arranging the rows in the order:
Row 2, Row 4, Row 3, Row 1 it becomes the upper triangular first system.

The Back substitution Method for Solving an
Upper Triangular System of Equations

Consider the general upper triangular system of equations given below.
Here we know that a; # 0 for all ¢, but some of the other coefficients may
be zero.

r1 T2 ... Tpn_1 Tn RHS

ail a2 ... Glp—1 a1n b1
0 ax ... azpn asnp ba
0 0 cvr Qp-1n—-1 Op—-1n bn—1
0 0o ... 0 Ann bn,

From the equation represented by the last row we get

In = —
Gnn

in the solution. Then from the (n — 1)th equation, we can get the value of
ZTyp—1 in the solution by substituting the value of z,, from above, in it.

In the same way, substituting the values of z;,1,...,x, in the solution
in the jth equation, we can get the value of x; in the solution, for j =
n—1,...,1, in that order. Hence, using the equations in the tableau from

the bottom to the top in that order, the variables are evaluated in the order
Ty, to x1; this is the reason for the name back substitution method.

For an illustration, we will solve the upper triangular system given above,
which is reproduced below.

Upper triangular system
il T2 I3 T4
1 1 -1 1| -10
0o -1 =2 1] -20
0 0 1 1 20
0 0 0 -1 10

143

The last equation, “—x4 = 10” yields x4 = —10.
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The 3rd equation “xz+xz4 = 20" yields x5 =20—x4 = 20—(—10) = 30.

The 2nd equation “—x9 —2x3+x4 = —20” yields x93 =20—2z3+x4 =
20 — 2(30) + (—10) = —50.

The 1st equation “z1+xo—z3+x4 = —10” yields z1 = —10—z9+x3+24
= —10 — (—50) 4+ 30 — (—10) = 80.

So the solution of the system is (21,2, 23, 74)T = (80, —50, 30, —10)T".

In the same way, a lower triangular system of equations can be solved
by using the equations in the tableau from top to bottom in that order, to
evaluate the variables in the order z; to x,. Commonly, this is also called
back substitution method, but some textbooks refer to it as the forward
substitution method.

A triangular system must satisfy the following property:

Property of a triangular system: There exists an equation in which
only one variable has a nonzero coefficient.

To find the solution of a triangular system, we identify the equation
in it satisfying the above property, and use it to get the value of the only
variable, x4 say, with a nonzero coefficient in it. Eliminate this equation from
the system, and eliminate the variable x4 from the system by substituting
its value in all the other equations.

The remaining system is also triangular, and hence it must also satisfy
the above property, and hence the above step can be applied on it. The
process continues in the same way until the values of all the variables in the
solution are obtained.

Exercises

1.18.1 The tower of Brahma (or The tower of Hanoi) puzzle:
This puzzle consists of 3 pegs, and n rings of different sizes stacked on one
of them (in the traditional puzzle, n = 64). The rings are arranged in
decreasing order of size with the largest one at the bottom and the smallest
one at the top of the stack. The problem is to move the rings one at a time
from one peg to another, never putting a larger one on a smaller one, and
eventually transferring all 64 rings from one peg to another peg. Let

2 = the minimum number of moves required to arrange the n
rings in the same decreasing order of size on another peg, while
never putting a larger ring on a smaller ring.
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(x1,...,28)" can be shown to be a solution of the following system of
linear equations.

Ty = 1
To—2x1 = 1
T3 —2x0 = 1
Ty —2x3 = 1
Ts5 —2xy4 = 1
Tg—2x5 = 1
Tr—2x = 1
T8 —2x7 = 1

and in general x,1 — 2z, = 1 for all integers n > 1. Write the coefficient

matrix of the system of equations for n = 1 to 8 given above, and verify that

it is lower triangular. Obtain the solution of the system by back substitution.
Show that in general x,, = 2™ — 1.

1.18.2 Verify whether the following systems of equations are triangular,
if so, obtain their solution by back substitution. If not explain why they are

not triangular. (Here (i), (ii) are not triangular, while (iii), (iv) are.)

(i) 1+ 29 + 323 — 24 + 25 = 10

2x3+ 14 =06
T3+ 204 —x5=7
2.%'5:10

$5:5

(il) 2%1 + 3%2 + 2%3 - 2%4 =5
2x3 +2x4 =06
T1+2x4 =3

(iii)  3x3 — 3z + 625 = 30

Iy = -2
2x9 — 2x3 — x4 + 5 = —83
2z4 + 325 = 10

4.7,'1 — 4.7,'4 — 8.7,’5 =12
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(iv) =z +z12=3
T91 + T3 = 5
32 + T34 = 9
T43 = 10
r11 + To1 = 4
12+ 232 =06
T93 + T43 = 12

1.19 The Gaussian Pivot Step

Consider the general system of m equations in n variables in detached coef-
ficient tableau form. Like the GJ pivot step discussed so far, the G (Gaus-
sian) pivot step on this tableau is also specified by a row of the tableau
selected as the pivot row, and a column of the tableau selected as the pivot
column for it, with the pivot element (element in the pivot row and pivot
column) nonzero. The G pivot step consists of a series of row operations on
the tableau to convert the entries in the pivot column below the pivot row to
zero. Notice that the pivot row and all the rows above it remain unchanged
in a pivot step. Thus a G pivot step may involve a lot less work than a
GJ pivot step with the same pivot row and pivot column, particularly if
the pivot row is well below the top of the tableau. Using abbreviations PR
(pivot row), PC (pivot column), we give the operations for a general system.

Original Tableau

T To ... Tg ... x, | RHS constants
ail ai19 e als e A1n b1
a1 a9 e a9s e Aoy, bQ
arl1  QAry ... |Qps| ... Gpp by PR
Aml Am2 -+ Qms -+ Qmn bm
PC

The G pivot step involves the following row operations:
for each i >, Row i- (§)Row r.

Since the G pivot step involves division by the pivot element, it is possible
only if the pivot element is nonzero. Denoting the entries in the tableau after
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the G pivot step by a;;, b; if they do not change, or by a;;,b; if they do, we
have:

Tableau after the G pivot step

T o N Tn RHS constants
ail ai19 NN A1s e A1n b1
a1 a9 “e a92s e Ao, b2
Qar1 Qr2 Qrs Qrp _br
r411 Gry12 oo 0 .0 Gryin bri1
Am1 Am?2 ce 0 . Amn bm,

We provide a numerical example. The original tableau is at the top
with PR, PC indicated and the pivot element boxed. The row operations
performed on the original tableau in this G pivot step are: Row 4 —(3)Row
3, Row 5 —(%6)Row 3. The tableau after the G pivot step is given at the
bottom.

Original tableau
I T2 X3 Ty xIs Ie
13 —12 11 0 -8 14 33
—-70 =80 33 -84 17 8| —45

-2 0 4 -2 6|10 PR
2 1 -2 1 4 3| 10
-3 -1 1 3 -6 0| 8

PC
Tableau after the G pivot step
13 —-12 11 0 -8 14 33
—-70 -=80 33 -84 -—17 8 | —45
-2 0 4 -2 2 6| —10 PR
6 1 =10 5 0 -9 30
-9 -1 13 -3 0 18| —22

We leave it to the reader to verify that this G pivot step may involve
much less work than a GJ pivot step using the same pivot element.
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Exercises
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1.19.1 Perform the G pivot steps indicated by the pivot row (PR), pivot
column (PC) indicated on the following tableaues.

()

(ii)

PC
Tl T2 X3 T4 Ts
-2 4 —4 6 2| —-12 PR
2 1 3 -2 -1 10
—6 3 6 0 2 0
8§ =2 1 -2 3 2
PC
T1 T2 XT3 X4
1 -1 -2 3| -4
0 3 -4 6 7
3 9 -3 12 6 PR
-2 0 2 1 3

(iii): In the following tableau, a G pivot step needs to be carried out
in the pivot column (PC) marked. The pivot row (PR) is determined by
the following procedure: identify the row with entry of maximum absolute
value in the PC among rows with numbers > 2, and interchange that row
with row 2. After the row interchange, perform a G pivot step with row 2

as the PR.
il T2 X3 T4 xIs
1 2 0 1 =21 -20
-1 3 2 0 —4 4
0 -4 -4 =2 6| —6
—-18 12 -6 24 6 30
PC

(iv): In the following tableau perform G pivot steps in all the rows in
the order rows 1 to 4, with the diagonal element in that row as the pivot
element; to convert the system into an upper triangular system. Then solve
the resulting system by the back substitution method.
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X1 i) I3 Ty
1 -2 0 112
-1 1 -2 171
0 -1 -1 13
1 2 3 110

1.20 The Gaussian (G) Elimination Method
for Solving Linear Equations

This method is based on G pivot steps, and the back substitution method
of Section 1.18 to get the solution from the final tableau if the system turns
out to be consistent.

The GJ method converted the columns of the basic variables into the
various unit column vectors. The main point in the G method is to convert
the column vectors of the basic variables in their proper order into upper
triangular form so that the values of the basic variables can be computed by
back substitution from the final tableau after giving the nonbasic variables
arbitrary values at the user’s choice, and transferring their terms to the
right. For this reason, and the nature of the G pivot step, please note that
the row interchanges mentioned in Steps 2 are necessary depending on the
manner in which the next pivot element is choosen.

So, in the G elimination method, we also use the new row operation row
interchange (interchanging two rows in the tableau) that we have not used
so far in the GJ method.

The G elimination method needs less computational effort than the GJ
method, and hence is the preferred among these two for solving large scale
problems using computers. It is the most commonly used method for solving
linear equations in scientific computation.

As in the discussion of the GJ method in Section 1.16, we do not in-
troduce here the memory matrix to produce evidences of redundancy and
infeasibility to keep the discussion simple. Also, the version of the method
presented here is the simplest version. A computationally more efficient
version based on the memory matrix is given in Section 4.11, it has the ad-
ditional benefit of producing all evedences without additional computational
burden.

The G Elimination Method
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BEGIN

Step 1: Put the system in detached coefficient tableau form and obtain
the original tableau. Open a column on the left hand side to record the
basic variables. Give each row its original number (number in the original
tableau) and store this number in a rightmost column. This number will not
change as long as the row remains in the tableau, and moves with the row
if the row is interchanged. This number may be different from the position
of the row in the present tableau because of row interchanges taking place
during the algorithm, or rows corresponding to redundant constraints being
eliminated.

Set the row index 7 to 0.

Step 2: Pivot element selection: Among rows in positions (r+1) and
below (counting from the top) in the present tableau, if there is a “0 = b;”
row for some b; # 0, the original system is inconsistent and has no solution;
terminate the method.

Among rows in positions (r+1) and below in the present tableau, if there
is a “0=0" row (redundant constraint) eliminate it and all such rows from
the present tableau. If all rows in positions (r 4 1) and below are eliminated
in this process, go to Step 4.

If some rows in positions (r+1) and below remain in the present tableau,
each of them has at least one nonzero coefficient. Now select the pivot
element for the next pivot step. One of the following strategies can be used
for this.

1. Full pivoting: This strategy is used to help minimize accumulation
of round-off errors when solving problems on a computer. Select a
maximum absolute value coefficient in the present tableau in rows
(r + 1) and below, as the pivot element. Suppose this element is a;s
in row ¢ and column of variable x; in the present tableau. If i # r+1,
interchange rows r + 1 and ¢ in the present tableau so that the pivot
element is in row r + 1 after the interchange. In the resulting tableau,
select row r + 1 as the pivot row and the column of x4 as the pivot
column.

When solving problems by hand, one can use a similar strategy, but
select the pivot element to be an element of value +1, or one which
is an integer of least absolute value in the same region in order to
minimize the fractions generated.
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BEGIN
Step 1: Put the system in detached coeﬃcient tableau form and obtain
the original tableau. Open a column on the left hand side to record the
basic variables. Give each row its original number (number in the original
tableau) and store this number in a rightmost column. This number will not
change as long as the row remains in the tableau, and moves with the row
if the row is interchanged. This number may be diﬀerent from the position
of the row in the present tableau because of row interchanges taking place
during the algorithm, or rows corresponding to redundant constraints being
eliminated.
Set the row index r to 0.
Step 2: Pivot element selection: Among rows in positions (r+1) and
below (counting from the top) in the present tableau, if there is a “0 = ¯bi”
row for some ¯bi �= 0, the original system is inconsistent and has no solution;
terminate the method.
Among rows in positions (r+1) and below in the present tableau, if there
is a “0=0” row (redundant constraint) eliminate it and all such rows from
the present tableau. If all rows in positions (r+1) and below are eliminated
in this process, go to Step 4.
If some rows in positions (r+1) and below remain in the present tableau,
each of them has at least one nonzero coeﬃcient. Now select the pivot
element for the next pivot step. One of the following strategies can be used
for this.
1. Full pivoting: This strategy is used to help minimize accumulation
of round-oﬀ errors when solving problems on a computer. Select a
maximum absolute value coeﬃcient in the present tableau in rows
(r + 1) and below, as the pivot element. Suppose this element is ¯ais
in row i and column of variable xs in the present tableau. If i �= r+1,
interchange rows r + 1 and i in the present tableau so that the pivot
element is in row r+1 after the interchange. In the resulting tableau,
select row r + 1 as the pivot row and the column of xs as the pivot
column.
When solving problems by hand, one can use a similar strategy, but
select the pivot element to be an element of value ±1, or one which
is an integer of least absolute value in the same region in order to
minimize the fractions generated.
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2. Partial pivoting: In this strategy, the pivot column is first selected
(could be by some other considerations) as a column with at least
one nonzero entry in the present tableau among rows r+ 1 and below.
Suppose it is column s of variable xs. Then we select the pivot element
to be an element of maximum absolute value among rows r + 1 and
below in the pivot column. If this element is a;s in row i and 7 # r+1,
interchange rows r + 1 and ¢ in the present tableau so that the pivot
element is in row r + 1 after the interchange. In the resulting tableau,
select row r + 1 as the pivot row, column of x4 as the pivot column.

3. Select row r+ 1 as the pivot row in the present tableau, and a nozero
coefficient in this row as the pivot element, and its column as the
pivot column. This strategy is normally used when solving problems
by hand, in this case we will look for pivot elements which are +1
if possible, or some integer of smallest absolute value to minimize
fractions generated in the pivot step.

Step 3: Pivot step: Carry out the G pivot step in the present tableau
with the pivot row, pivot column selected above, and record the variable
corresponding to the pivot column as the basic variable in the pivot row in
the resulting tableau. In this tableau, if row r + 1 is the bottom most row,
go with it to Step 4; otherwise increment r by 1 and go back to Step 2.

Step 4: Computing the solution: Let p be the number of rows in the
final tableau, and z;,, ..., x;, the basic variables in rows 1 to p in it. Then
4, is the tth basic variable and (x;,,...,;,) is the basic vector selected.

If there are no nonbasic variables at this stage, rearrange the variables
and their columns in the final tableau in the order z;,,...,x;,. After this
rearrangement of variables, the final tableau has the following upper trian-
gular form:——

When no nonbasic variables left

Basic | x;;, i, ... Ti,_y T,
Vars.

Ty | Q11 G2 ... Q1p-1 aip by
T, 0 aso ... a2p—1 a2p bo
xz’p,1 0 0 e ap_lyp_l ap_lyp bB_l
T, 0 0o ... 0 app by
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2. Partial pivoting: In this strategy, the pivot column is ﬁrst selected
(could be by some other considerations) as a column with at least
one nonzero entry in the present tableau among rows r+1 and below.
Suppose it is column s of variable xs. Then we select the pivot element
to be an element of maximum absolute value among rows r + 1 and
below in the pivot column. If this element is ¯ais in row i and i �= r+1,
interchange rows r + 1 and i in the present tableau so that the pivot
element is in row r+1 after the interchange. In the resulting tableau,
select row r + 1 as the pivot row, column of xs as the pivot column.
3. Select row r +1 as the pivot row in the present tableau, and a nozero
coeﬃcient in this row as the pivot element, and its column as the
pivot column. This strategy is normally used when solving problems
by hand, in this case we will look for pivot elements which are ±1
if possible, or some integer of smallest absolute value to minimize
fractions generated in the pivot step.
Step 3: Pivot step: Carry out the G pivot step in the present tableau
with the pivot row, pivot column selected above, and record the variable
corresponding to the pivot column as the basic variable in the pivot row in
the resulting tableau. In this tableau, if row r + 1 is the bottom most row,
go with it to Step 4; otherwise increment r by 1 and go back to Step 2.
Step 4: Computing the solution: Let p be the number of rows in the
ﬁnal tableau, and xi1, . . . , xip the basic variables in rows 1 to p in it. Then
xit is the tth basic variable and (xi1, . . . , xip) is the basic vector selected.
If there are no nonbasic variables at this stage, rearrange the variables
and their columns in the ﬁnal tableau in the order xi1, . . . , xip. After this
rearrangement of variables, the ﬁnal tableau has the following upper triangular
form:
When no nonbasic variables left
Basic xi1 xi2 . . . xip−1 xip
Vars.
xi1 ¯a11 ¯a12 . . . ¯a1,p−1 ¯a1p ¯b1
xi2 0 ¯a22 . . . ¯a2,p−1 ¯a2p ¯b2
...
...
...
...
...
...
xip−1 0 0 . . . ¯ap−1,p−1 ¯ap−1,p ¯bp−1
xip 0 0 . . . 0 ¯app ¯bp
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and it can be solved by the back substitution method discussed in Section
1.18 to obtain the unique solution of the original system in this case.

If there are some nonbasic variables in the final tableau, rearrange the
variables and their column vectors in the final tableau so that the basic vari-
ables appear first in the tableau in their proper order, followed by nonbasic
variables if any (in any order). Then the final tableau assumes the following
form:

‘When nonbasic variables exist

Final tableau after rearrangement
of variables

Basic | zy @i, ... Ty, T .
Vars.

T4y a1 a2 .- G1p a1, - 1 n—p (21
T, 0 aso ... a2p az,j, e a2,n—p bo
xz’p,1 0 0 cee Gp_1p Ap—17; <o Qp—_1n—p bB_l
T, 0 0 ... ay apj, -  Gppn—p D

In this case there are an infinite number of solutions to the system, and
the dimension of the solution set is = number of nonbasic variables = n — p.

By giving the nonbasic variables x;,, ..., x;,_ appropriate real values (0,
if you want the basic solution WRT the present basic vector) and transferring
all their terms to the right, we are left with an upper triangular system in
the basic variables to compute their values in the corresponding solution by
back substitution.

The final tableaus here, after rearrangement of variables as described
above, are said to be in echelon form or REF (row echelon form) in
mathematical literature.

In the original tableau, eliminate all the rows which do not appear among
the original row numbers for rows in the final tableau (these rows are elim-
inated as those corresponding to redundant constraints during the algo-
rithm). Now rearrange the remaining rows in the same order as the original
row numbers in the final tableau. Then rearrange the variables and their
column vectors in the same order as those in the final tableaus discussed
above. This gives the remaining original tableau after the deletion of the
redundant constraints, corresponding to the final tableau.
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and it can be solved by the back substitution method discussed in Section
1.18 to obtain the unique solution of the original system in this case.
If there are some nonbasic variables in the ﬁnal tableau, rearrange the
variables and their column vectors in the ﬁnal tableau so that the basic variables
appear ﬁrst in the tableau in their proper order, followed by nonbasic
variables if any (in any order). Then the ﬁnal tableau assumes the following
form:
When nonbasic variables exist
Final tableau after rearrangement
of variables
Basic xi1 xi2 . . . xip xj1 . . . xjn−p
Vars.
xi1 ¯a11 ¯a12 . . . ¯a1p ¯a1,j1 . . . ¯a1,n−p ¯b1
xi2 0 ¯a22 . . . ¯a2p ¯a2,j1 . . . ¯a2,n−p ¯b2
...
...
...
...
...
...
...
xip−1 0 0 . . . ¯ap−1,p ¯ap−1,j1 . . . ¯ap−1,n−p ¯bp−1
xip 0 0 . . . ¯app ¯ap,j1 . . . ¯ap,n−p ¯bp
In this case there are an inﬁnite number of solutions to the system, and
the dimension of the solution set is = number of nonbasic variables = n−p.
By giving the nonbasic variables xj1, . . . , xjn−p appropriate real values (0,
if you want the basic solutionWRT the present basic vector) and transferring
all their terms to the right, we are left with an upper triangular system in
the basic variables to compute their values in the corresponding solution by
back substitution.
The ﬁnal tableaus here, after rearrangement of variables as described
above, are said to be in echelon form or REF (row echelon form) in
mathematical literature.
In the original tableau, eliminate all the rows which do not appear among
the original row numbers for rows in the ﬁnal tableau (these rows are eliminated
as those corresponding to redundant constraints during the algorithm).
Now rearrange the remaining rows in the same order as the original
row numbers in the ﬁnal tableau. Then rearrange the variables and their
column vectors in the same order as those in the ﬁnal tableaus discussed
above. This gives the remaining original tableau after the deletion of the
redundant constraints, corresponding to the ﬁnal tableau.
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END.

Numerical Examples of the G Method

We now provide numerical examples. We indicate the pivot row (PR),
pivot column (PC), and the boxed pivot element when a G pivot step is
performed on a tableau. RC (redundant constraint to be eliminated), IE
(inconsistent equation) have the same meanings as before. We use the ab-
breviation “BV” for “basic variable”. The indication “RI to Rt” on a row
means that at that stage, that row will be interchanged with Row ¢ in that
tableau.

We number all the rows (equations) serially from top to bottom, and
record these numbers in a rightmost column, to make it easy to keep track
of redundant constraints eliminated.

The original detached coefficient tableau for the original system is always
the first one.

EXE‘LHIP]G 1: Tn this example, we select the pivot column first, and
then the pivot element in it using the “partial pivot strategy”. Even though
the present row may have the maximum absolute value element in the pivot
column, we may select the pivot element as another one below it with the
same absolute value to illustrate row interchanges.

BV r1 Ty x3 x4 x5 x¢ | RHS Eq. no.
1 -2 1 1 1 -1 —4 1
2 2 0 1 -1 -1 10 2
2 —4 =2 0 —2 =2 —8 RItoRI1 3
O -6 -2 -1 -1 -—-1]| —18 4
0 0 0 4 1 1 20 5
1 4 -1 0 -2 0 14 6
PCT

-4 -2 0 -2 -2| -8 PR 3
2 2 0 1 -1 —1| 10 2
1 -2 1 1 1 -1| -4 1
0 -6 -2 -1 -1 —1| -18 4
0o 0 0 4 1 1] 20 5
1 4 -1 0 -2 0| U4 6

PC|
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END.
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Final tableau with variables rearranged
BV I I3 o T4 Iy Te RHS Eq. no.
1 2 =2 -4 0 -2 =2 -8
T3 0 2 0 1 2 0 0
T2 0 0 6 0 -1 1 18
Ty 0 0 0 4 1 1 20

TN = W

Since there are two nonbasic variables in the final tableau, this system
has an infinite number of solutions, and the dimension of the solution set
is two. The remaining original tableau after eliminating the redundant con-
straints 4 and 6, and rearranging the rows and the variables in the same
order as those in the final tableau is given below:

Remaining original tableau with egs. & variables rearranged

A T3 o T4 xIs Te RHS Eq. no.
2 -2 -4 0 -2 =2 -8 3
1 1 -2 1 1 -1 —4 1
2 0 2 1 -1 -1 10 2
0 0 0 4 1 1 20 )

After transferring the terms of the nonbasic (free) variables to the right,
the final tableau becomes the following upper triangular system in the basic
variables:

Upper triangular system to evaluate
basic variables

Tl T3 T2 X4 RHS
2 =2 —4 0| —8+42x5+ 2xg
0 2 0 —2rs

1
0 0 6 0 18 + x5 — s
0 0 0 4 20—.7]5—:66

Giving the nonbasic variables x5, xg both zero values, leads to the basic
solution WRT present basic vector (1, z3, z2,x4) which is:
-1 _ =5

37 5 57 0> O)T

($1,$2,x3,x4,x5,x6)T: (7? 2

Example 2. Here also we use the pivot element choice strategy
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“partial pivot” as in Example 1 above and the same notation. “IE” indicates
an inconsistent equation obtained in the method. The original tableau is
the one at the top.

BV r1 x9 x3 x4 x5 | RHS Eq. no.
0O -2 6 -8 8 6 1
-1 0o 4 -7 7 16 2
1 -2 2 -1 1 —8 RItoR1 3
0o -2 6 -8 8 8 4
PCT
-2 2 -1 1| -8 PR 3
-1 0o 4 -7 7 16 2
0o -2 6 -8 8 6 1
0O -2 6 -8 8 8 4
PCT
BV I i) T3 T4 X5 RHS Eq. no.
T 1 -2 2 -1 1 -8 3
0 6 -8 8 8 PR 2
0 -2 6 -8 8 6 1
0 -2 6 -8 8 8 4
PCT
1 1 -2 2 -1 1 -8 3
T9 0 -2 6 -8 8 8 2
0 0 O 0 O -2 IE 1
0 0 O 0 0 0 RC 4

Since the third row in the final tableau is the inconsistent equation “0
= —2” we conclude that the original system is inconsistent, and has no
solution.

Exercises

1.20.1 Solve the numerical exercises in Section 1.16 by the G elimination
method.
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1.21 Comparison of the GJ and the G
Elimination Methods

A system of linear equations or the detached coefficient tableau for it is said
to be a:

sparse system if a large proportion of the coefficients in it are
Zero

dense system otherwise.

For solving a dense system of m equations in n variables, if all the
tableaus remain dense:

GJ method needs at most  3m?(n+1) arithmetic operations

arithmetic

G method needs at most
operations.

Im(m—1)(n+1 m(m—1
(m=1)(r+1) | mlm—1)

The G method cuts down the work needed by about half. Hence in
practice, the G elimination method is the method of choice for solving linear
equations.

However, for students going on to study linear programming, learning
the details of the GJ method is important, as the original version of the
simplex method for solving linear programs is based on the GJ elimination
method and uses GJ pivot steps. But modern computer implementations of
the simplex method are mostly based on highly sophisticated variants of G
pivot steps for numerical stability.

1.22 Infeasibility Analysis

Consider a mathematical model which is a system of m linear equations in
n variables, formulated for a real world application. In such a model, the
coefficient vectors of variables usually come from things like properties of
materials which are combined, etc., which are very hard to change. The
RHS constants vector usually comes from requirements that are to be met,
or targets to be achieved, etc., which are easier to modify if a need arises.
Suppose it turns out that the model is inconsistent, i.e., it has no solu-
tion. Mathematically there is nothing more that can be done on the current
model. But the real world problem does not go away; it has to be solved
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somehow. In this situation, we have to investigate what practically feasible
changes can be made in the model to modify it into a consistent or feasible
system. The study of such changes is known as infeasibility analysis.

Since it is very hard to change the coeflicient vectors of the variables,
changes in them are rarely considered in applications. In most cases it is
the RHS constants which are changed, and this is what we consider in this
section. We will discuss what changes in the RHS constants vector will
modify an inconsistent system into a consistent one.

Inconsistency of the original system is established when the GJ method is
applied on it and it produces an inconsistent equation of the form “0 = «” for
some « # 0 and reaches Step 2.2 in the method for the first time (a similar
thing occurs if the G method is used instead of the GJ method). In the
versions of the GJ (or the G) methods discussed earlier, when an inconsistent
equation shows up for the first time, we terminated those methods once and
for all with the conclusion that the original system has no solution.

In order to carry out infeasibility analysis, whenever an inconsistent
equation shows up in the current tableau, we leave that inconsistent row
in the tableau, but continue applying the method to perform pivot steps in
the remaining rows. Subsequently, if other instances of inconsistency are
encountered , do the same; i.e., leave those inconsistent rows in the tableau,
but continue applying the method until pivot steps are carried out in all the
rows in which they can be.

In the end we have the final tableau, and the remaining original tableau
with the redundant constraints discovered during the method deleted. Since
the original system is inconsistent, in the final tableau there are one or more
inconsistent equations of the form “0 = a” for some a # 0. Suppose these
are in rows r1,...,7; in the final tableau. Let the updated RHS constants

in these rows in the final tableau be: 57«1, .., by, each of which is nonzero.

One possible way to modify the original RHS constants vector to make
the model consistent is: for each k = 1 to ¢, replace the RHS constant b,
in the ripth row of the remaining original tableau by b,, — Erk. The effect
of this change is to convert the updated RHS constants in all these rows
in the final tableau to 0, i.e., the changes made convert all the inconsistent

equations in the final tableau into redundant constraints.

To get a solution of the modified system, you can now strike off these
rows 11, ..., from the final tableau and the remaining original tableau as
redundant constraints. With the remaining final tableau, go to the final step
in the method to find a solution of the modified system.
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Example . Consider the following system of 7 equations in 7 vari-
ables in detached coefficient form in the first tableau below. We apply the
GJ method to solve it. PR (pivot row), PC (pivot column), RC (redundant
constraint to be eliminated), BV (basic variable selected in this row) have
the same meanings as before, and in each tableau, the pivot element for the
pivot step carried out in that tableau is boxed. “IE” indicates an inconsis-
tent equation obtained in the method. We number all the rows (equations)
serially from top to bottom, and record these numbers in a rightmost col-
umn, to make it easy to keep track of redundant constraints eliminated.

BV T T I3 Ty xIs Te Ty RHS Eq. no.
0 1 -1 1 1 0| -7 PR 1
0 -1 2 1 -1 0 1 8 2
1 -2 5 1 -1 1 0 9 3
1 1 0 2 1 0 0| 10 4
3 0 5 5 1 1 2| 35 5
0 0 1 3 1 0 0 15 6
3 0 7 11 3 1 2| 55 7
PC|
1 1 0 1 -1 1 1 0] -7 1
0 2 1 -1 1 8 PR 2
0 -2 4 2 -2 0 0| 16 3
0 1 -1 3 0 -1 0] 17 4
0 0 2 8 -2 -2 2| 56 5
0 0 1 3 1 0 0 15 6
0 0 4 14 0 -2 2| 76 7
PCT
1 1 0 1 -1 1 1 0] -7 1
To 0 1 -2 -1 1 0 —1| -8 2
0 0 O 0 0 0 0 0 RC 3
0 0 4 -1 -1 1] 25 PR 4
0 0 2 8 -2 -2 2| 56 5
0 0 1 3 1 0 0 15 6
0 0 4 14 0 -2 2| 76 7
PC|
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BV r1 T2 X3 Ty xIs Te Ty RHS Eq. no.
T 1 0 O -5 2 2 —-1] —-32 1
Ta 0 1 0 7T -1 =2 1 42 2
3 0O 0 1 4 -1 -1 1 25 4
0 0 0 0 0 0 0 6 IE )
0 0 0 2 1 -1|-10 PR 6
0 0 0 —2 4 2 =2 —24 7
PCT
Final tableau
BV r1 X2 XT3 X4 xIs Te X7 RHS Eq. no.
1 1 0 0 0 -8 =3 4 18 1
T2 0O 1 0 0 13 5 —6| =38 2
T3 0O 0 1 O 7 3 =3 | —15 4
0 0 0 0 0 0 0 6 IE )
o o o0 1 -2 -1 1 10 6
0 0 0 0 0 0 0 -4 IE 7

The original third constraint has been deleted as a redundant constraint.
The remaining original tableau is:

r1 xy x3 x4 x5 x¢ x7 | RHS || Modified Eqg. no.
RHS
1 0 1 -1 1 1 0 -7 -7 1
0o -1 2 1 -1 0 1 8 8 2
1 1 0 1 0 O 10 10 4
3 0 5 5 1 1 2 35 29 5
0 0 1 3 1 0 0 15 15 6
3 0o 7 11 3 1 2 55 59 7

In the final tableau, the 4th and the 6th rows represent inconsistent
equations with updated RHS constants of 6 and —4 respectively. To make
the system feasible we need to subtract 6, and —4 from the corresponding
entries in the remaining original tableau, leading to the “modified RHS
constants vector” given on the right in the remaining original tableau.

The effect of this change is to modify the 4th and the 6th RHS constants
in the final tableau to zero. This makes the corresponding constraints re-
dundant, which we delete. So, the final tableau for the modified problem
is:
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BV ‘ r1 X2 XT3 X4 xIs Te X7 ‘ RHS
Final tableau for modified problem

1 0 0 0 -8 -3 4 18

o o 1 0 0 13 5 —6| —38

T3 0O 0 1 0 7 3 3| —15

O o o0 1 -2 -1 1 10

z1

Lq

from which we find that the general solution of the modified system is:

T 18 + 8z5 + 3¢ — 4%
) —38 — 13x5 — 5xg + 627
xs —15 — 7T5 — 3%T¢ + 377
T4 = 10 + 2Z5 + 2 — 7
x5 5

Te T6

X7 X7

where 5, g, 7 are arbitrary real valued parameters.

Discussion on Modifying the RHS Vector to Con-
vert an Inconsistent System Into a Feasible System

In the example of an inconsistent system given above, we modified the
values of two RHS constants to make it consistent. Also we decreased the
value of one RHS constant from 35 to 29, and increased the value of another
from 55 to 59 for a total change of

35 — 29| + 55 — 59| = 10 units

Usually, practitioners look for a modification in the RHS constants vector
b = (b;) of an inconsistent system to b’ = (b;) to make it feasible, with

the smallest number of changes, i.e., one which minimizes the
number of ¢ for which b; # b}, and

the smallest total change, which is Y, |b; — b}].

The number of changes made in the above process is equal to the number
of inconsistent equations “0 = a” for some a # 0 encountered in the method.
Surprisingly, the total number of inconsistent equations in the final tableau
depends on the order in which rows of the tableau are chosen as pivot rows
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in the method. As an illustration of this, we consider the following example
from Murty, Kabadi, Chandrasekaran [2001] (the equations are numbered
for convenience in tracking them).

Eq. no.
1 xlzl
2 162:1
3 $3:1
4 T+ 22 + 23 =2
5 $1+$2+$3:3
6 1 +x9+x3=3

If we apply the GJ method on this system using the equations 1 to 6 in
that order as pivot rows, we get the following final tableau with only one
inconsistent equation:

Final tableau when egs. used
as PR in order 1 to 6

I i) I3 RHS Eq. no.
1 0 0 1 1
0 1 0 1 2
0 0 1 1 3
0 0 0 -1 4
0 0 0 0 5
0 0 0 0 6

On the other hand, if we apply the GJ method on this system using
equations as pivot rows in the order 4, 1, 2, 3, 5, 6, we get the following
final tableau with three inconsistent equations:

Final tableau when rows 4,1,2,3,5,6 are PRs in order
I i) I3 RHS Eq. no.

SO OO O
[N eNeNol =
S OO = OO
=== O ==
S U W N




1.23 Homogeneous Systems 171

Given an inconsistent system of equations, to find the order in which rows
in the original tableau have to be choosen as pivot rows to get the smallest
number of inconsistent equations in the final tableau is a hard combinatorial
optimization problem which belongs to the realm of integer programming,
and is outside the scope of this book.

Also, given an inconsistent system of linear equations with the original
RHS constants vector b = (b;), finding the modification of b to v/ = (b))
that will make the system consistent while minimizing the sum of absolute
changes Y, |b; — bl|, can be posed as a linear programming problem and
solved very efficiently using linear programming algorithms. This, again, is
outside the scope of our book.

Exercises

1.22.1 Consider the following system of 6 equations in 7 variables being
solved by the GJ method. We want to carry out infeasibility analysis on
this system, if it is inconsistent.

Find the orders in which the rows of the tableau have to be choosen as
pivot rows, in order to (i) minimize,  (ii) maxiimize, the number of
inconsistent equations encountered during the method.

1+ T2 +2x3+Tg+2T5+2Tg+T7 =
T+ T+ a3+ x4+ 25 +2T6+2T7 =
1+ T2 +2x3+Tg+2T5+2Tg+2T7 =
T+ To+x3+ x4+ 25 +2T6+27 =
T+ T+ a3+ x4+ 25 +2T6+2T7 =
1+ T2 +2X3+Tg+2T5+2Tg+2T7 =

W W N W ww

1.22.2 Do infeasibility analysis for systems of linear equations given in
Exercise 1.16.4. For each of those systems find the modified RHS constants
vector that would make the system feasible as determined by the method
discussed in this section, and a solution of the modified system.

1.23 Homogeneous Systems of Linear Equa-
tions

The general system of linear equations in detached coefficient form is;
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1 ... ® ... x, | RHS constants
ail PN ayj PN QA1p b1
;1 e Qs e in bl
Aml -+ Qmj - Qmp bm

It is said to be a homogeneous system if the RHS constants b; =0
for all ¢ = 1 to m; nonhomogeneous system if at least one b; # 0.

For the homogeneous system, x = 0 is always a solution. The interesting
question that one needs to find about a homogeneous system is whether
x = 0 is its unique solution, or whether it has a nonzero solution (i.e., a
solution x # 0).

Algorithm: How to Check if a Homogeneous System Has a
Nonzero Solution

BEGIN

Apply the GJ method or the G elimination method on the system. Since
b; = 0 for all ¢ in the original tableau, in all the tableaus obtained under
these methods, all the RHS constants will always be zero. So inconsistent
rows will not appear.

At the end, if all the variables have been selected as basic variables (i.e.,
there are no nonbasic variables), then = 0 is the only solution for the
homogeneous system; i.e., it has no nonzero solution.

On the other hand, if there is at least one nonbasic variable at the end,
the original homogeneous system has nonzero solutions. A nonzero solution
for the system can be obtained by giving one or more nonbasic variables
specific nonzero values, and then finding the corresponding values for the
basic variables from the final tableau. To be specific, suppose the final
tableau has p rows with the basic variables z;,, ..., z;, in that order, and let
the nonbasic variables be z;,, ..., z;,_,. Then after rearranging the variables
in the tableau so that the basic variables appear first in their proper order,
the final tableau has the following form:——
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BEGIN
Apply the GJ method or the G elimination method on the system. Since
bi = 0 for all i in the original tableau, in all the tableaus obtained under
these methods, all the RHS constants will always be zero. So inconsistent
rows will not appear.
At the end, if all the variables have been selected as basic variables (i.e.,
there are no nonbasic variables), then x = 0 is the only solution for the
homogeneous system; i.e., it has no nonzero solution.
On the other hand, if there is at least one nonbasic variable at the end,
the original homogeneous system has nonzero solutions. A nonzero solution
for the system can be obtained by giving one or more nonbasic variables
speciﬁc nonzero values, and then ﬁnding the corresponding values for the
basic variables from the ﬁnal tableau. To be speciﬁc, suppose the ﬁnal
tableau has p rows with the basic variables xi1, . . . , xip in that order, and let
the nonbasic variables be xj1, . . . , xjn−p . Then after rearranging the variables
in the tableau so that the basic variables appear ﬁrst in their proper order,
the ﬁnal tableau has the following form:
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When nonbasic variables exist
Final tableau after rearrangement of variables

Basic | x;y @iy, ... ommy,  myo .. Ty,
Vars.
T, 1 0 cee 0 a1,y - al,jn—p 0
Tiy 0 1 ... 0 agj, .- a2,jn,p 0
Ti, 0 0 e 1 pji - a’p,jn_p 0

This is the final tableau if the GJ method is used. If the G method is
used, the portion of the tableau corresponding to basic variables will be an
upper triangular tableau.

There are n — p nonbasic variables here. By giving exactly one nonbasic
variable the value 1, and making all other nonbasic variables zero, and com-
puting the corresponding values of the basic variables by back substitution
if the G method is used, or reading them directly from the final tableau if
the GJ method is used, we get n—p distinct nonzero solutions to the original
homogeneous system. These solutions are of the following form:

—a1,j, —ax

xil _a’lyjl 7jn7p
xiQ _a2vj1 _a27j2 _a2vjn—p
xip — _apajl _a/pzjo _a/pajnfp
Zjq 1 0 0
Ljo 0 1 0
ijn,p 0 0 1

In these solutions of the system, the variables may not be in the usual
order of x1 to x,, but the variables can be reordered if desired. Every
solution of the original homogeneous system is a linear combination of these
(n — p) solutions and the dimension of the set of all solutions is (n — p).

END

Example 1 We solve the following homogeneous system using the
GJ pivotal method. The original detached coefficient tableau is the one
at the top. We number the equations serially and record this number in
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When nonbasic variables exist
Final tableau after rearrangement of variables
Basic xi1 xi2 . . . xip xj1 . . . xjn−p
Vars.
xi1 1 0 . . . 0 ¯a1,j1 . . . ¯a1,jn−p 0
xi2 0 1 . . . 0 ¯a2,j1 . . . ¯a2,jn−p 0
...
...
...
...
...
...
...
xip 0 0 . . . 1 ¯ap,j1 . . . ¯ap,jn−p 0
This is the ﬁnal tableau if the GJ method is used. If the G method is
used, the portion of the tableau corresponding to basic variables will be an
upper triangular tableau.
There are n−p nonbasic variables here. By giving exactly one nonbasic
variable the value 1, and making all other nonbasic variables zero, and computing
the corresponding values of the basic variables by back substitution
if the G method is used, or reading them directly from the ﬁnal tableau if
the GJ method is used, we get n−p distinct nonzero solutions to the original
homogeneous system. These solutions are of the following form:


xi1
xi2 ...
xip
xj1
xj2 ...
xjn−p


=


−¯a1,j1
−¯a2,j1 ...
−¯ap,j1
1
0
...
0


,


−¯a1,j2
−¯a2,j2 ...
−¯ap,j0
0
1
...
0


, . . . ,


−¯a1,jn−p
−¯a2,jn−p ...
−¯ap,jn−p
0
0
...
1


,
In these solutions of the system, the variables may not be in the usual
order of x1 to xn, but the variables can be reordered if desired. Every
solution of the original homogeneous system is a linear combination of these
(n − p) solutions and the dimension of the set of all solutions is (n − p).
END
Example 1: We solve the following homogeneous system using the
GJ pivotal method. The original detached coeﬃcient tableau is the one
at the top. We number the equations serially and record this number in
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the rightmost column. PR (pivot row), PC (pivot column), RC (redundant
constraint to be eliminated), BV (basic variable selected in this row) have
the same meaning as before, and the pivot elements are always boxed.

BV I i) r3 T4 RHS Eq. no.
2 0 1 0 PR 1
-1 -3 1 0 0 2
0 -1 1 1 0 3
0 -2 3 1 0 4
0 0 1 1 0 5
PCT
1 1 2 0 1 0 1
0 11 0 PR 2
0 -1 1 1 0 3
0 -2 3 1 0 4
0 0 1 1 0 5
PC{
BV I i) I3 X4 RHS Eq. no.
x| 10 2 3 0 1
zg | 0 1 -1  —1 0 2
0 0 0 0 0 RC 3
0 0 -1 0 PR 4
0 0 1 1 0 5
PCT
x| 10 0 5 0 1
e | 0 1 0 -2 0 2
z3 | 0 0 1 -1 0 4
0 0 0 0 PR 5
PCT
Final Tableau
1 | 1 0 0 0 0 1
g | 0 1 0 0 0 2
z3 | 0 0 1 0 0 4
x| 00 0 1 0 5

Since all the variables are basic variables (i.e., there are no nonbasic
variables at the end), this homogeneous system has z = 0 as the unique
solution (i.e., it has no nonzero solution).
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Example 2. We will use the G elimination method to solve the
homogeneous system for which the detached coefficient tableau is the one
at the top. The notation is the same as in Example 1 above.

BV T X2 T3 gy x5 | RHS Eq. no.
0 0 11 0 PR 1
0 1 0 1 0 0 2
2 1 0 3 2 0 3
1 1 1 1 0 0 4
PCT
1 1 0 0 1 0 1
0 1 0 0 PR 2
0 1 0 1 0 0 3
0 1 1 0 -1 0 4
PCT
BV | x; ro x3 x4 x5 | RHS Eq. no.
1 1 0 0 1 1 0 1
T4 0 1 0 1 0 0 2
0 0 0 0 0 0 RC 3
0 1 0 —1 0 PR 4
PCT
Final Tableau
T 1 0 0 1 1 0 1
T4 1 0 1 0 0
o 0 1 1 0 -1 0 4

Since there are two nonbasic variables x3, x5 in the final tableau, this
homogeneous system has nonzero solutions. Rearranging the columns of the
basic variables in their proper order, and transferring the columns of the
nonbasic variables to the right, the final tableau becomes:

BV |z x4 xo RHS
T 1 1 0 —I5
T4 0o 1 1 0

xTo 0 0 1 —T3 + Ts

First fixing the nonbasic variables at values x3 = 1,z5 = 0, and then
solving the above upper triangular system by back substitution for the values
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of the basic variables, we get the first solution given below. Then we fix the
nonbasic variables at values 3 = 0,25 = 1, and get the second solution
given below. In writing these solutions, we rearranged the variables in their
natural order x; to xs.

I -1 0
T2 —1 1
T3 = 1 s 0
T4 1 -1
x5 0 1

The general solution of the system is a linear combination of these two
solutions. Taking the coefficients of this linear combination to be Zs3, Z5
respectively, the general solution is:

I —1 0
T2 -1 1
xs3 = I3 1 + x5 0
Ty 1 -1
Is O 1

where Z3,Z5 are arbitrary real parameters representing the values of the
nonbasic variables x3, x5 in the solution.

Exercises

1.23.1 In each of the following homogeneous system of linear equations,
check whether it has a nonzero solution. If it does, find a nonzero solution,
and an expression for the general nonzero solution of the system. Also,
determine the dimension of the solution set in each case. ( (i)-(iii) have no
nonzero solution, the others do).

(i) x =z 23 =

4
1 -1 2 110
0 1 1 20
-1 0 -3 0]0
1 0 1 10
0 -1 3 510
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(ii) I T2 I3 Ty xIs

1 2 0 -3 -1/0
-1 0 -1 2 010
0 -3 2 =2 110
-1 0 0 -1 210
0 1 -1 2 110
-1 0 0 -2 310
(111) il X9 I3
1 2 270
2 1 510
2 2 1|0
(iv) x1 =2 x3 ®y T5 g
1 1 1 0 0 010
0 0 0 1 1 170
10 0 1 0 0}|O0
o 1 0 0 1 010
0o 0 1 0 0 110
(V) I i) T3
1 210
2 1 510
7T 8 16|0
(Vi) I xI9 T3 Ty
-1 2 =2 310
2 =5 3 210
-1 3 0 =210
-4 10 -5 —-110
-4 11 -4 =910

1.24 Solving Systems of Linear Equations
And/Or Inequalities

Linear algebra techniques, the focus of this book, can directly handle only
systems of linear equations. When there are also linear inequalities in the
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system, linear algebra techniques are not able to handle that system directly.
To handle systems involving linear inequalities, we need linear programming
techniques, which are outside the scope of this book.

1.25 Can We Obtain a Nonnegative So-
lution to a System of Linear Equa-
tions by the GJ or the G Methods

Directly?

Nonnegativity restrictions on the variables are actually inequality constraints.

If a system of linear equations has a unique solution which happens to be
nonnegative, the GJ or the G methods will of course find it. However, when
a system of linear equations has multiple solutions, some of them may satisfy
the nonnegativity constraints, others may not. In this case we cannot guar-
antee that the GJ or the G methods will find a nonnegative solution to the
system of equations even if such a solution exists; or determine conclusively
whether a nonnegative solution exists for the system.

As mentioned earlier, the problem of finding a nonnegative solution to
a system of linear equations can be posed as a linear programming problem
and solved using linear programming techniques. However, linear program-
ming is outside the scope of this book.

1.26 Additional Exercises

1. Toy store problem: A toystore chain has several stores in the midwest.
For the coming X-mas season, they need to put orders with their overseas
suppliers before the end of May for delivery in time for the X-mas sales
period.

Since unsold toys at the end of the X-mas season do not contribute much
to the profit of the company, they base their order quantities quite close to
the expected sales volume. From experience over the years they observed
that the X-mas sales volume has a high positive correlation with the DJA
= Dow Jones average (a measure of the economic status of the region prior
to the sales period), and a high negative correlation with the % unemploy-
ment rate in the region. Following table gives data on the DJA during the
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months of Feb, Mar, Apr (these are independent variables x1,x2, x3), the %
unemployment in the region during this period (independent variable x4),
and the toy sales volume in the region in $ million during the X-mas sales
season (dependent variable y) between 1990-2001.

From above discussion it is reasonable to assume that the expected value
of y can be approximated by a function ag+ aix1 +asxs +asxs+asxy, where
the parameters a1, as, ag are expected to be positive, and a4 is expected to
be negative. But ignore these sign restrictions on the parameters, and derive
the normal equations for finding the best values for them that give the closest
fit, by the least squares method.

Year T To T3 T4 | Yy
2001 | 10690 10185 10306 4.3 | 59
2000 | 10533 10525 10798 4.0 | 60
1999 | 9356 9550 10307 4.3 | 54
1998 | 8307 8664 8940 4.6 | 47
1997 | 6828 6727 6800 5.2 | 36
1996 | 5435 5527 5579 5.5 | 28
1995 | 3927 4080 4239 5.5 20
1994 | 3898 3723 3634 6.5 | 17
1993 | 3344 3405 3434 7.1 | 14
1992 | 3247 3263 3294 7.4 |13
1991 | 2798 2903 2895 6.6 | 11
1990 | 2607 2665 2673 5.2 | 10

2. A brother B and his sister S stated the following facts about their
family. S has the same number of brothers and sisters. B has no brothers,
but has as many sisters as the sum of the number of brothers and sisters
of S. Formulate the problem of determining how many sons and daughters
their parents have using a system of linear equations.

3. The principle behind drain cleaners to unclog a sink is: they contain
sodium hydroxide (NaOH) and aluminium (Al) which when mixed with
water (H0) react to produce NaAl(OH)4 and hydrogen gas that bubbles
inside the plumbing to unclog the drain. So, NaOH, Al, H2O react to
produce NaAl(OH ), and Hs. Balance this reaction.

4. A test for arsenic (As) poisoning is based on combining hydrochloric
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acid (HC1), zinc (Zn), with a sample hair of the victim (which is likely to
contain HzAsOy if the victim suffers from arsenic poisoning). Zn, H3AsOy,
and HCI combine to produce ZnCls, HoO, and AsHs which is a gas called
arsene gas whose presence can be easily detected. Balance this reaction.

5. A trucking company uses three types of trucks of different capacities.
The company plans to use these trucks to haul various numbers of three
different machines (machines A, B, C) from the shipyard where they are to
be picked up, to the site of a new plant being set up.

Truck type 1 can haul one machine A, one machine B, and two copies
of machine C in a full load.

Truck type 2 can haul one each of machines A, B, C in a full load.

Truck type 3 can haul one of each of machines A, C, and two copies of
machine B in a full load.

12 copies of machine A, 17 copies of machine B, and 15 copies of machine
C have to be picked up. Assuming that each truck sent can be fully loaded
as mentioned above, find how many trucks of each type should be sent to
pick up all the machines. Formulate the problem and obtain a solution.

6. There are three fretilizer types available (Fer 1, 2, 3) in bags. each
bag contains the following amounts of the principal fertilizer components N,
P, K.

Fertilizer type | Lbs. of following per bag
N P K
Fer 1 1 3 2
Fer 2 3 3 1
Fer 3 2 5 )

A farmer wants to apply exactly 25 lbs of N, 42 Ibs of P, and 28 Ibs of K
on his field. Construct a model to determine how many bags of Fer 1, 2, 3
each to apply on the field to get exactly these amounts of N, P, K; and find
the solution of that model.

7. (From C. Rorres and H. Anton, Applications of Linear Algebra, Wiley,
1984) Hooke’s law of physics states that the length y of a uniform spring
is a linear function of the force applied z; i.e., ¥ can be approximated by
a + bx, where the coefficient b is called the spring constant. A particular
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unstretched spring has length 6.1 (i.e., when x = 0, y = 6.1). Different
forces were applied to this spring and it resulted in the following data.

x = force applied | y = spring length
in lbs. under force

0 6.1

2 7.7

4 8.6

6 104

Derive the normal equations to find the best values for the parameters
a,b that give the best fit for Hooke’s law for this data using the method of
least squares.

8. Find the value of b3 for which the following system has at least one
solution. Also, show that if the system has one solution, then it has an
infinite number of solutions.

r1+x2 =

209 +x3 =
x1 —x9+ (bg —6)zg = —1
x1+3x2+x3 = b3

9. Find the values of the parameter a for which the following system
has no solutions, unique solution, infinite number of solutions.

r1+x9 = 6
r1+x3 = 7
ar1 +xo+x3 = 13

10. Develop a system of linear equations for which the general solution
is x = (11,29, 23,14)7 = (=174 8a — 73,28 — 13a+ 198, a, )T, where «, 3
are arbitrary real valued parameters.

11. Consider the following system of linear equations. Find the condi-
tions that the RHS constants have to satisfy for the system to have at least
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one solution. Also, show that if the system has a solution, then it has an
infinite number of solutions.

r1+zT2 = b

To+x3 = by

1+ 229 +2x3 = b3
x3+x4 = by

1+ 2x9+ 223+ 14 = by

12. In the following homogeneous system «, 3 are real valued parame-
ters. For which values of these parameters does the system have a nonzero
solution? Explain. When those conditions are satisfied, find an expression
for the general solution of the system.

r1+x2+x3 = 0
—x1+ 29— 223 = 0
axo + PBrs = 0

13. What conditions do the parameters a,b,c,d in the following sys-
tem have to satisfy for this system to have at least one solution? If those
conditions are satisfied, find an expression for the general solution of the
system.

Tl —To+T3—2Ty = @
—x1+ 229+ 223 +2x4 = b
To+3x3+x4 = ¢
r1+4rs = d

14. Find conditions that « has to satisfy so that the following system has
at least one nonzero solution. When that condition holds, find the general
solution of the system.

Ty —xo+22x3 = 0
2%1—3$2+$3 =0

aryo —3xz3 = 0
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Chapter 2

Matrices, Matrix Arithmetic,
Determinants

This is Chapter 2 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

2.1 A Matrix as a Rectangular Array of
Numbers, Its Rows and Columns

A matrix is a rectangular array of real numbers. If it has m rows and
n columns, it is said to be an m x n matrix, or a matrix of order or
size m x n. Here is a 3 X 5 matrix with three rows and five columns.

-1 7 81 3 =2
0 -2 0 5 -7
1 -1 3 0 =8

The size or order of a matrix is always a pair of positive numbers,
the first being the number of rows of the matrix, and the second the
number of columns.

In mathematical literature, matrices are usually written within brack-
ets of (...) or [...] type on the left and right.

189
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History of the name “matrix”: The word “matrix” is derived
from the Latin word for “womb” or “a pregnant animal”. In 1848 J.
J. Sylvester introduced this name for a rectangular array of numbers,
thinking of the large number of subarrays that each such array can
generate (or “give birth to”). A few years later A. Cayley introduced
matrix multiplication and the basic theory of matrix algebra quickly
followed.

Initially, the concept of a matrix was introduced mainly as a tool for
storing the coefficients of variables in a system of linear equations, in
that case it is called the coefficient matrix or matrix of coefficients
of the system. In 1858 A. Cayley wrote a memoir on the theory of
linear transformations and matrices. With arithmetical operations on
matrices defined, we can think of these operations as constituting an
algebra of matrices, and the study of matrix algebra by Cayley and
Sylvester in the 1850’s attracted a lot of attention that led to important
progress in matrix and determinant theory. <

Consider the following system of linear equations.

31’2 —41’4+$1 — T3 = —10
2.’13'1 + 5[[’3 — 21’4 + 61'2 = =5
41‘4 — T+ 81‘3 - 31‘2 =7

Since this is a system of 3 equations in 4 variables, its coefficient
matrix will be of order 3 x 4. Each row of the coefficient matrix will
correspond to an equation in the system, and each of its columns corre-
sponds to a variable. So, in order to write the coefficient matrix of this
system, it is necessary to arrange the variables in a particular order,
say as in the column vector

and write each equation with the terms of the variables arranged in
this particular order x, x9, 3, x4. This leads to
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1 +3xy —x3 —4xy = —10
21’1 + 6.172 + 5.173 - 21‘4 = =5
—X] — 31‘2 + 81‘3 + 41‘4 =7
Now the coefficient matrix of the system A = (a;; : i=1,...,m;

j=1,...,n), where q;; is the coefficient of z; in the ith equation, can
be easily written. It is

1 3 -1 -4
2 6 5 -2
-1 -3 8 4

For i = 1 to 3, row ¢ of this matrix A corresponds to the ith
equation in the system, and we denote it by the symbol A;. For j
= 1 to 4, column j of this matrix A, denoted by the symbol A ;,
corresponds to, or is associated with, the variable x; in the system.

Thus the coefficient matrix of a system of linear equations is exactly
the array of entries in the detached coefficient tableau representation
of the system without the RHS constants vector. The rows of the coef-
ficient matrix are the rows of the detached coefficient tableau without
the RHS constant, its columns are the columns of the detached coeffi-
cient tableau.

In general, an m x n matrix D can be denoted specifically as D,
to indicate its order; it will have m row vectors denoted by Dy ..., D,,;
and n column vectors denoted by D 1, ..., D,. The matrix D itself can
be viewed as the array obtained by putting its column vectors one after
the other horizontally as in

Dan — (Dl D.Q e Dn)
or putting its row vectors one below the other vertically as

Dy,
D
Dmxn - .2'

D,
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A row vector by itself can be treated as a matrix with a single row.
Thus the row vector

(3,—-4,7,8,9)

can be viewed as a matrix of order 1 x 5.
In the same way, a column vector can be viewed as a matrix with
a single column. So, the column vector

-3
2
1

can be viewed as a matrix of order 3 x 1.

The entry in a matrix D in its ¢th row and jth column is called its
(¢, 7)th entry, and denoted by a symbol like d;;. Then the matrix D
itself can be denoted by the symbol (d;;). So, the (2, 3)th entry of the
coefficient matrix A given above, a3 = 5.

Let b denote the column vector of RHS constants in a system of
linear equations in which the coefficient matrix is A of order m x n.
Then the matrix A obtained by including b as another column at the
right of A, written usually in a partitioned form as in

A= (Alb)

is known as the augmented matrix of the system of equations.

A partitioned matrix is a matrix in which the columns and/or
the rows are partitioned into various subsets. The augmented matrix
A is written as a partitioned matrix with the columns associated with
the variables in one subset of columns, and the RHS constants column
vector by itself in another subset of columns.

As an example, consider the following system of 3 equations in 4
variables.

3Ty —4dxy —x3 = —10
21‘1 — 21‘4 + 61‘2 = =5
4.’174 — T+ 81’3 = 7
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Arranging the variables in the order x1, xs, x3, x4, the system is

3r9g —x3 —4ry = -—10
21‘1 + 61‘2 - 21’4 = =5
—x1 + 8.173 + 4174 = 7

So, for this system, the coefficient matrix A, and the augmented
matrix are

03 -1 -4 03 -1 —4|-10
A= 26 0 -2, A= 26 0 -2 =5
-1 0 8 4 -1 0 8 4 7

2.2 Matrix—Vector Multiplication

The concept of the product of a matrix times a column vector in this
specific order, is formulated so that we can write the system of equa-
tions with coefficient matrix A, column vector of variables , and RHS
constants vector b, in matrix notation as Ax = b. We define this con-
cept next.

Definitions: Matrix—vector products: Consider a matrix D of
order m x n, and a vector p. The product Dp, written in this specific
order, is only defined if p is a column vector in R™ (i.e., if the number
of column vectors of D is equal to the number of rows in the column
vector p), i.e., if p = (p1,...,pn)’. Then the product Dp is itself a
column vector given by

Dy p

D;.p
= > piD,
j=1

Also, if ¢ is a vector, the product gD, written in this specific order,
is only defined if ¢ is a row vector in R™ (i.e., if the number of columns
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in ¢ is equal to the number of rows in D), i.e., if ¢ = (q1,...,¢n)", and
the product ¢D is itself a row vector given by

= Z ¢ D;.
i=1

We have given above two ways of defining each matrix-vector prod-
uct; both ways yield the same result for the product in each case.

In this chapter we use superscripts to number various vectors in a
set of vectors (for example, ¢!, ¢%, ¢ may denote three different vectors
in R™). We always use subscripts to indicte various entries in a vector,
for example for a row vector p € R3, the entries in it will be denoted

by Pb1,P2,P3, SO, P = <p17p27p3)-

Example 1: Let

0
1 3 -1 -1 —4 . }
A= 2 6 5 5 —2 ,p3=<2>,p4— .
-1 -3 8 8 4
1
1
1 —1
0 2
pr=| 1| p=| 1
—1 0
2 1

The products Ap®, Ap*, A¢', Ag?, Ag®, p' A, p* A, p* A, p* A, ? A, ¢° A
are not defined. The reader is encouraged to explain the reasons for
each. Here are the row vectors of matrix A.
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A = (1,3,—1,—1,—4)
A2. = (27675757 _2)
A = (—1,-3,8,8,4)

The column vectors of matrix A are:

NEREE

We have

We also have

1 -1
Apl1A_1+0A,2+1A,31A,4+2A,5( 2)+( 5)
-1

o)) ()

giving the same result. In the same way verify that both definitions

give
0
Ap® = | 13
7

qlA = (qlA.la qlA.Qa qlA.Sa qlA.47 qlA.S) - (47 12, 17, 17, —4)
=1A; + 24, + As.

Similarly
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Some Properties of Matrix-Vector Products

Let A be an m x n matrix, u',...,u" be all column vectors in R",

and aq, ..., a, real numbers. Then

Aloqu + ...+ aqpu”) = Z a Aut
=1

We will provide a proof of the second relation above. (The first
relation is a special case of the second obtained by taking o, = 1 for all
t.) Let u denote a general column vector in R™. From the definition

Al,u
Au = :
A,

From Result 1.7.1 of Section 1.7, A; u is a linear function of u, and
hence from the definition of linear functions (see Section 1.7)

At + .. Fopu”) = Z apA; ut
=1

Using this in the above equation
S aAq ut Ay ut

,
Au = : = Z oy
t=1

.
t
: = E o Au
S oA, ut =1
t= m.

A, ut

proving the second relation above.
Also, ifv!, ..., v" are all row vectors in R™, then we get the following
results from similar arguments

(V' 4. +0)A=) A
=1

(vt + . A = Z vt A
=1
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Exercises
2.2.1: Let
11 2 -2 1
Az(_;(l)_;>,3= -1 0 3 |,C= 1 -2
—2 2 1 —2 -3
1
0
-2 17
pt= =130 =]
3 ) 8
9

' =(-3,2), ¢=(-2,-1,2), ¢*=(8-7,9,15).

Mention which of Ax, Ax,Cx,yA,yB,yC are defined for z,y €
{p",p*, 1%, ¢",¢* ¢*} and which are not. Compute each one that is

defined.

2.3 Three Ways of Representing the (Gen-
eral System of Linear Equations Through

Matrix notation

Consider the general system of m equations in n variables in detached
coefficient tableau form.

T x; ... x, | RHS constants
aiy c. ay; c. A1p b1
;1 e Q45 e Qin bl
Qm1 -+ Qmj ... Qmp bm
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A =(a;;)  the m x n coefficient matrix

b= (bi,...,b,)"  the column vector of RHS constants
r=(xy,...,2,)"  the column vector of variables

in this system.
Representing the System as a Matrix Equation

Clearly, the above system of equations can be represented by the
matrix equation

Ax =10

The number of rows of the coefficient matrix A is the number of
equations in the system, and the number of columns in A is the number
of variables in the system.

From now on, we will use this notation to represent the general
system of linear equations whenever it is convenient for us to do so.

Example 2. Consider the following system in detached coeffi-
cient form.

I ) T3
1 -2 —-1|-5
-3 1 2| =7

Denoting the coefficient matrix, RHS constants vector, column vec-
tor of variables, respectively by A, b, x, we have

x

1 -2 -1 )
A:<—3 1 2>’b:<—7>’x: 2
€3

and we verify that this system of equations is: Ax = b in matrix nota-
tion.
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Representing the System by Equations

The ith row of the coefficient matrix A is A;, = (a1, . . ., a;,). Hence
the equation by equation representation of the system is

Representing the System as a Vector Equation

Another way of representing the system of equations Az = b as a
vector equation involving the column vectors of the coefficient matrix
A and the RHS constants vector b is

xlA.l + .Z'QA'Q + ...+ .ITnAn =b

i.e., the values of the variables in a solution of the system x are the
coefficients in an expression of b as a linear combination of the column
vectors of the coefficient matrix A.

As an example, consider the system of equations Az = b in Example

2, where
T
1 -2 -1 -5
A:<—3 1 2),19:(_7),3;: 2
Z3

One representation of this system as a set of equations that should
hold simultaneously is

ALJZ = b1 which is Try — 21’2 — T3 = -5
Asx = by whichis —3x1 + 29 + 2213 = —7
Another representation of this system as a vector equation is

l’lA_l + xQA.Q + 1‘314.3 =b

o ) () (D) (2)
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The basic solution of this system corresponding to the basic vec-
tor of variables (zi,z3) obtained by the GJ pivotal method is z =
(17,0,22)T. Tt satisfies this vector equation because

o) ro( ) ()= (5)

The general solution of this system is

T 17 — 3[2'2
i) = )
x3 22 — 5@'2

where 5 is an arbitrary real valued parameter, and it can be verified
that this satisfies the above vector equation.

Cautionary Note: Care in writing matrix products: This is
for those students who are still not totally familiar with matrix manip-
ulations. In real number arithmetic, the equation

dx4=20

can be written in an equivalent manner as

_ 2

)
4

Carrying this practice to equations involving matrix products will
most often result in drastic blunders. For example, writing

Ar=b as A=— oras x=— isa blunder
x A
because division by vectors is not defined, inverse of a rectangular ma-
trix is not defined; and even if the matrix A has an inverse to be defined
later, it is not denoted by % but by a different symbol.
Therefore deducing that x = % from Az = b is always a drastic
blunder.

Exercises
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2.3.1: For A,b given below, write the system of linear equations
Az = b as a vector equation.

—~
~
SN—
N
Il
|
e QS
w o N
- = O
|
~N = ©
=
|
|
B~ =W

1 1 1 1 9
5 1 2 1 2 _7
(i) A= 1 2 1 -9 [PP=] o
0 -1 -2 0 4

2.4 Scalar Multiplication and Addition of
Matrices, Transposition

Let A = (a;j) be a matrix of order m x n. Scalar multiplication of this

matrix A by a scalar a involves multiplying each element in A by «.
Thus

aA = aa;;) = (aayy)

For instance

6 1 -2 -1\ 6 —12 —6
-3 1 2 )\ —18 6 12 )°
Given two matrices A and B, their sum is only defined if both
matrices are of the same order. So, if A = (a;;) and B = (b;;) are

both of order m x n, then their sum A+ B is obtained by summing up
corresponding elements, and is equal to (a;; + b;;). For instance

1 -2 -1 1 0 .
(_3 1 2)—1-(0 1) is not defined.

1 -2 -1 +3—1018 (4 —12 17
-3 1 2 8 -7 20) \5 —6 22
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The operation of transposition of a matrix changes its row vectors
into column vectors and vice versa. Thus if A is an m X n matrix, its
transpose denoted by A7 is an n x m matrix obtained by writing the
row vectors of A as column vectors in A” in their proper order. For
instance

-1 2

3 9\ (3 18
18 —33) ~\9 —33 )

Earlier in Section 1.4 we defined the transpose of a row vector as a
column vector and vice versa. That definition tallies with the definition
of transpose for matrices given here when those vectors are looked at
as matrices with a single row or column.

Some Properties of Matrix Addition and Trans-
position

Let A' = (aj;) be a matrix of order m x n for t = 1 to r. The

sum, and a linear combination with multipliers aq, ..., a, respectively,
of these r matrices are defined similarly. We have

A A =0l
t=1

T
A+ + AT = (D] wval)
t=1
In finding the sum of two or more matrices, these matrices can be

written in the sum in any arbitrary order, the result does not depend
on this order. For instance

1 -2 3),( 3 6 -3) (-1 -8 -3
0 8 —7 —4 -2 -1 —2 -4 13
(-t 8 Y (12 3),( 3 6 =3
-2 -4 13 0 8 -7 —4 -2 -1
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(3 —4 -3
-6 2 5

Let A be an m X n matrix, u = (u1,...,u,), v = (v1,...v,)T. Then
it can be verified that

(Au)" = u" AT (vA)T = ATHT

So, the transpose of a matrix vector product is the product of their
transposes in reverse order. For example, let

3
1 -2 3
Az(o g 7>,u(%),v(5,10).
3
1 -2 3 —4
A“:<o 8—7) f)(zz&)

vA = (5,10) ( (1) _z _i ) = (5,70, —55)

Then

1 0
u" AT =(3,2,-1)| -2 8 | =(—4,23)
3 =7

1 0 5 5
ATyt = | =2 8 (10)2 70
3 =7 —55
So, we verify that (Au)” = u? AT and (vA)T = ATvT.
Exercises
2.4.1: Write the transposes of the following matrices. Also, men-

tion for which pair U,V of these matrices is 5U — 3V defined, and
compute the result if it is.
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0 3
1 -3 0 1 -1
AZ(—Z 2—2>’B:<—2 3)’02 Lz

1 -3
2 3
b (2 3)

2.5 Matrix Multiplication & Its Various
Interpretations

Rules for matrix multiplication evolved out of a study of transforma-
tions of variables in systems of linear equations. Let A = (a;;) be the
coefficient matrix of order m x n in a system of linear equations, b
the RHS constants vector, and x = (x1,...,,)? the column vector of
variables in the system. Then the system of equations is Ax =b in
matrix notation. Here are all the equations in it.

a1121 + ... +apT, = b1
;11 + ...+ Ainlyn = bz
1Tl + ...+ QunTn = by

Now suppose we transform the variables in this system using the
transformation @ = By  where B = (b;;) is an n x n matrix, and
y = (Y1, ..yn) are the new variables. So the transformation is:

Ty = buyi+...+biyn
€Ty, = bjlyl + ...+ bjnxn
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Substituting these expressions for x1,...,x, in the original system
of equations and regrouping terms will modify it into the transformed
system in terms of the new variables y. Suppose the transformed sys-
tem is Cy =10> with C as its coefficient matrix. Alternately,
substituting x =By in Axr=0b gives ABy = b; hence we
define the matrix product AB tobe C.

We will illustrate this with a numerical example. Let

1 -2 -1 )
A:<_3 1 2>,b:<_7>,3§':<3§'1,x2,$3)T

and consider the system of equations Az = b, which is
T —21’2—1’3:—5

—3.%'1 + 29 + 2.173 = -7

Suppose we wish to transform the variables using the transforma-
tion

x1 = 10y + 11ys + 12y3
Ty = 20y1 -+ 21y2 -+ 22y3
Ir3 = 30y1 + 31y2 + 32y3

or x =By where

10 11 12 n
B=|20 21 22 |,y=| v
30 31 32 Ys

Substituting the expressions for zi,x,,x3 in terms of yi,yo,y3 in
the two equations of the system above, we get

1(10y1 -+ 11y2~|— 12y3) —2(20:(/1 —|—21y2—|—22y3) — 1(30y1 +31y2—|—32y3) =)

Regrouping the terms, this leads to the system
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(1,-2,-1)(10,20,30)"y1 + (1, -2, —=1)(11,21,31)y,
+(1, -2, -1)(12,22,32) ys = =5

(—3,1,2)(10,20,30)"ys + (=3,1,2)(11,21,31) "y,
+(—3,1,2)(12,22,32)Ty3 = -7
or Cy = b where y = (y1,%2,ys)" and

C — A1 By A1 By A1 Bj;
-\ AyBy Ay B, Ay Bj

So, we should define the matrix product AB, in this order, to be
the matrix C' defined by the above formula. This gives the reason for
the definition of matrix multiplication given below.

Matrix Multiplication

If A, B are two matrices, the product AB in that order is defined
only if

the number of columns in A is equal to the number of rows
in B

i.e., if Ais of order m x n, and B is of order r x s, then for the product
AB to be defined n must equal r; otherwise AB is not defined.
If Ais of order m x n and B is of order n x s, then AB = C' is of
order m x s, and the (4, j)th entry in C is the dot product A; B ;.
Therefore matrix multiplication is row by column multiplica-
tion, and the (7, j)th entry in the matrix product AB is the dot product
of the ¢th row vector of A and the jth column vector of B.

Examples of Matrix Multiplication

1 -2 -1 1 0 .
(_3 1 2><0 1) is not defined
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1 -2 -1 101112 60 —62 —64
3 1 2 20 2122 | = 50 50 50
30 31 32

(1 —1 —5) :2 :i _(—11 10)
2 -3 —6 3 _9 —4 16

The important thing to remember is that matrix multiplication is
not commutative, i.e., the order in which matrices are multiplied is
very important. When the product AB exists, the product BA may
not even be defined, and even if it is defined, AB and BA may be of

different orders; and even when they are of the same order they may
not be equal.

Examples

Let

512 30 31 32

-2 —4 010
D= -6 4|, E=]001
3 =2 1 00

AB is computed above, and BA is not defined.

0 0 —6
AD:<76>, DA=| 6 8 —2

10 11 12
A=<_1 -2 _1>, B(QO 21 22 |,

64 9 -8 -7
12 10 11 20 21 22
BE=1| 22 20 21 |, EB=| 30 31 32
32 30 31 10 11 12

So, AD and DA are of different orders. BE and EB are both of
the same order, but they are not equal.
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Thus, when writing a matrix product, one should specify the order
of the entries very carefully.

We defined matrix-vector multiplication in Section 2.2. That defi-
nition coincides with the definition of matrix multiplication given here
when the vectors in the product are treated as matrices with a single
row or column respectively.

In the matrix product AB we say that A premultiplies B; or B
postmultiplies A.

Column-Row Products

Let u = (uy, ..., u,)T beacolumn vector in R™, and v = (v1, ..., v,)
a row vector in R". Then the product uv in that order, known as the
outer product of the vectors u,v is the matrix product uv when
u, v are treated as matrices with one column and one row respectively,
given by

U1V U1V ... ULV
U2V U2Vy ... UVp
uv = .
UppU1 UV ... UmUp
As an example
1 3 4
0 0 0
-1 (37 4) -3 -4
2 6 8

Notice the difference between the inner (or dot) product of two
vectors defined in Section 1.5, and the outer product of two vectors
defined here. The inner product is always a real number, and it is
only defined for a pair of vectors from the same dimensional space.
The outer product is a matrix, and it is defined for any pair of vectors
(they may be from spaces of different dimensions).
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Matrix Multiplication Through a Series of Matrix-
Vector Products

Let A, B be matrices of orders m x n, n X k respectively. We can
write the product AB as

AB = A(Bii...:By)

where for each t = 1 to k, B is the tth column vector of B, and AB;
is the column vector that is the result of a matrix-vector product as
defined earlier in Section 2.2. Thus the product AB can be looked at
as the matrix consisting of column vectors AB; in the order t = 1 to
k.

Another way of looking at the product AB is

A A1.B
AB = | B= :
A, A, B

From these interpretations of matrix multiplication, we see that the

jth column of the product ABis AB,
1th row of the product ABis A; B

Matrix Product as Sum of a Series of Column-
Row Products

Let A = (a;j), B = (b;j) be two matrices such that the product AB
is defined. So

the number of columns in A = number of rows in B = n,
say.
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Let Aq,..., A, bethe column vectors of A; and By, ..., B, be the
row vectors in B. For the sake of completeness suppose A is of order
m x n, and B is of order n x k.

From the definition of the matrix product AB we know that its
(7, 7)th element is

n
Z aitbtj = ailblj + ...+ ambnj
t=1

So,

n

AB = (matrix of order m x k whose (i, j)th element is a;b;)
t=1

However, the matrix whose (7,7)th element is a;b;; is the outer
product A;B;.. Hence

t=1

This is the formula that expresses AB as a sum of n column-row
products. As an example let

10 11 12
1 -2 -1
(_3 | 2), B=|20 21 22

30 31 32
Then
1 10 11 12
A,B, = ( 5 ) (10,11,12) = ( 30 33 36 )
—2 —40 —42 —-44
AyBy = ( ) ) (20,21,22) = ( 0 21 2 )
-1 —-30 —-31 -32

So



2.5 Matrix Multiplication 211

—60 —62 —64
50 50 50

which is the same as the product AB computed earlier.

Exercises

2.5.1 Let A, B be m x n,n X k matrices respectively. Show that

each column of AB is a linear combination of the columns

of A

each row of AB is a linear combination of the rows of A.

The Product of a Sequence of 3 Or More Matri-
ces

Let Ay, As, ..., A; be t > 3 matrices. Consider the matrix product
A1Ay . A
in this specific order. This product is defined iff

the product of every consecutive pair of matrices in this
order is defined,

i.e., for each r = 1 to t — 1, the number of rows in A, is
equal to the number of columns in A, ;.

When these conditions are satisfied, this product of ¢ matrices is
computed recursively, i.e., take any consecutive pair of matrices in this
order, say A, an A, for some 1 < r <t—1, and suppose A, A, = D.
Then the above product is

Ay A DA s . A
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There are only ¢ — 1 matrices in this product, it can be reduced to
a product of t — 2 matrices the same way, and the same procedure is
continued until the product is obtained as a single matrix.

When it is defined, the product A; A, ... A; is of order m; X n; where

my; = number of rows in A;, the leftmost matrix in the
product

n; = number of columns in A;, the rightmost matrix in the
product.

The product A1 A, . .. A; is normally computed by procedures known
as string computation, of which there are two.

The left to right string computation for A; A, ... A; computes
D, = A;,... A, for r = 2 to t in that order using

DQ = A1A2
D,.,y = DA, forr=2tot—1

to obtain the final result D,.
The right to left string computation for A; A, ... A; computes
E,.=A,....A forr =t—1to 1 in that order using

Et—l = At—lAt
Er—l = A'r—lE'ra forr=t—1to 2

to obtain the final result F;, which will be the same as D, obtained by
the previous recursion.
These facts follow by repeated application of the following result.

Result 2.5.1: Product involving three matrices: Let A, B,C
be matrices of orders m X n,n X p,p X q respectively. Then A(BC) =
(AB)C.

To prove this result, suppose BC' = D. Then from one of the
interpretations of two-matrix products discussed earlier we know that
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So,

Also, let C' = (¢;j). Then, for each j = 1 to ¢, BC; = 3", ¢;;B..
So

A(BC,) = A(ﬁ: ¢i;jBi) = zp: cij(AB;)

i=1
So, A(BC) is an m x ¢ matrix whose jth column is 37, ¢;;(AB;)
for j = 1toq.

Also, from another interpretation of two-matrix products discussed
earlier we know that

(AB)C = (AB,:...:AB,)| : | =(AB))Ci +...+(AB,)C,

Notice that for each i = 1 to p, (AB;)C;. is an outer product (a
column-row product) that is an m x ¢ matrix whose jth column is
¢ij(AB;) for j =1 to gq. Hence, (AB)C' is an m x ¢ matrix whose jth
column is 37, ¢;;(AB;) for j = 1 to ¢; i.e., it is the same as A(BC)
from the fact established above. Therefore

A(BC) = (AB)C

establishing the result.
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Properties Satisfied By Matrix Products

Order important: The thing to remember is that the order in
which the matrices are written in a matrix product is very important.
If the order is changed, the product may not be defined, and even if it
is defined, the result may be different. As examples, let

—-5 —10 3
A:<:g _06 i),B: 20 30 |[,C=|4
12 5
Then
AC = ( __140 ) , and C'A is not defined
35 60 —45
AB = ( __11046 __12582 ) BA=| —120 —180 140
-7 -12 9

so, AB and BA are not even of the same order.

Associative law of multiplication: If A, B, C' are matrices such
that the product ABC' is defined, then A(BC') = (AB)C.

Left and Right distributive laws: Let B, C' be matrices of the
same order. If A is a matrix such that the product A(B+C) is defined,
it is = AB + AC. If A is a matrix such that the product (B + C)A is
defined, it is = BA + C'A. So, matrix multiplication distributes across
matrix addition.

If o, B are scalars, and A, B two matrices such that the Product AB
is defined, then, (a« + 8)A = aA + fA; and aAB = («¢A)B = A(aB).

The product of two nonzero matrices may be zero (i.e., a matrix in
which all the entries are zero). For example, for 2 x 2 matrices A, B
both of which are nonzero, verify that AB = 0.

(e (0)
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If A, B,C are matrices such that the products AB, AC' are both
defined; and AB = AC, we cannot, in general, conclude that B = C.
Verify this for the following matrices A, B, C, we have AB = AC', even
though B # C.

a-(14)m (0 d) e (32

Matrix multiplication and transposes: If A, B are two matri-
ces such that the product AB is defined, then the product BT AT is
defined and (AB)T = BTAT. This can be verified directly from the
definitions.

In the same way if the matrix product A; A, ... A, is defined, then
(AjAy . AT = ATAT | AT AT,

Exercises

2.5.2: For every pair of matrices U, V among the following, deter-
mine whether UV is defined, and compute it if it is.

1 =32 0 (1)_(2);
A= -1 2 3 4 |,B= ,

2 11 -1 -1 =30
2 -7 6

o

cC=| -1 1 -2 |,D= ,
0 1 1 1 2 2 1
0 -2 —2 -1

2 -3 1 -2 3 -4
E_<4—2>’F_<—1 3 =2 2)'

2.5.3: Sometimes when A, B are a pair of matrices, both products
AB, BA may exist. These products may be of different orders, but
even when they are of the same order they may or may not be equal.
Verify these with the following pairs.
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R 1o
:A=[0 -5 3 -1 |.B=| | | |
11 1 1 R

@a=(1 1) m=(53)
(iii)=A=<_i _;))’B:(z g>

2.5.4: Compute the products ADB, DBA, BAD, EF DB where
the matrices A to F' are given in Exercise 2.5.2.

2.6 Some Special Matrices

Square Matrices

A matrix of order m x n is said to be a

square matrix ifm=n
rectangular matrix that is not square if m # n.

Hence a square matrix is a matrix of order n x n for some n. Since
the number of rows and the number of columns in a square matrix
are the same, their common value is called the order of the square
matrix. Thus an n X n square matrix is said to be of order n. Here
are examples of square matrices.

s 3 -3 —4 -5
1 10 )| & 7 8
-9 10 11

In a square matrix (a;;) of order n, the entries ay, ass, . . ., Gy cON-
stitute its diagonal entries or its main diagonal. All the other
entries in this matrix are called off-diagonal entries. Here is a pic-
ture
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aii a2 ... a1,n—1 A1n
21 Q22| ... a2,n—1 Qop,
Qn1 Qp2 ... an,nfl Qpn

A square matrix with its diagonal entries boxed.

Unit (Identity) Matrices

Unit matrices are square matrices in which all diagonal entries are
“1” and all off-diagonal entries are “0”. Here are the unit matrices
(also called identity matrices) of some orders.

1 000
10 é?g 0100
01’001’0010
00 01

The reason for the name is that when a matrix A is multiplied by
the unit matrix I of appropriate order so that the product is defined,
the resulting product I A or Al is A itself. Here are some examples.

o) T 2)=(s 72

(1—2—1)&28_(1—2—1)
-3 1 2 00 1 -3 1 2
Hence, in the world of matrices, the unit matrices play the same

role as the number “1” does in the world of real numbers. This is the
reason for their name.
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The unit matrix is usually denoted by the symbol I when its order
can be understood from the context. If the order has to be indicated
specifically, the unit matrix of order n is usually denoted by the symbol
I,.

In Chapter 1 we defined unit vectors as column vectors with a single
nonzero entry of “1”7. From this it is clear that the unit vectors are
column vectors of the unit matrix. Thus if [ is the unit matrix of order
n, then its column vectors 11,1, ...,1, are the 1st, 2nd, ..., nth unit
vectors in R".

Permutation Matrices

A square matrix of order n in which all the entries are 0 or 1, and
there is exactly a single “1” entry in each row and in each column
is called a permutation matrix or an assignment. A permutation
matrix can always be transformed into the unit matrix by permuting
(i.e., rearranging in some order) its rows, or its columns. Here are some
permutation matrices.

0100
o1y (010 (1000
10’001’0001
0010

Premultiplying any matrix A by a permutation matrix of appro-
proate order so that the product is defined, permutes its rows. In the
same way, postmultiplying any matrix A by a permutation matrix of
approproate order so that the product is defined, permutes its columns.
Here are some examples.

0 1 1 -2 -1\ (-3 1 2

10 -3 2 )\ 1 -2 -1
(1—2 —1) (1)(1) _(—1 ~2 1)

-3 1 2 L0 0 2 1 -3

The unit matrix is also a permutation matrix. Also, it can be
verified that if P is a permutation matrix, then

—_

o O
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PPT = PTP =], the unit matrix of the same order.

Diagonal Matrices

A square matrix with all its off-diagonal entries zero, and all di-
agonal entries nonzero is called a diagonal matrix. Here are some
examples.

- 2 0 0
0 )l 01 oo
0 0 -8

o O O
S O NN O
o w o O
-~ O O O

Since all the off-diagonal entries in a diagonal matrix are known
to be zero, if we are given the diagonal entries in it, we can con-
struct the diagonal matrix. For this reason, a diagonal matrix of
order n with diagonal entries a1, ass, ..., an, is denoted by the sym-
bol diag{ai1,ass,...,a,,}. In this notation, the three diagonal ma-
trices given above will be denoted by diag{3, -2}, diag{—2, —1, -8},
diag{1,2, 3,4} respectively.

Premultiplying a matrix A by a diagonal matrix of appropriate
order so that the product is defined, multiplies every entry in the ith
row of A by the ith diagonal entry in the diagonal matrix; this operation
is called scaling the rows of A. Similarly, postmultiplying a matrix
A by a diagonal matrix scales the columns of A.

(0 2) (s 7 2)=(8 2 )

1 -2 -1 _3_(1)8_—228
-3 1 2 6 -1 -16
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Upper and Lower Triangular Matrices, Triangu-
lar Matrices

We already discussed upper, lower triangular tableaus; and trian-
gular tableaus in Section 1.18. The corresponding matrices are called
upper triangular, lower triangular, or triangular matrices. We give
formal definitions below.

A square matrix is said to be upper triangular if all entries in it
below the diagonal are zero, and all the diagonal entries are nonzero. It
is said to be lower triangular if all the diagonal entries are nonzero,
and all the entries above the diagonal are zero. It is said to be trian-
gular if its rows can be rearranged to make it upper triangular. Here
are examples.

1 111 1 0 00 0001
0111 1 100 0011
0011 1 110 1 111
0 001 1 111 0111

The first matrix is upper triangular, the second is lower triangular,
and the third is triangular.

Symmetric Matrices

A square matrix D = (d;;) is said to be symmetric iff DT = D,
ie., di; = d;; for all ¢, 7.

A square matrix which is not symmetric is said to be an asymmet-
ric matrix.

If D is an asymmetric matrix, (1/2)(D + D7T) is called its sym-
metrization.

?éj_g 020 01 1
11 9 1| l002] 101
5 0 1 3 2 00 110

The first matrix is symmetric, the second is asymmetric, and the
third is the symmetrization of the second matrix.
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Submatrices of a Matrix

Let A = (a;;) be a given matrix of order mxn. Let R C {1,...,m},
C c{1,...,n}, in both of which the entries are arranged in increasing
order. By deleting all the rows of A not in R, and all the columns of A
not in C', we are left with a matrix which is known as the submatrix
of A determined by the subsets R, of rows and columns and
denoted usually by Arc. For example, let

3 -1 110
0 13 40
A= 4 =2 011
5 =3 0 0 2

Let R ={1,3,4}, C = {1,2,4,5}. Then the submatrix correspond-
ing to these subsets is

3 -1 10
Apc=14 -2 1 1
5 =3 0 2

Principal Submatrices of a Square Matrix

Let D = (d;;) be a given square matrix of order n. Let Q C
{1,...,n}, in which the entries are arranged in increasing order. By
deleting all the rows and columns of D not in (), we are left with a
matrix which is known as the principal submatrix of D determined
by the subset () of rows and columns and denoted usually by Dgq.
For example, let

3 -1 11 0
0 1 34 0
D=|4 =2 01 1
5 =3 00 2
§ —17 =18 9 11

Let @ = {2,3,5}. Then the principal submatrix of D determined
by the subset @ is
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1 3 0
Doo=| -2 0 1
17 —18 11

Principal submatrices are only defined for square matrices, and the
main diagonal of a principal submatrix is always a subset of the main
diagonal of the original matrix.

Exercises

2.6.1: Let

-20 10 30 4 -—-17

8 0 3 2 -19

A= 0 6 -7 8 12
13 -6 19 33 14

12 =9 22 45 51

Write the submatrix of A corresponding to the subset of rows {2,4}
and the subset of columns {1,3,5}. Also write the principal submatrix
of A determined by the subset of rows and columns {2,4,5}.

2.7 Row Operations and Pivot Steps on a
Matrix

Since a matrix is a 2-dimensional array of numbers, it is like the tableau
we discussed earlier. Rows and columns of the matrix are exactly like
the rows and columns of a tableau.

Row operations on a matrix are exactly like row operations on a
tableau. They involve the following:

1. Scalar Multiplication: Multiply each entry in a row
by the same nonzero scalar
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2. Add a Scalar Multiple of a Row to Another:
Multiply each element in a row by the same nonzero scalar
and add the result to the corresponding element of the other
Tow.

3. Row interchange: Interchange two rows in the matrix.

Example . Consider the matrix

-1 2 1 3
A= o -3 9 7
8§ 6 —4 =5

Multiplying A3, = Row 3 of A, by —2 leads to the matrix

—1 21 3
A= o -39 7
-16 —12 8 10

Performing the row operation Ay — 2A;. leads to the matrix

-1 2 1 3
A" = 2 =71 7 1
8§ 6 —4 -5

A GJ (Gauss-Jordan) pivot step on a matrix is exactly like a GJ
pivot step on a tableau. It is specified by choosing a row of the matrix
as the pivot row, and a column of the matrix as the pivot column, with
the element in the pivot row and pivot column called the pivot element
which should be nonzero. The GJ pivot step then converts the pivot
column into the unit column with a “1” entry in the pivot row and “0”
entries in all other rows, by appropriate row operations.

A G (Gaussian) pivot step on a matrix is like the GJ pivot step, with
the exception that it only converts all entries in the pivot column below
the pivot row into zeros by appropriate row operations, but leaves all
the rows above the pivot row and the pivot row itself unchanged.
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2.8 Determinants of Square Matrices

History of determinants: Determinants are real valued functions of
square matrices, i.e., associated with every square matrix is a unique
real number called its determinant. Determinants are only defined
for square matrices. There is no such concept for rectangular matri-
ces that are not square. The definition of the determinant of a square
array of numbers goes back to the the end of the 17th century in the
works of Seki Takakazu (also called Seki Kowa in some books) of Japan
and Gottfried Leibnitz of Germany. Seki arrived at the notion of a de-
terminant while trying to find common roots of algebraic equations.
To find common roots of polynomials f(x),g(x) of small degrees Seki
got determinant expressions and published a treatize in 1674. Lebnitz
did not publish the results of his studies related to determinants, but
in a letter to I’'Hospital in 1693 he wrote down the determinant con-
dition of compatiability for a system of three linear equations in two
unknowns. In Europe the first publication mentioning determinants
was due to Cramer in 1750 in which he gave a determinant expression
for the problem of finding a conic through five given points (this leads
to a system of linear equations).

Since then determinants have been studied extensively for their the-
oretical properties and their applications in linear algebra theory. Even
though determinants play a very major role in theory, they have not
been used that much in computational algorithms. Since the focus of
this book is computational linear algebra, we will list all the impor-
tant properties of determinants without detailed proofs. References for
proofs of the results are provided for interested readers to pursue. <

There are several equivalent ways of defining determinants, but all
these satisfy the following fundamental result.

Result 2.8.1: One set of properties defining a determinant:
The determinant of a square matriz of order n is the unique real valued
function of the matrix satisfying the following properties.

(a) If A = (aij) of order n is lower or upper triangular,
then the determinant of A is the product of the diagonal
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2.8 Determinants of Square Matrices
History of determinants: Determinants are real valued functions of
square matrices, i.e., associated with every square matrix is a unique
real number called its determinant. Determinants are only deﬁned
for square matrices. There is no such concept for rectangular matrices
that are not square. The deﬁnition of the determinant of a square
array of numbers goes back to the the end of the 17th century in the
works of Seki Takakazu (also called Seki Kowa in some books) of Japan
and Gottfried Leibnitz of Germany. Seki arrived at the notion of a determinant
while trying to ﬁnd common roots of algebraic equations.
To ﬁnd common roots of polynomials f(x), g(x) of small degrees Seki
got determinant expressions and published a treatize in 1674. Lebnitz
did not publish the results of his studies related to determinants, but
in a letter to l’Hospital in 1693 he wrote down the determinant condition
of compatiability for a system of three linear equations in two
unknowns. In Europe the ﬁrst publication mentioning determinants
was due to Cramer in 1750 in which he gave a determinant expression
for the problem of ﬁnding a conic through ﬁve given points (this leads
to a system of linear equations).
Since then determinants have been studied extensively for their theoretical
properties and their applications in linear algebra theory. Even
though determinants play a very major role in theory, they have not
been used that much in computational algorithms. Since the focus of
this book is computational linear algebra, we will list all the important
properties of determinants without detailed proofs. References for
proofs of the results are provided for interested readers to pursue. ��
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entries of A.

(b) det(AT) = det(A) for all square matrices A.

(c) If A, B are two square matrices of order n, then det(AB)
= det(A)det(B).

For n = 1, 2, determinants of square matrices of order n can be
defined very easily.
The determinant of a 1 x 1 matrix (aj;) is defined to be aj;. So,
det(0) = 0, det(—4) = —4, det(6) = 6, etc.
For a 2x2 matrix A = [ ‘11 @12 , det(A) is defined to be ajjag—
Q21 QA22
a12a01. For example

det(? i>:3><4—2><1:12—2:10

det(il)) ;l>:1><2—4><3:2—12:—10

1 4
det(_3 _12):1><(—12)—(—3)><4:—12+12:O

The original concept of the determinant of a square matrix A = (a;;)
of order n for n > 2 consists of a sum of n! terms, half with a coefficient
of +1, and the other half with a coefficient of —1. We will now explain
this concept.

Some preliminary definitions first. In linear programming litera-
ture, each permutation matrix of order n is referred to as an assign-
ment of order n. Here, for example, is an assignment of order 4.

o= O O
SO O
_— o O O
o O = O

Hence an assignment of order n is a square matrix of order n that
contains exactly one nonzero entry of “1” in each row and column.
Verify that there are n! distinct assignments of order n.
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We number the rows and columns of an assignment in natural order,
and refer to the (i,7)th position in it as cell (4,7) (this is in row i
and column j). We will represent each assignment by the subset of
cells in it corresponding to the “1” entries written in natural order
of rows of the matrix. For example, the assignment of order 4 given
above corresponds to the set of cells {(1,2),(2,4),(3,1),(4,3)} in this
representation.

So, in this notation a general assignment or permutation matrix of
order n can be represented by the set of cells {(1, j1), (2, j2), (3,73), - - -,
(n, jn)} where (ji, jo, - .., jn) is a permutation of (1,2,...,n), i.e., an
arrangement of these integers in some order. We will say that this
permutation matrix and permutation correspond to each other. For
example, the permutation matrix of order 4 given above corresponds
to the permutation (2,4, 1, 3).

There are 6 = 3! different permutations of (1,2,3). These are:
(1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1). In the same way
there are 24 = 4! permutations of (1,2,3,4); and in general n! permu-
tations of (1,2,...,n).

Consider the permutation (71, ..., j,) corresponding to the permu-
tation represented by the set of cells {(1, j1),...,(n,j,)}. We will use
the symbol p to represent either the permutation or the corresponding
permutation matrix. The determinant of the square matrix A = (a;;)
of order n contains one term corresponding to the permutation p, it is

(D)MW ays, a5, . . an,

where NI(p) is a number called the number of inversions in the
permutations p, which we will define below. The determinant of A is
the sum of all the terms corresponding to all the n! permutations.

In the permutation (ji,...,j,), consider a pair of distinct entries
(Jr, js) where s > r. If js < j, [js > j,] we say that this pair contributes
one [0] inversions in this permutation. The total number of inversions
in this permutation is obtained by counting the contributions of all

n—1

pairs of the form (j,, js) for s > r in it. It is equal to YI'"| ¢ where

¢, = number of entries in (41, ..., j,) which are < j,.
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A permutation is called an even (odd) permutation if the num-
ber of inversions in it is an even (odd) integer. As an example consider
the permutation (6, 1,3,4,5,2). Here

J1 =16, allof jo,7s, ju, J5, jo are < ji, so q1 = 5.

Jo =1, mo. entries among (js, ju, J5, Jo) < Jjo is 0, 80 go = 0.
Js = 3, mno. entries among (ja, js, jo) < js is 1, so g3 = 1.
js =4, no. entries among (js, jg) < ja is 1, s0 g4 = 1.

Js = 5, no. entries among (jg) < Jjs is 1, s0 g5 = 1.

So the number of inversions in this permutationis 5+0+1+1+1
= 8, hence this permutation is an even permutation.

In the same way verify that the number of inversions in the permu-
tation (2,4,1,3) is 1 + 2 + 0 = 3, hence this is an odd permutation.

For example, for n = 3, there are 3! = 6 permutations. These
permutations, and the formula for the determinant of A = (a;;) of
order 3 are given below.

Permutation p NI(p) Term corresponding to p

(1,2,3) 0 11022033

(1,3,2) 1 —A11023032

(2> 3, 1) 2 12023031

(2,1,3) 1 —A12091033

(3,1,2) 2 1309132

(37 2, 1) 3 —a130A22031
Determinant(A) 11922033 —QA11A23032 +CL12(123(131

—@12021033 +a130A21A32 —A13022031

In the same way, the original formula for the determinant of any
square matrix of any order can be derived. However, since it is in the
form of a sum of n! terms, this formula is not used for computing the
determinant when n > 2. There are much simpler equivalent formulas
that can be used to compute determinants far more efficiently.
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Recursive Definition of the Determinant of an
n X n Matrix

We will now give a recursive definition of the determinant of an
n X n matrix in terms of the determinants of its (n — 1) x (n — 1)
submatrices. This definition follows from the one given above. We can
use this definition to compute the determinant of a 3 x 3 matrix using
the values of determinants of its 2 x 2 submatrices which themselves
can be computed by the formula given above. The determinant of a
matrix of order 4 x 4 can be computed using the determinants of its
3 x 3 submatrices, and so on.

Given a square matrix A = (a;;), we will denote by A;; the subma-
trix obtained by deleting the ¢th row and the jth column from A, this
submatrix is called a minor of A.

Example: Let

2] 0 0
1] 7] 8 5
A= 3] 4]-3 —5
21 9/ =4 6
1 00
Ap=| -1 8 5
2 —4 6

Given the square matrix A = (a;;), the (7,7)th cofactor of A,
denoted by Cj; is given by

Cy; = (—1)"determinant (A;;)

where A;; is the minor of A obtained by deleting the ith row and the
jth column from A.
So, while the minor A;; is a matrix, the cofactor Cj; is a real number.

3 1 2
Example: Let A=| —2 =1 1 |. Then
8 10
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Definition: Cofactor expansion of a determinant: For n > 2,
the determinant of the n x n matrix A = (a;;) can be computed by a
process called the cofactor expansion (or also Laplace expansion)
across any row or down any column. Using the notation developed
above, this expansion across the ith row is

det(A) = anCin + apCin + ... 4 ainCiy
The cofactor expansion down the jth column is

det(A) = aleU + ang’gj + ...+ CLnanj

Example: Let

2 4 0
A= 3 3 -2
1 -1 0

Using cofactor expansion down the third column, we have
det(A) = 0013 — 2023 + 0033

2 4

_ _9(_1)2+3
= —-2(-1) det(1 1

>:2(2><—1—4><1):—12

Using cofactor expansion across third row, we have
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det(A) = 1031 — 1032

_ (—1)3+1det< s ) —1<—1)3+2det< . )

= —8 — 4 = —12, same value as above.

If a row or column has many zero entries, the cofactor expansion
of the determinant using that row or column has many terms that are
zero, and the cofactors in those terms need not be calculated. So, to
compute the determinant of a square matrix, it is better to choose a
row or column with the maximum number of zero entries, for cofactor
expansion.

Exercises

2.8.1 Find the determinants of the following matrices with cofac-
tor expansion using rows or columns that involve the least amount of
computation.

1 13 18 —94 00 —4 3

. 0 -2 —11 12 3 30 08

(4) o o 7 1| @ 21 -2 0
0 0 0 -8 13 40

0 -8 0 0 0 0 -2 -3

(i) 4 0 00 (@) 1 3 2 —4
o 0 03| 0 0 0 -5

0 0 -1 0 0 -1 -2 4

Some Results On Determinants

1. Determinants of upper (lower) triangular matrices: The
determinant of an upper triangular, lower triangular, or diagonal ma-
triz is the product of its diagonal entries.

Let P be a permutation matriz. Its determinant is (—1) ) where
NI(P) is the number of inversions in the permutation corresponding
to P.

NI(P
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2. Adding a scalar multiple of a row (column) to another
row (column) leaves determinant unchanged: If a square matriz
B is obtained by adding a multiple of a row to another row (or by
adding a multiple of a column to another column) in a square matriz

A, then det(B) = det(A).

3. Determinant is 0 if matrix has a 0-row or 0-column: If a
square matriz has a zero row or a zero column, its determinant is 0.

4. Determinant is 0 if a row (column) is a scalar multiple
of another row (column): If a row in a square matriz is a multiple
of another row, or if a column in this matrixz is a multiple of another
column, then the determinant of that matrixz is zero.

5. Interchanging a pair of rows (columns) multiplies de-
terminant by —1: If a square matriz B is obtained by interchanging

any two rows (or interchanging any two columns) of a square matriz
A, then det(B) = — det(A).

6. Multiplying a row (column) by a scalar also multiplies
determinant by that scalar: If a square matrix B is obtained by
multiplying each element in a row or a column of a square matriz A by
the same scalar «, then det(B) = adet(A).

7. Multiplying all entries in a matrix of order n by scalar
a, multiplies determinant by o": If A is a square matriz of order
n, and « is a scalar, then det(aA) = a™det(A).

8. A matrix and its transpose have the same determinant:
For any square matriz A, we have det(AT) = det(A).

9. Determinant of a product of two matrices is the product
of their determinants: If A, B are two square matrices of order n,
then det(AB) = (det(A)) (det(B)).

An incomplete proof of this product rule for determinants was given
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by J. P. M. Binet in 1813. The proof was corrected by A. L. Cauchy
in 1815. Hence this result is known as the Cauchy-Binet theorem.

10. The effect of a GJ pivot step on the determinant: If
the square matrix A" is obtained by performing a GJ pivot step on
the square matric A with a,s as the pivot element, then det(A’) =

(1/aqs)det(A).

11. The effect of a G pivot step on the determinant: If
the square matriz A’ is obtained by performing a G pivot step on the
square matriz A, then

det(A’) = det(A) if no row interchange was performed on
A before this G pivot step;

det(A’") = — det(A) if a row interchange was performed on
A before this G pivot step.

12. Linearity of the Determinant function in a single col-
umn or row of the matrix: The determinant of a square matriz
A = (a;j) of order n is a linear function of any single row or any sin-
gle column of A, when all the other entries in the matriz are fized at
specific numerical values.

The columns of A are A, 7 = 1 to n. Suppose, for some s, all
the entries in A,..., As 1, Asi1,..., A, are held fixed, and only the
entries in A, are allowed to vary over all possible real values. Then
det(A) is a linear function of the entries in A, = (ais,...,ans)’. The
reason for this is the following. Let C;; denote the (7, j)th cofactor of
A. Then by cofactor expansion down the sth column, we have

det(A) = alSCls + CLQSCQS + ...+ anSC'ns

The cofactors Cyg, . . ., C,s depend only on entries in A 1,..., A, 1,
Asi1,..., A, which are all fixed, and hence these cofactors are all
constants here. Hence by the above equation and the definition of
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linear functions given in Section 1.7, det(A) is a linear function of
A1s, - - ., 0ps, the entries in A, which are the only variables here.

A;, 1 =1 ton are the row vectors of A. A similar argument shows
that if for some r, all the entries in Ay ..., A, 1, Ary1,..., A, are
held fixed, and only the entries in A, are allowed to vary over all
possible real values, then det(A) is a linear function of the entries in
Ar = (Ar1y ooy Q).

This leads to the following result. Suppose in the square matrix
A of order n, the column vectors A;,..., As 1, Agy1,..., A, are all
fixed, and

A, = pBb+dd

where b, d are two column vectors in R", and 3,6 are two scalars. So,
the column vectors of A are as given below

So, the matrices B, D differ from A only in their sth column. Then
by the linearity

det(A) = fdet(B) + odet(D)

Caution: On the linearity of a determinant: For a square
matrix A, det(A) is a linear function when it is treated as a function of
the entries in a single column, or a single row of A, while all the other
entries in A are held fixed at specific numerical values. As a function
of all the entries in A, det(A) is definitely not linear. That’s why, if
B, ' are square matrices of order n, and A = B + C'; these facts do
not imply that det(A) = det(B) + det(C).

Example: Let
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p-(5 1) (D) A= (0 1)
n=(53) (5 3)

Then, Ag = E5 = Fyand A; = E1 + F;. We have det(F) =
10, det(F) = —8, and det(A) = 2 = det(E) + det(F), illustrating the
linearity result stated above.

We also have det(B) = 5, det(C) = —4. Verify that even though
A= B+ C, we have det(A) # det(B) + det(C).

13. The determinant of a square matrix A is a multilinear
function of A.

Definition of a multilinear function: Consider a real valued

function f(x!,..., 2") of many variables which are partitioned into vec-
tors z',...,2"; i.e., for each k = 1 to r, z¥ is itself a vector of variables
in R™ say. f(x!',...,2") is said to be a multilinear function under

this partition of variables if, for each ¢ = 1 to r, the function

f(zt, .zttt Bt an)

obtained by fixing 2¥ = z*¥ where z* is any arbitrary vector in R™* for

each k=1,...,t—1,t+1,...,r;is a linear function of z*. Multilinear
functions are generalizations of bilinear functions defined in Section
1.7.

Thus, from the above result we see that the determinant of a square
matrix A is a multilinear function of A, when the entries in A are
partitioned into either the columns of A or the rows of A.

The branch of mathematics dealing with the properties of multi-
linear functions is called multilinear algebra. The multilinearity
property of the determinant plays an important role in many advanced
theoretical studies of the properties of determinants.

14. Singular, nonsingular square matrices:
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The square matrix A of order n is said to be a

singular square matrix if det(A4) =0

nonsingular square matrix if det(A4) # 0.

The concepts of singularity, nonsingularity are only defined for
square matrices, but not for rectangular matrices which are not square.

15. The inverse of a square matrix:

Definition of the inverse of a square matrix: Given a square
matrix A of order n, a square matrix B of order n satisfying

BA=AB=1

where [ is the unit matrix of order n, is called the inverse of A. If
the inverse of A exists, A is said to be invertible and the inverse is
denoted by the symbol A™1.

If A is invertible, its inverse is unique for the following reason.
Suppose both B, D are inverses of A. Then

BA=AB=1 DA=AD=1.

So, B=BI=BAD =1D = D.

Please note that the concept of the inverse of a matrix is defined only
for square matrices, there is no such concept for rectangular matrices
that are not square,

Also, if a square matrix A is singular (i.e., det(A) = 0), then its
inverse does not exist (i.e., A is not invertible) for the following reason.
Suppose A is a singular square matrix and the inverse B of A exists.
Then, since BA = the unit matrix I, from Result 9 above we have

det(B) x det(A) =1

and since det(A) = 0, the above equation is impossible. Hence a sin-
gular square matrix is not invertible.
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Every nonsingular square matrix does have an inverse, in fact we
will now derive a formula for its inverse in terms of its cofactors. This
inverse is the matrix analogue of the reciprocal of a nonzero real number
in real number arithmetic.

Let A = (a;;) be a square matrix of order n, and for i, j = 1 to n let
C;; be the (i, j)th cofactor of A. Then by Laplace expansion we know
that for all: =1 ton

Clilcil + ...+ amCm = det(A)
and for all j
ale'U + ...+ ananj = det(A)

Now consider the matrix A" obtained by replacing the first column
of A by its second column, but leaving everything else unchanged. So,
by its columns, we have

A= (AyAgiAs .. iA,)

By Result 4 above we have det(A’) = 0. Since A’ differs from A
only in its first column, we know that C;; is also the (i, 1)th cofactor
of A’ for all i = 1 to n. Therefore by cofactor expansion down its first
column, we have

det(A") = a1pChi + a92Co1 + ... + a2Ch1 =0
Using a similar argumant we conclude that for all ¢t # j
a1:Ch; + anCoj + ...+ Cpj = 0
and for all ¢ # ¢
a;1Cn + apCp + ... + a;nC = 0

Now consider the square matrix of order n obtained by replacing
each element in A by its cofactor in A, and then taking the transpose
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of the resulting matrix. Hence the (7, j)th element of this matrix is
Ci. This transposed matrix of cofactors was introduced by the French
mathematician A. L. Cauchy in 1815 under the name adjoint of A.
However, the term adjoint has acquired another meaning subsequently,
hence this matrix is now called adjugate or classical adjoint of A,
and denoted by adj(A). Therefore

011 021 031 e Cnl
012 022 032 e Cng
adj(A) = | Ciz Ch Csz ... Cps
Cin Con Cs ... Cpy

The equations derived above imply that adj(A) satisfies the follow-
ing important property

adj(A)A = A(adj(A)) = diag{det(A),det(A), ..., det(A)}

where diag{det(A), det(A),...,det(A)} is the diagonal matrix of order
n with all its diagonal entries equal to det(A). So, if A is nonsingular,
det(A) # 0, and

(A = Al adiCa)] = 1
Le.,
Ch Cot Gy ... Co
. L G2 Ca G G
A7 =5 t(A)) dj(A)_dt(A) Cia O Ca o O
dln dzn C’;;n C’;m

This provides a mathematical formula for the inverse of an invert-
ible matrix. This formula is seldom used to compute the inverse of a
matrix in practice, as it is very inefficient. An efficient method for com-
puting the inverse based on GJ pivot steps is discussed in Chapter 4.
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This formula for the inverse is only used in theoretical research studies
involving matrices.

Cramer’s Rule for the solution of a square nonsingular sys-
tem of linear equations:

Consider the system of linear equations
Ax =b.

It is said to be a square nonsingular system of linear equations if the
coefficient matrix A in it is square nonsingular. In this case A~! exists,
and x = A~'b is the unique solution of the system for each b € R™. To
show this, we see that T = A~'b is in fact a solution because

Az =AATb=1Tb=b

If 2 is another solution to the system, then Az = b, and multiplying
this on both sides by A~ we have

A Az =AYb =z, ie, z=AtAz=It=2

and hence & = Z. So, # = A~'b is the unique solution of the system.
Let 2= A= (Zy,...,Z,)". Using

Ciu Cou Cz ... COn

1 1 Ciz Co Cs ... Cpo

-1 _ ; — Cis Co Cs3 ... Cp
A (d t(A)) dj(A) det(4) :13 :23 :33 :3
Cin Con Cs ... Cpy

where C;; = the (4, j)th cofactor of A, we get, for j =1 ton

1
7. = (——)(b1C1; + bsCoi + ...+ 1,C,,
Ly <det(A))< 10715 + 0205 + + ])
For j =1 to n, let A;(b) denote the matrix obtained by replacing
the jth column in A by b, but leaving all other columns unchanged.
So, by columns



2.8 Determinants 239

By cofactor expansion down the column b in A;(b) we see that

det(A](b)) = blClj + bQCQj + ...+ ann]
and hence from the above we have, for j =1 ton
- _ det(A;(0))

T det(A)

This leads to Cramer’s rule, which states that the unique solution
of the square nonsingular system of linear equations Az = b is
T =(Zy,...,T,), where

 det(4,(0)
xrx, — ——————~
! det(A)
for j = 1 to n; with A;(b) being obtained by replacing the jth column
in A by b, but leaving all other columns unchanged.

Historical note on Cramer’s rule: Cramer’s rule which first
appeared in an appendix of the 1750 book Introduction a L’analysedes
Lignes Courbes Algebriques by the Swiss mathematician Gabriel Cramer,
gives the value of each variable in the solution as the ratio of two deter-
minants. Since it gives the value of each variable in the solution by an
explicit determinantal ratio formula, Cramer’s rule is used extensively
in theoretical research studies involving square nonsingular systems of
linear equations. It is not used to actually compute the solutions of
systems in practice, as the methods discussed in Chapter 1 obtain the
solution much more efficiently.

Example . Consider the following system of equations in de-
tached coefficient form.

T T I3 b
1 -1 11 =5
0 2 -1 10

-2 1 31 —13
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Historical note on Cramer’s rule: Cramer’s rule which ﬁrst
appeared in an appendix of the 1750 book Introduction a L’analysedes
Lignes Courbes Algebriques by the Swiss mathematician Gabriel Cramer,
gives the value of each variable in the solution as the ratio of two determinants.
Since it gives the value of each variable in the solution by an
explicit determinantal ratio formula, Cramer’s rule is used extensively
in theoretical research studies involving square nonsingular systems of
linear equations. It is not used to actually compute the solutions of
systems in practice, as the methods discussed in Chapter 1 obtain the
solution much more eﬃciently.
Example : Consider the following system of equations in detached
coeﬃcient form.
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Let A denote the coefficient matrix, and for j = 1 to 3, let A,;(b)
denote the matrix obtained by replacing A ; in A by b. Then we have

1 -1 1
det(A) = det 0 2 -1 |=9
-2 1 3
-5 -1 1
det(A; (b)) = det 100 2 -1 | =18;
~13 1 3
1 =5 1
det(Ay(b)) = det 0 10 —1 | =27,
2 13 3
1 -1 -5
det(As(b)) = det 0 2 10 | =-36
-2 1 -13

So, by Cramer’s rule, the unique solution of the system is

18 27 —36
— ) =(2,3,-4)T.

=y

Example . Consider the following system of equations in de-
tached coefficient form.

T i) I3 b
1 -1 0 30
0 2 2 0

—2 1 -1 -60

Here the determinant of the coefficient matrix is 0, hence it is sin-
gular. So, Cramer’s rule cannot be applied to find a solution for it.

Example . Consider the following system of equations in de-
tached coefficient form.
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X1 ) T3 b
1 -1 0 20
10 12 -2 | —40

This system has three variables but only two constraints, it is not
a square system. Hence Cramer’s rule cannot be applied to find a
solution for it.

An Algorithm for Computing the Determinant
of a General Square Matrix of Order n Efficiently

BEGIN

Step 1: Perforing G pivot steps on the matrix to make
it triangular: Let A be a given matrix of order n. To compute its
determinant, perform G pivot steps in each row of A beginning at the
top. Select pivot elements using any of the strategies discussed in Step
2 of the G elimination method in Section 1.20. Make row interchanges
as indicated there, and a column interchange to bring the pivot element
to the diagonal position (i.e., if the pivot element is in position (p, q),
interchange columns p and ¢ before carrying out the pivot step so that
the pivot element comes to the diagonal (p,p) position). After the
pivot step, enclose the pivot element in a box. At any stage, if the
present matrix contains a row with all its entries zero, then det(A) =
0, terminate.

Step 2: Computing the determinant: If a pivot step is per-
formed in every row, in the final matrix the diagonal elements are the
boxed pivot elements used in the various pivot steps. For ¢t = 1 to n,
let a;; be the boxed pivot element in the final matrix in row t. Let r

denote the total number of row and column interchanges performed.
Then

det(A) = (—-1)" ﬁ [ase]

t=1

END.
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BEGIN
Step 1: Perforing G pivot steps on the matrix to make
it triangular: Let A be a given matrix of order n. To compute its
determinant, perform G pivot steps in each row of A beginning at the
top. Select pivot elements using any of the strategies discussed in Step
2 of the G elimination method in Section 1.20. Make row interchanges
as indicated there, and a column interchange to bring the pivot element
to the diagonal position (i.e., if the pivot element is in position (p, q),
interchange columns p and q before carrying out the pivot step so that
the pivot element comes to the diagonal (p, p) position). After the
pivot step, enclose the pivot element in a box. At any stage, if the
present matrix contains a row with all its entries zero, then det(A) =
0, terminate.
Step 2: Computing the determinant: If a pivot step is performed
in every row, in the ﬁnal matrix the diagonal elements are the
boxed pivot elements used in the various pivot steps. For t = 1 to n,
let ˆatt be the boxed pivot element in the ﬁnal matrix in row t. Let r
denote the total number of row and column interchanges performed.
Then
det(A) = (−1)r
n
�t=1
[ˆatt]
END.
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Example . Consider the matrix

0 1
4 -1
6 2
-8 0

Ch. 2. Matrices

3 0
-1 2
10 2
-2 -4

To compute det (A) using G pivot steps, we will use the partial piv-
oting strategy discussed in Section 1.20 for selecting the pivot elements,
performing pivot steps in Columns 2, 3, 4, 1 in that order. We indicate
the pivot row (PR), pivot column (PC), and put the pivot element in
a box after any row and column interchanges needed are performed.
The indication “RI to Rt” on a row means that at that stage that row
will be interchanged with Row ¢ in that tableau. Similarly “CI of Cp &
Cq” indicates that at that stage columns p and ¢ will be interchanged
in the present tableau.

Carrying out Step 1

0 1 3 0
4 -1 -1 2
6 2 10 2|RItoRl
-8 0 -2 —4
PCT
6 2 10 2| PR CIofCl&C2
4 -1 -1 2
0 1 3 0
-8 0 -2 —4
PCT
6 10 2| PR
-1 4 -1 2
1 0 3 0
0 -8 —2 —4
PCT
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Step 1 continued

6 10 2
0 7T 4 3 CI of C2 & C3
0o -3 -2 -1
0 -8 -2 —4
PC]
10 6 2
0 7 3 | PR
0o -2 -3 -1
0 -2 -8 —4
PC]
10 6 2
0 73
0 0 : :
0 0o 2 3 RI to R3
PCT
0 6 2
0 7 3
0 0 2 FP|PR ClofC3&C4
o0 3
PCT
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Step 1 continued

2] 10 2 6
0o [4] 3 7

N[
N[

PCT

10

Carrying out Step 2: We made a total of 5 row and column inter-
changes. So, we have

-5 —4

det(A) = (—1)°[2 x 4 x - X E] = 8.
Example :  Consider the matrix
1 1 3 1
A= zll :; 12 13
4 -1 13 18

To compute det(A) using G pivot steps, we use the same notation
as in the example above. We use the same partial pivoting strategy for
selecting the pivot element from the pivot column indicated.
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Carrying out Step 1

1 1 3 1
1 -1 3 3
4 -2 12 10 RI to R1
4 -1 13 18
PCI
4 -2 12 10| PR CIofCl & C2
1 -1 3 3
11 3 1
4 -1 13 18
PCT
-2] 4 12 10|PR
-1 1 3 3
1 1 3 1
-1 4 13 18
PC]
—2] 4 12 10
0 -1 -3 -2
0 3 9 6 RI to R2
0 2 7 13
PCT
—2] 4 12 10
0 9 6|PR
0 -1 -3 -2
0 2 7 13
PCT
—2] 4 12 10
0 9 6
0o 0 0 0
0 0 1 9
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Since all the entries in the third row in the last tableau are all zero,

det(A) = 0 in this example.
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Importance of Determinants

For anyone planning to go into research in mathematical sciences,
a thorough knowledge of determinants and their properties is essential,
as determinants play a prominent role in theoretical research. How-
ever, determinants do not appear often nowadays in actual numerical
computation. So, the study of determinants is very important for un-
derstanding the theory and the results, but not so much for actual
computational purposes.

Exercises:
2.8.2: Let A, x, = (a;;) where a;; =i+ j. What is det(A)?

2.8.3: What is the determinant of the following n x n matrix?

1 2 ..on
n-+1 n+2 ... 2n
n—n+1 ... ... n?

2.8.4: For any real p, g, r prove that the determinant of the follow-
ing matrix is 0.

p* pq pr
aw ¢ qr

rp rq r?

2.8.5: The following square matrix of order n called the Vander-
monde matrix is encoutered often in research studies.

1oz 22 ... 2!
V($17...7$n): . . :
1 x, 22 ... 2!

Prove that the determinant of the Vandermonde matrix, called the
Vandermonde determinant, is = [];~;(z; — x;). (Use the results on
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determinants stated above to simplify the determinant and then apply
Laplace’s expansion across the 1st row).

2.8.6: The following square matrix of order n is called the Frobin-
ious matrix or the companion matrix of the polynomial p(\) =

A" — Clnfl)\n_l — an,g)\”_2 — ... Cll)\ — Qg.
0 1 O 0 0
0 0 1 0 0
A — . . t.
0 0 0 1 0
0 0 0 0 1
g ap QA ... Ap—9 Qp_—1

Prove that det(A — A) = p()), where [ is the identity matrix of
order n.

2.8.7: A square matrix A = (a;;) of order n is said to be a skew-
symmetric matrix if a;; = —ay; for all 4,5 (i.e., a;; + aj; = 0 for all
i,7).

Prove that the determinant of a skew-symmetric matrix of odd order
is 0.

Prove that the determinant of a skew-symmetric matrix of even
order does not change if a constant « is added to all its elements.

In a skew-symmetric matrix A = (a;;) of even order, if a;; = 1 for

all j > i, find det(A).

2.8.8: Let A = (a;j), B = (b;j) be two square matrices of the same
order n, where b;; = (—1)"a,; for all 4, j. Prove det(A) = det(B).

2.8.9: Let A = (a;;) be a square matrix of order n, and s; =
Z;‘:l a;; for all . So, s; is the sum of all the elements in row 7 of
A. Prove that the determinant of the following matrix is (—1)""!(n —

1)det(A).
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S1—4ai; ... 81— Qip

Sp— Gp1 ... Sp— Qpp

2.8.10: Basic minors of a matrix: There are many instances
where we have to consider the determinants of square submatrices of a
matrix, such determinants are called minors of the matrix. A minor
of order p of a matrix A is called a basic minor of A if it is nonzero,
and all minors of A of orders > p + 1 are zero; i.e., a basic minor is a
nonzero minor of maximal order, and its order is called the rank of A.

If the minor of A defined by rows i, ...,4; and columns ji, ..., i
is a basic minor, then show that the set of row vectors {4;, ,..., 4;. }
is linearly independent, and all other rows of A are linear combinations
of rows in this set.

2.8.11: The trace of a square matrix A = (a;;) of order n is
>4 @i, the sum of its diagonal elements. If A, B are square matrices
of order n, prove that trace(AB) = trace(BA).

2.8.12: If the sum of all the elements of an invertible square matrix
A in every row is s, prove that the sum of all the elements in every row

of A7Vis 1/s.

2.9 Additional Exercises

2.9.1: A, B are two matrices of order m x n. Mention conditions under
which (A + B)? is defined. Under these conditions, expand (A + B)?
and write it as a sum of individual terms, remembering that matrix
multiplication is not commutative.

2. Consider the following matrices. Show that F'E and EF both
exist but they are not equal.
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100 100
F=lo10|,E=|-210
031 00 1

3. Is it possible to have a square matrix A # 0 satisfying the
property that A x A = A2 = 0? If so find such matrices of orders 2
and 3.

4. Show that the product of two lower triangular matrices is lower
triangular, and that the product of upper triangular matrices is upper
triangular.

Show that the inverse of a lower triangular matrix is lower trian-
gular, and that the inverse of an upper triangular matrix is upper
triangular.

Show that the sum of symmetric matrices is symmetric. Show that
any linear combination of symmetric matrices of the same order is also
symmetric.

Construct numerical examples of symmetric matrices A, B of the
same order such that the product AB is not symmetric. Construct
numerical examples of symmetric matrices whose product is symmetric.

If A, B are symmetric matrices of the same order, prove that the
product AB is symmetric iff AB = BA.

Show that the inverse of a symmetric matrix is also symmetric.

For any matrix A show that both the products AAT, AT A always
exist and are symmetric.

Prove that the product of two diagonal matrices is also diagonal.

5. Let C' = AB where A, B are of orders m x n,n X p respectively.
Show that each column vector of C' is a linear combination of the col-
umn vectors of A, and that each row vector of C'is a linear combination
of row vectors of B.

6. If both the products AB, BA of two matrices A, B are defined
then show that each of these products is a square matrix. Also, if the
sum of these products is also defined show that A, B must themselves
be square matrices of the same order.
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Construct numerical examples of matrices A, B where both prod-
ucts AB, BA are defined but are unequal square matrices of the same
order.

Construct numerical examples of matrices A, B both nonzero such
that AB = 0.

Construct numerical examples of matrices A, B,C where B # C
and yet AB = AC.

7. Find the matrix X which satisfies the following matrix equation.

1 1 -1 11 -5 =7
-1 1 1 |X=] -5 -7 11
1 -1 1 -7 11 =5

8. Consider the following square symmetric matrix A = (a;;) of
order n in which a;; # 0. Perform a G pivot step on A with a;; as
the pivot element leading to A. Show that the matrix A of order n — 1
obtained from A by striking off its first row and first column is also
symmetric.

a2 ... Qin ai; Q2 ... Qip

21 Q22 ... Q2 — 0 @22 e @2
Ap1 QAp2 ... QApp 0 Apo .. Qpp
9. A square matrix A is said to be skew symmetric if AT = —A.
Prove that if A is skew symmetric and A~! exists then A~! is also skew

symmetric.

If A, B are skew symmetric matrices of the same order show that A+
B, A — B are also skew symmetric. Show that any linear combination
of skew matrices of the same order is also skew symmetric.

Can the product of skew symmetric matrices be skew symmetric?

Using the fact that A = (1/2)((A+AT)+ (A— AT)) show that every
square matrix is the sum of a symmetric matrix and a skew symmetric
matrix.

If Ais a skew symmetric matrix, show that I+ A must be invertible.
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10. List all the 24 permutations of {1,2,3,4} and classify them
into even, odd classes.
Find the number of inversions in the permutation (7,4,2,1,6, 3,5).

11. Show that the determinant of the elementary matrix corre-
sponding to the operation of multiplying a row of a matrix by « is
a.

Show that the determinant of the elementary matrix corresponding
to the operation of interchanging two rows in a matrix is —1.

Show that the determinant of the elementary matrix corresponding
to the operation of adding a scalar multiple of a row of a matrix to
another is 1.

Show that the determinant of the pivot matrix corresponding to a
GJ pivot step with a,s as the pivot element is 1/a,.

12. Construct a numerical example to show that det(A + B) is not
necessarily equal to det(A) + det(B).

By performing a few row operations show that the following deter-
minants are 0

5 4 3 2 300
1 2 3 3 220
111 ’ -5 =5 0 2

0 011

If A is an integer square matrix and det(A) = £1, then show that
A~1is also an integer matrix.

Show that the following determinant is 0 irrespective of what values
the a;;s have.

ai; Qi Qi3 0 0 0
g1 Q922 G923 0 0 0
a31 a3z ass 0 0 0
aq1 Q42 Q43 0 0 0
as1  Gs2  0As3 0 ass ase
g1 Ge2 Q63 Gea Q65  U66
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13. In a small American town there are three newspapers that
people buy, NY, LP, CP. These people make highly predictable transi-
tions from one newspaper to another from one quarter to the next as
described below.

Among subscribers to NY: 80% continue with NY, 7% switch to
CP, and 13% switch to LP.

Among subscribers to LP: 78% continue with LP, 12% switch to
NY, 10% switch to CP.

Among subscribers to CP: 83% continue with CP, 8% switch to NY,
and 9% switch to LP.

Let x(n) = (z1(n), zo(n), z3(n))? denote the vector of the number
of subscribers to NY, LP, CP in the nth quarter. Treating these as
continuous variables, find the matrix A satisfying: z(n + 1) = Az(n).

14. There are two boxes each containing different numbers of bags
of three different colors as represented in the following matrix A (rows
of A corespond to boxes, columns of A correspond to colors of bags)
given in tableau form.

‘ White Red Black
Box 1 3 4 2
Box 2 2 2 5

Each bag contains different numbers of three different fruit as in
the following matrix B given in tabular form.

‘Mangoes Sapotas Bananas

White 3 6 1
Red 2 4 4
Black 4 3 3

Show that rows, columns of the matrix product C' = AB correspond
to boxes, fruit respectively, and that the entries in C' are the total
number of various fruit contained in each box.

15. Express the row vector (aj1b1; + a12b91, a11b21 + a12be2) as a



2.9. Additional Exercises 253

product of two matrices.
16. A, B are two square matrices of order n. Is (AB)* = A?B??

17. Plant 1, 2, each produce both fertilizers Hi-ph, Lo-ph simulta-
neously each day with daily production rates (in tons) as in the follow-
ing matrix A represented in tableau form.

‘ Plant 1 Plant 2
Hi-ph 100 200
Lo-ph 200 300

In a certain week, each plant worked for different numbers of days,
and had total output in tons of (Hi-ph, Lo-ph)” = b = (1100, 1800)".

What is the physical interpretation of the vector x which is the
solution of the system Ax = b7

18. The % of N, P, K in four different fertilizers is given below.

N P K

Fertilizer 1 | 10 10 10
2125 10 5

3130 5 10

4110 20 20

Two different mixtures are prepared by combining various quanti-
ties in the following way.

Lbs in mixture, of
‘ Fertilizer 1 2 3 4
Mixture 1 100 200 300 400
2 ‘ 300 500 100 100

Derive a matrix product that expresses the % of N, P, K in the two
mixtures.
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19. Bacterial growth model: A species of bacteria has this
property: after the day an individual is born, it requires a maturation
period of two complete days, then on 3rd days it divides into 4 new
individuals (after division the original individual no longer exists).

Let 2% = (2, 25, 2%)T denote number of individuals for whom day
k is 1st, 2nd, 3rd complete day after the day of their birth.

Find a square matrix A of order 3 which expresses z**! as Az*. For
any k express x* in terms of A and z'.

20. Bactterial growth model with births and deaths: Con-
sider bacterial population described in Exercise 19 above with two ex-
ceptions.

1. Let ¥ be continuous variables here.

2. In 1st full day after their birth day each bacteria either dies with
probability 0.25 or lives to 2nd day with probability 0.75.

Each bacteria that survives 1st full day of existence after birth,
will die on 2nd full day with probability 0.2, or lives to 3rd day with
probability 0.8.

The scenario on 3rd day is the same as described in Excercise 19,
i.e., no death on 3rd day but only division into new individuals.

k+1

Again find matrix A that expresses x**! as Az* here, and give an

expression for z* in terms of A and z'.

21: A 4-year community college has 1st, 2nd, 3rd, 4th year stu-
dents. From past data they found that every year, among the students
in each year’s class, 80% move on to the next year’s class (or graduate
for 4th year students); 10% drop out of school; 5% are forced to repeat
that year; and the remaining 5% are asked to take the next year off
from school to work and get strong motivation to continue studies, and
return to college into the same year’s class after that work period. Let
z(n) = (x1(n), z2(n), z3(n), 24(n))T denote the vector of the number
of 1st year, 2nd year, 3rd year, 4th year students in the college in the
nth year, treat each of these as continuous variables. Assume that the
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college admits 100 first year students, and 20 transfer students from
other colleges into the 2nd year class each year. Find matrices A, b that
expresses x(n + 1) as Az(n) + b.

22: Olive harvest: Harvested olives are classified into sizes 1 to 5.
Harvest season usually lasts 15 days, with harvesting carried out only
on days 1, 8, and 15 of the season. Of olives of sizes 1 to 4 on trees not
harvested on days 1, 8 of the season, 10% grow to the next size, and
5% get rotten and drop off, in a week.

At the beginning of the harvest season an olive farm estimated that
they have 400, 400, 300, 300, 40 kg of sizes 1 to 5 respectively on their
trees at that time. On days 1, 8 of the harvest season they plan to
harvest all the size 5 olives on the trees, and 100, 100, 50, 40 kg of
sizes 1 to 4 respectively; and on the final 15th day of the season, all
the remaining olives will be harvested.

Let 2" = (af, 2%, 2%, x4, 2%)T denote the vector of kgs of olives of
sizes 1 to 5 on the trees, before harvest commences, on the rth harvest
day, r =1, 2, 3.

Find matrices A', A% b, 0? such that 22 = A'(z' —b'), 23 = A%(2?—
b?). Also determine the total quantity of olives of various sizes that the
farm will harvest that year.

23. A population model: (From A. R. Majid, Applied Matriz
Models, Wiley, 1985) (i): An animal herd consists of three cohorts:
newborn (age 0 to 1 year), juveniles (age 1 to 2 years), and adults (age
2 or more years.

Only adults reproduce to produce 0.4 newborn per adult per year
(a herd with 50 male and 50 female adults will produce 40 newborn
calves annually, half of each sex). 65% of newborn survive to become
juveniles, 78% of juveniles survive to become adults, and 92% of adults
survive to live another year.

Let 2% = (af, 2%, 2%)T denote the vector of the number of newborn,
juvenile, and adults in the kth year. Find a matrix k that expresses
¢l as Az for all k.

A system like this is called a discrete time linear system with A as
the transition matrix from k£ to £ + 1. Eigenvalues and eigenvectors
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of square matrices discussed in Chapter 6 are very useful to determine
the solutions of such systems, and to study their limiting behavior.

(ii): Suppose human predators enter and colonize this animal habi-
tat. Let 2% denote the new variable representing the number of humans
in the colony in year k. Human population grows at the rate of 2.8%
per year, and each human eats 2.7 adult animals in the herd per year.
Let X* = (2f, 2%, 2%, 2%)T. Find the matrix B such that X**! = BX*.

24. Fibonacci numbers: Consider the following system of equa-
tions: 1 =1,z = 1, and z, 41 =z, + v, for n > 2.

Write the 3rd equation for n = 2, 3, 4; and express this system of
5 equations in (z1,...,x5)? in matrix form.

For general n, find a matrix B such that (2,41, Tpi2)? = B(Zn, Tni1)’.
Then show that (2,41, Zn19)T = B™(z1,29)7.

Also for general n find a matrix A such that (2,1, Ty 19, Tniz)! =
ATy, Tpy1, Trio)? Hence show that (41, Tnio, Tnas)? = A" (21, 29, 23)7.

T, is known as the nth Fibonacci number, all these are positive
integers. Find x, for n < 12, and verify that x, grows very rapidly.
The growth of z,, is similar to the growth of populations that seem to
have no limiting factors.

25. For any u, v between 1 to n define F,, to be the square matrix
of order n with the (u,v)th entry = 1, and every other entry = 0.

Let (j1,...,Jn) be a permutation of (1,...,n), and let P = (p, )
be the permutation matrix of order n corresponding to it (i.e., p,;, =
1 for all r, and all other entries in P are 0).

Then show that PE,,P~' = E; ;.. (Remember that for a permu-
tation matrix P, P~ = PT))

26. Find conditions on by, by, b3 so that the following system has
at least one solution. Does by = 5, by = —4, by = —2 satisfy this
condition? If it does find the general solution of the system in this case
in parametric form.
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Ty Ty XT3 T4
1 -1 -1 118
2 -3 0 11|b
8 —11 =2 5| bs

27. Fill in the missing entries in the following matrix product.

10 1 1 0 -1 3
2 -1 0 =11 00
1 3 1 0 2 2 =29

28. If A, B are square matrices of order n, is it true that (A —
B)(A+ B) = A* — B?? If not under what conditions will it be true?
Expand (A + B)3.

29. Determine the range of values of a, b, ¢ for which the following
matrix is triangular.

5 6 b 0
0 a 2 —1
c 0 —1 2
00 o0 3

30. In each case below, you are given a matrix A and its product
Az with an unknown vector . In each case determine whether you
can identify the vector z unambiguously.

(i) A:<i _;>,Ax:<_ﬁ>

11 -1 4

(i) A= -1 1 1 |,Az= 2
-1 5 1 14

11 -1 0

@i) A= -1 1 1|, Az=1[0
03 1 0
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112 0
(i) A=| -1 0 1 |, Az=] 0
13 4 0

31. Inverses of partitioned matrices: Given two square matri-
ces of order n, to show that B is the inverse of A, all you need to do is
show that AB = BA = the unit matris of order n.

Consider the partitioned square matrix M of order n, where A, D
are square submatrices of orders r, n — r respectively. In the following
questions, you are asked to show that M~! is of the following form,
with the entries as specified in the question.

A B
=& 5)
L (E F
M= ( G H
(i.) If M, A are nonsingular, then £ = A™! — FCA™! F =

—A"'BH,G =—HCA™', and H = (D — CA"'B)~\.

(ii.) If M,D are nonsingular, then £ = (A — BD'C)™!, F =
_EBD',G=—D"'CE, H=D"'—GBD".

(iii.) f B=0,r=n—1,and D = a where & = %1, and A is
invertible, then £ = A1, F =0, G = —aCA™', H = a.

32. Find the determinant of the following matrices.

o 1 0 ... 0

0O 0 1 ... 0 a+b ¢ 1
oo o | b+c a 1
00 0 ... 1 cta b1

Pr P2 P3 ... Dn
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14+ o ag ... o'
ap 14+ay ... Qay,
(&5} Qo ... 1—|—O¢n

33. Consider following matrices:

A, = (a;;) of order n with all diagonal entries a; = n, and all
off-diagonal entries a;; = 1 for all @ # j.

B,, = (b;; of order n with all diagonal entries b; = 2; b; 11, = b; ;11 =
—1 for all i= 1 to n — 1; and all other entries 0.

Cy, = (¢;;) of order n with ¢; ;41 = 1 for all i = 1 to n — 1; and all
other entries 0.

Show that C,, + C! is nonsingular iff n is even.

Develop a formula for determinant(A,,) in terms of n.

Show that determinant(B,,) = 2 determinant(B,,_;) - determinant(B,,_2).

34. If A, B,C are all square matrices of the same order, C' is non-
singular, and B = C7'AC, show that B¥ = C~'A*C for all positive
integers k.

If Ais a square matrix and AA7 is singular, then show that A must
be singular too.

If u= (up,...,u,)7T is a column vector satisfying u’u = 1, show
that the matrix (I — 2uu”) is symmetric and that its square is I.

T

If A, B are square matrices of the same order, and A is nonsingular,
show that determinant(ABA™!) = determinant(B).

35. Consider the following system of equations. Without comput-
ing the whole solution for this system, find the value of the variable x4
only in that solution.

T + 21‘2 +x3 = 13
xr1 + 20 + Q.TQ = -9
21’1 + 22+ 23 = —12.
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Chapter 3

n-Dimensional Geometry

This is Chapter 3 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

3.1 Viewing n-tuple Vectors As Points of
n-Dimensional Space R" By Setting
Up Cartesian Coordinate Axes

In 1637 the French philosopher and mathematician Rene’ Descartes
outlined a very simple idea for viewing n-tuple vectors as points in
n-dimensional space using a frame of reference which is now called
the Cartesian coordinate system. It is a very revolutionary idea
that helped unify the two main branches of mathematics, algebra and
geometry. We will now explain this idea for n = 1, 2, 3, and higher
values.

The Case n =1

The case n = 1 is very direct. Each vector of dimension 1 is a real
number, x, say. Draw a straight line (the one dimensional real line)
and select any point on it as the origin which will be represented by
(or corresponds to) 0. Select a unit of length for measurement, say

265
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1 inch = 1 unit. The origin divides the real line into two half lines
(on the right and left hand sides of the origin), select one of these half
lines to represent positive numbers, and the other to represent negative
numbers. By the universally accepted convention, if z > 0, then it is
represented by the point exactly x inches to the right of the origin on
the real line; and if x < 0, then it is represented by the point exactly
|z| inches to the left of the origin. This way, there is a one-to-one
correspondence between points on the real line and real numbers, i.e.,
one dimensional vectors. See Figure 3.1.

Figure 3.1: One dimensional vectors represented as points on the real
line.

The Case n = 2

We will now explain the concept for n = 2. In this case also, it is
possible to draw the axes of coordinates on a two dimensional sheet
of paper and verify the one-to-one correspondence between the vectors
and points in the space.

Select a point on the two dimensional sheet of paper as the origin
corresponding to the 0-vector, (0, 0). Draw two perpendicular straight
lines through the origin, one horizontal stretching from left to right, and
the other vertical stretching from top to bottom. These two perpendic-
ular straight lines constitute the Cartesian coordinate axes system
(also called rectangular coordinate system) for the 2-dimensional
space represented by the sheet of paper; the lines are called axes or
coordinate axes, the horizontal and the vertical axes. Now assign
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X -axis

(0,-3) 1-3

Figure 3.2: The Cartesian (rectangular) coordinate system for the
2-dimensional plane. The angles are all 90° (7/2 in radians). 2-
dimensional vectors x = (x1,z5) are represented as points in the 2-
dimensional plane.

each component of the vector (z1,z5) to an axis. Suppose we assign z;
to the horizontal axis, and x5 to the vertical axis. Then the horizontal
axis is called the z;-axis, and the vertical axis called the z,-axis in
the coordinate system.

Select a unit of length for measurement, say 1 inch = 1 unit, on each
of the axes (the units for the two axes may be different). By convention,
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on the horizontal axis, points to the right of the origin have x; > 0;
and those to the left have xy < 0. Similarly, on the vertical axis, points
above the origin have x5 > 0, and those below the origin correspond to
29 < 0. On each axis mark out the points which are an integer number
of inches from the origin and write down the number corresponding to
them as in Figure 3.2.

To get the unique point corresponding to the vector x = (x1, z3),
do the following;:

if xty =0 from the origin, go to the point corresponding to
x9 on the zo-axis itself (i.e., if x5 > 0 it is x5 inches
above the origin, if xo < 0 it is |x2| inches below
the origin), this is the point corresponding to the
vector x

if ;1 #0, go to the point corresponding to z; on the ;-
axis, P say. From P move x, inches above P if
xo > 0, or |xe| inches below P if zo < 0, along
the straight line parallel to the zs-axis through
P. The resulting point is the one corresponding
to the vector x.

Now to find the 2-dimensional vector corresponding to a point () in
the 2-dimensional plane under this frame of reference, do the following:
drop perpendiculars from @) to each of the coordinate axes, and measure
the length of each perpendicular in the unit choosen for the axis to
which it is parallel (inches here). Then, this point @ corresponds to
the vector

x = (x; = length of the perpendicular parallel to the x;-axis,
x9 = length of the perpendicular parallel to the z,-axis)

this vector x is called the vector of Cartesian coordinates or the
coordinate vector of the point Q).

Clearly each 2-dimensional vector corresponds to a unique point in
the 2-dimensional space and vice versa, once the rectangular coordinate
system is choosen.
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The Case n =3

For n = 3, to represent 3-dimensional vectors = = (x1, 29, x3) as
points in 3-dimensional space, the procedure is very similar. We select
a point in 3-dimensional space as the origin representing the vector 0 =
(0, 0, 0), and draw three mutually perpendicular axes, the zj-axis, -
axis, rz-axis through it, and select a scale on each axis (1 inch = 1 unit,
say). This gives the Cartesian coordinate system for 3-dimensional
space. In this, the origin divides each axis into two halfs. On each
axis, designate one of the halfs to represent nonnegative values of the
corrresponding component, and the other half to represent nonpositive
values of that component.

To find the point corresponding to the vector = = (xy, 9, x3),
first find the point P corresponding to the subvector (zi,x9) in the
2-dimensional plane determined by the z; and x5 axes (called the x;
ro-coordinate plane) just as in the 2-dimensional case discussed ear-
lier. If z3 = 0, P is the point corresponding to the vector x. If x5 # 0,
at P draw the line parallel to the z3-axis and move a distance of |z3]
in x3-axis units along this line in the positive or negative direction
according to whether x3 is positive or negative, leading to the point
corresponding to the vector x. See Figure 3.3.

Now to find the vector (Z1,Zs,T3) corresponding to a point @ in
space: if () is already a point in the x; xs-coordinate plane, z3 = 0,
and find the vector (z1,Z2) by applying the 2-dimensional procedure
discussed earlier in the x; ws-coordinate plane. If ) is not in the
1 x9-coordinate plane, drop the perpendicular from () to the xq xo-
coordinate plane, and measure its length in zs-axis units. Z3 is this
length multiplied by +1 depending on whether this perpendicular is
on the positive or negative side of the x3-axis in relation to the x; -
coordinate plane. If the foot of this perpendicular is P, then find the
subvector (Z1, o) as the coordinate vector of P in the x; z3-coordinate
plane as in the 2-dimensional case discussed earlier. See Figure 3.4.

Here again there is a one-to-one correspondence between 3-dimensional
vectors and points in 3-dimensional space. The vector cooresponding
to a point in 3-space is called its coordinate vector under the coordinate
axes system set up.
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The Case n > 3

For n > 3, the procedure can be visualized to be the same, even
though we cannot carry it out physically, since we only live in a 3-
dimensional world. We select the coordinate axes to be n mutually
perpendicular lines through a point in space selected as the origin rep-
resenting the O-vector, and select the positive and negative sides of the
origin on each axis, and a scale for measuring lengths on it.

X3 -axis
(Xl’ x2 , x?))
i
(X, +0,0) _
| - X4 -axis
i 0 s
1 ///
1 s
| 7
L
X, -axis v
P= (xl ' Xo 0)

Figure 3.3: The Cartesian (rectangular) coordinate system for 3-
dimensional space. All the angles are 90" (7/2 measured in radians).
3-dimensional vectors (xy,z,x3) are represented as points in the 3-
dimensional space.

For each j = 1 to n, the x125... 21241 ... x,-coordinate plane
determined by the corresponding axes partitions the space into two
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half-spaces, one containing the positive half of the z;-axis, and the
other containing the negative half.

To get the point in space corresponding to the vector x = (x4, .. .,
Tp_1,Ty,), first obtain the point P in the 125 ... x, j-coordinate plane
corresponding to the subvector (z1,...,z,_1); if 2, = 0, this P is the
point corresponding to x. If x,, # 0, to get the point corresponding to
x, move a distance of |z,| in z,-axis units in the positive or negative
direction depending on the sign of z,, along the line parallel to the
Tp-axis through P.

To find the coordinate vector (Zy, ..., Z,) corresponding to a point
@ in space, if ) is in the 125 . .. x,_1-coordinate plane, z,, = 0 and the
subvector (Z1,...,Z,_1) is found exactly as in the (n — 1) dimensional
case in the z1...x,_j-coordinate plane. If () is not in the z1...x,_1-

X3
P P
// // 1
e ' 1
// ”/ —_ —_— !
Pl = VX oy X
(- —— - -Qr’ 1 1 2 3:)
1 I 1
1 I 1
1 I 1
1 1 1
| Ol — X1
1 1 P X
i | PO
1 1 s
1 1 4
1 1 .7
1 1 ,
e
Y i E//
X .
2/ T T ¢ —
P=x,.x%,,0
X1 :%5,0)

X2

Figure 3.4: P is the foot of the perpendicular from @) to the z; xo-
coordinate plane, and T3 is the length of QP multiplied by +1. All
angles are 90" (7/2 in radians).
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coordinate plane, drop the perpendicular from @ to the z;...x,_1-
coordinate plane, and take Z,, to be its length in the z,-axis units, mul-
tiplied by +1 depending on whether () is on the positive or the negative
side of this coordinate plane. The remaining subvector (Z1,...,Z, 1)
is the coordinate vector of the foot of this perpendicular P in the
x1...x,_1-coordinate plane found as in the (n — 1)-dimensional case.

With this, the one-to-one correspondence between n-dimensional
vectors and points in n-dimensional space holds.

Setting up the coordinate axes and representing each point in space
by its coordinate vector makes it possible to use algebraic notation and
procedures for the description and study of geometric objects. This
area of mathematics is called analytical geometry.

So, in the sequel, we will refer to vectors € R" as also points in
R™; and the various components in the vector z = (z1,...,x,) as its
coordinates.

In the geometric representation of an n-dimensional vector by a
point in n-dimensional space, there is no distinction made between row
vectors and column vectors. We will assume that the vectors corre-
sponding to points in n-dimensional space are either all row vectors, or
all column vectors, which will be clear from the context.

Exercises
3.1.1: Set up the 2-dimensional Cartesian coordinate system and

plOt the pOil’ltS: (17 2)7 (_17_2)7 (17_2)7 (_172)7 (07 3)7 (_37 0)7 <O7
2), on it.

3.2 Translating the Origin to the Point a,
Translation of a Set of Points
Suppose we have set up the Cartesian coordinate system for R™ with

a point O selected as the origin represented by the 0O-vector. Let
r = (z1,...,2,)", a = (ay,...,a,)T be the coordinate vectors cor-
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responding to points P, () respectively in space WRT this coordinate
system.

Now if we change the origin from O to (), moving each coordinate
axis from the present position to the new position parallel to itself,
we get a different Cartesian coordinate system which is parallel to the
old. This operation is called translating the origin to the point ()
represented by the coordinate vector a.

The coordinate vector cooresponding to the point P WRT the new
coordinate system will be x — a.

Thus if we translate the origin to a, it has the effect of adding the
vector —a to the coordinate vector of every point.

x2—axis !

1
1
i
i« P=(x ,%x )becomes
i g %)
1

3 (X -l,x2 -2 ) after translation.
1

_____________ 73 S

1(1,2)

1 i
:
1 _ .

5 T 3 X, -axis
1
i
i
i
i
1
i

Figure 3.5: Translating the origin from 0 to (1,2). The new coordinate
system is shown in dotted lines. This changes (z1, z3) to (z1—1, 22 —2).

Let S C R™ be a set of points, and £ € R"™ a point. Then the
translate of the set S to the point 7 is the set of points {y+z : y € S};
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which is denoted by the symbol z+ S sometimes. It is the set obtained

by adding z to every point in S. The process of obtaining z + S from
S is called translation of S to .

Example 1: Let

e ()

1))
1O

See Figure 3.6

X, -axis

* 3
+ * 2 *

+ 1+

X -axis

2 1 0 1 2

_ . -1

X =(-1,-1)

-2

Figure 3.6: The set S consists of all the points marked with “*”. 7 is

the point marked with “.”. z + S is the set of all points marked with
(C_"_” .
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Exercises

3.2.1 We are given the following sets of vectors. Write the set of

coordinate vectors of points in these sets when the origin is translated
to (1,2,-3)T.

B
B

3.2.2: Consider the following sets: S = {z = (z1,22)7 : 0 < 7y <
L,0<my <1}, T={z+(-1,2)" : 2 € S}. To which point should the
origin be translated to make the set S into the set 177

3.2.3: In the following pairs S, T check whether 7' is a translate of

A CI

S.
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3.3 Parametric Representation of Subsets
of R"

For any n > 2, one way of representing a subset of points in R" is the
parametric representation.

In parametric representation of any subset S of points in R", the
coordinates of a general point in the subset S are expressed as functions
of one or more parameters in the form

T fl(@la-"aar)
X2 f2(0417-"7ar)

r= X - fj(Oél, ey Oér) (31)
T folag, ... ap)

In this representation, the jth coordinate of a general point in S is
expressed as the function f;(a,...,a;) of r parameters o, ..., o, for
J = 1 to n; where each parameter can take a real value subject to some
constraints which will be specified.

If there are no constraints on the parameters o, ..., a,, by giving
all possible real values to each of them in (3.1), we should get all the
points in the set S. Thus in this case

S = {(filar,...,a), ..., fulaq,...,c.))T

ai,...,q, take all possible real values}.

Constraints on the parameters aq, ..., a, may be simple, such as:
ap>0forallt=1tor;or0 <oy <1lforallt=1tor,etc. By giving
all possible real values to the parameters satisfying these constraints,
we should get all points in the set S. Then in this case,

S = {(filar, . ,ap), o folag, o) g, .

take all possible real values subject to the constraints on them}.
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In (3.1), if r = 1, i.e., if there is only one parameter in the represen-
tation, then the set S usually corresponds to the set of points on a one
dimensional curve in R". If r = 2 (two parameters), then the set S
usually corresponds to a set of points on a two dimensional surface in
R™.

We will see examples of parametric representations of some subsets
in R" in the following sections. For us, the most important subsets are
of course straight lines, half-lines, and line segments, for which we give
the definitions here.

The expression in (3.1) represents a straight line in R" for any
n > 2, if r = 1 and all the functions fi, ..., f, are affine functions (i.e.,
polynomials of degree one or constants) with the parameter appearing
with a nonzero coefficient in the expression for at least one z;, and
with no constraints on the value of the parameter. In addition, if the
parameter, «; say, is required to satisfy an inequality constraint (i.e.,
either oy > k or ay < k for some constant k, this type of constraint
is usually transformed into and stated in the form of nonnegativity
restriction on the parameter) it represents a half-line in R™. On the
other hand if the parameter «; is required to lie between two specified
bounds (i.e., in the form k; < oy < ks for specified k; < ko, this type
of restriction is usually transformed into and stated in the form 0 <
parameter < 1) it represents a line segment in R". We discuss each
of these subsets in detail in the following sections.

3.4 Straight Lines in R"

The general parametric representation of a straight line in R™ involves
only one parameter, and is of the form

{z = (a + ab) : parameter « taking all real values}

where a, b are given vectors in R™ and b # 0.

Notice that if b = 0, z = a for all values of «, the above set
contains only one point a and not a straight line. That’s why in the
above representation b is required to be nonzero.

a =0 gives x = a, and a = 1 gives x = a + b. So, both a,a + b are
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on the straight line. Since two points in any space uniquely determine
a straight line, the above straight line is the one joining a and a + b.

Here are examples of parametric representations of straight lines
in spaces of various dimensions (« is the only parameter in all these
examples).

L, = R 3 —da ;o takes all real values
To 8+ 2«

Ty —6 — 4«
To 3o
Ls = r3 | = 0 .« takes all real values
Ty 3
Ty 8 —Tu

By giving the parameter the values 0 and 1 respectively, we get two
distinct points on the straight line, and the straight line itself is the
unique one joining these two points. For example on the straight line
Ls in R® given above, these two points are

(—6,0,0,3,8)" and (-10,3,0,3,1)"

and L3 is the unique straight line joining these two points.

When a parametric representation of a straight line L in R" is given
in terms of the parameter «, using it, it is very easy to check whether
a given point £ € R" is contained on L or not. All we need to do is
check whether the general point on L expressed in terms of o becomes
x for some real value of . If it does, then & € L, otherwise = & L.
Here are some examples.

Example 1: Check whether = (114, -90,0,3,218)7 is con-
tained on the straight line L3 in R® given above. For this we need to
check whether there is a value of a which will make
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—6 — 4o 114
3o -90

0 = 0

3 3
8§ —Ta 218

From the first component of these two vectors, we see that —6—4a =
114 iff @ = —30. We verify that when we substitute a = —30, the
equation holds for all components. Hence = € Ls.

Now consider the point z? = (—10,3,0,5,1)T. We see that the
equation

—6 — 4o —10
3a 3
0 = 0
3 5

8§ —Ta 1

can never be satisfied for any «, since the fourth components in the two
vectors are not equal. So, 22 ¢ Lz. Similarly 23 = (—10,3,0,3,15)T ¢
L3 as there is no value of a which will satisfy

—6 — 4o —10
3a 3
0 = 0
3 3

8 —Ta 15

Example 2: Consider the straight line {z = z(a) = (—1 +
20,2 — )T : « real}. This is the straight line joining the points
z(0) = (—1,2)7 and z(1) = (1,1)” in R% See Figure 3.7
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X -axis

2

Figure 3.7: A straight line in R2.

Given Two Distinct Points in R", How to Obtain
the Parametric Representation of the Straight Line
Joining Them?

Suppose a = (ai,...,a,)" and ¢ = (c1,...,c,)T are two distinct
points in R™. The parametric representation of the unique straight line
joining them, with parameter «, is

r=z(a) =a+ ab
where b = ¢ — a. Since a, ¢ are distinct, b = ¢ —a # 0. So the above
parametric representation does represent a straight line. Also, verify

z(0) = a, and (1) = a+b=a+c—a = c. So both a,c are on this
straight line, hence it is the straight line joining them.

Example 3: Let

(Ao (F)on(2)

Hence the straight line in R? joining a, c is given by
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{x =z(a) = ( _31_+4?;a ) : o takes all real Values}

How to Check if Two Different Parametric Rep-
resentations Correspond to the Same Straight Line?

Consider the following three different parametric representations of
straight lines:

Li = {(2,3"+a(-1,1)": a real}
Ly = {(2,3)" +3(-2,2)" : 3 real}
Ly = {(—1,6)" +~(=3,3)" : v real}

Outwardly they seem to be three different lines. But actually if we
substitute f = «/2 in Ly we see that Lo is the same set as Ly, so Ly
and Ly are the same line. Also, in Ly if we substitute v = —1 + («/3)
we get the representation for Ly, so L, and L3 are the same line. So,

all of the representations above correspond to the same straight line in
R2.

In the same way, given two parametric representations in R™:

U = {x=a+ab:«a real}
V. = {z=c+Bd: 3 real}

they both correspond to the same straight line in R™ if the following
conditions are satisfied:

(i) d is equal to a scalar multiple of b
(ii) a — c is a scalar multiple of b.

If either of these conditions does not hold, the straight lines U, V'
are different.
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Example 4: Consider the representations for L, Lo, L3 given
above. We verify that every pair of these representations correspond
to the same straight line in R2.

Example D: Consider the representations

Ly = {z=(2,3,-7)"+a(0,1,-1)" : a real}
Ly = {z=(2,3,-7"4+p5(0,6,-1)": 3 real}

Since the coefficient vectors of the parameters in these two represen-
tations are (0,1, —1)7, (0,6, —1)" and these two vectors are not scalar
multiples of each other, L4, Ly are different staright lines.

Example 0: Consider the representations

Ls = {v=(4,1,5"+0a(1,2,3)" : a real}
L; = {z=(537"4+3(2,4,6)": 3 real}

Here the coefficient vectors of the parameters in the two representa-
tions (1,2,3)7, (2,4,6)T are scalar multiples of each other, so condition
(i) is satisfied. When we put «, 8 = 0, the points obtained on Lg, L;
are (4,1,5)T, (5,3,7)T and their difference (1,2,2)7 is not a scalar mul-
tiple of the coefficient vector of the parameter. Hence condition (ii) is
violated, so Lg, L7 are different lines.

How to Obtain a Linear Equation Representa-
tion of a Straight Line in R" Given Its Parametric
Representation

A straight line in R"™ is the set of solutions of a linearly independent
system of n — 1 linear equations in n variables. It is the affine hull of
any two distinct points in it. Its linear equation representation can
be obtained from its parametric representation using the algorithm
discussed in Section 3.11.

Exercises
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3.4.1 Check whether the straight lines represented by the following
pairs of representations are the same or different (in (i), (ii) they are
the same; in (iii), (iv) they are different).

(i) {z=(0,-7,2,-6)+a(—-2,1,2,4) : areal}; {x = (—6,—4,8,6)+
B(=6,3,6,12) : B real}.

(ii) {z = (18,-12,3,0) + «(0,2,1,—7) : a real}; {x = (18, 12,3,
0)+ 5(0,1,1/2,=7/2) : 3 real}.

(iii) {z = (8,9-5,4)+ (12,18, -21,9) : areal}; {x = (20,27, —26,
12) + 3(4,6,—7,3) : (§ real}.

(iv) {x=(1,1,1,1,1) + a(10,3,-7,4,2) : a real}; {z = (1,1,1, 1,
1) + 3(30,9, —21,11,6) : 3 real}.

3.5 Half-Lines and Rays in R"

The general parametric representation of a half-line is of the form {z =
a+ab:a>k}or{r =a+pb: [ <k} for some given vectors
a,b in R™ with b # 0 and constant k. The first can be expressed as
{z = (a + kb) +~b : v > 0}, and the second can be expressed as
{z = (a+ kb) +6(—b) : § > 0}. For this reason, we take the general
parametric representation for a half-line to be

{z =2(a) = (z1(a),...,z,(a))’ 1 a >0}

where z(a)) = a + ab for some a,b € R" with b # 0. It is the subset of
the straight line {z = z(«) : « takes all real values} corresponding to
nonnegative values of the partameter, that’s the reason for the name.
This half-line is said to begin at a = (ay,...,a,)? corresponding to
a = 0, and said to have the direction vector b = (by,...,b,)". The
direction vector for any half-line is always a nonzero vector.

Example 1: Consider the half-line in R*

Lt ={z=2(a) = (6 —a,-3+a,4,7—2a)" : a >0}
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Let
vt = (4,-1,4,3)", 2% = (8, 5,4, 11)", 2® = (5,2,4,9)"

Determine which of these points are in L. For this we need to find
a nonnegative value for the parameter a that will make z(«) equal to
each of these points. For z! this equation is

6 —« 4
—3+a | | -1

4 o 4
7T — 2« 3

and we verify that o = 2 > 0 satisfies this equation. So, z! € L.
For z2, the equation is

66—« 8
—3+a | [ -5

4 N 4
7T — 2« 11

and o = —2 satisfies this equation. Since —2 % 0, 2? ¢ L.
For 23, we have the equation

66—« 5
-3+« 2

4 I
7T — 2« 9

This cannot be satisfied by any «, hence 2° & LT.

Example 2: Consider the half-line {z = z(a) = (14 2a, -2 +
3a)T i a > 0} in R?. Tt begins at z(0) = (1,—2)7, and z(1) = (3,1)7
is a point on it. See Figure 3.8. Its direction vector is z(1) — x(0) =
(2,3).

A half-line which begins at 0 is called a ray. In R", for every
a € R", a # 0, there is a unique ray, {x = aa : @« > 0}. a is called the
direction or the direction vector of this ray.
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Example 3: Let a = (—1,-2)T € R2. Its ray is shown in Figure
3.8 as the dotted half-line. Since (—10, —20)" = 10(—1, —2)” and the
scalar multiple 10 > 0, the point (=10, —20)7 is contained on this ray.

(10,20)7 = —10(—1, —2)7, and since the scalar multiplier —10 % 0,
the point (10,20)7 is not contained on the ray of (—1,—2)7.

For a € R",a # 0, verify that the rays of a, and va for any v > 0,
are the same. So, the points a,~vya for any v > 0, correspond to the
same direction.

In R!, there are only two directions (positive direction, negative
direction). For any n > 2, there are an infinite number of directions in
R™.

Let a,b € R™, b # 0. Then the half-line {z = a+ ab: a > 0} in
R™ beginning at a, is parallel to the ray of b. It is the translate of the
ray of b to a. The point a 4+ ab on this half-line is known as the point
obtained by moving from a in the direction of b a step length of «.
See Figure 3.9.

Two parametric representations

Figure 3.8: The half-line in R? from (1, —2)7 in the direction of (2, 3)7 is
the solid half-line parallel to the ray of (2,3)” which is the dashed half-
line through the origin in the positive quadrant. The ray of (=1, —2)7
is the dotted half-line through the origin in the negative quadrant.
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Ly = {x=a+ab:a>0}
Ly = {z=c+pd:3>0}

represent the same half-line iff (i) starting points are the same, i.e.,
a = ¢, and (ii) the directions b, d are positive scalar multiples of each
other.

For example {(2,1,3)+a(1,2,4) : « > 0} and {(3,3,7)+5(1,2,4) :
B > 0} are not the same half-line because their starting points are
different. In fact the the 2nd half-line is a subset of the first.

The half-lines L, = {(—1,2,1) + a(—2,4,2) : a« > 0} and Ly =
{(-1,2,1) + B(—1,2,1) : § > 0} are the same half line. However, as
they are represented, the points obtained by moving from the starting
point a fixed step length (say 1 unit) in Ly, Ly are not the same because
the direction vector of Ly is half the direction vector of L.

The half-lines {(10,3) +a(—1,2) : « > 0}, {(10,3)+5(1,-2): 8 >
0} are not the same because their direction vectors are not positive

multiples of each other. In fact they form the two half-lines of a straight
line broken at the point (10, 3) which is the starting point of both these
half-lines.

3.6 Line Segments in R"

A general line segment in R" is of the form {x =d' + 0 : ¢ < 3 < u}
where @', b’ are given vectors in R" with &' # 0, and the bounds on the
parameter satisfy ¢ < u. By defining a = a’ +¢b', b = (u — £)b’ this can
be expressed as {z = z(a) = a+ ab: 0 < a < 1}, where b # 0. For
this reason, the parametric representation for a line segment is usually
stated in this form.
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4
/
- I //
X, -axis y
Ray
3 Y
/ Halffline
/
2 A1,2)=
/
1,/ (3, 1)=a+b

X1 -axi1s

Figure 3.9: A half-line through (2, —1)7 parallel to the ray of (1,2)7
R?%. The point (3,1)T = (2,—1)" + (1,2)7 is obtained by moving from
(2,—1)" a step length of 1 in the direction of (1,2)7.

This line segment joins (0) = a to z(1) = a+ b, and is the portion
of the straight line joining these two points that lies between them.
x(0), z(1) are the two end points of this line segment.

EX&HIp]G 1 Consider the line segment {z = z(a) = (6—a, —3+
a,4+ 20,7 —2a)T 1 0 < a < 1}. Let 2! = (5.5,-2.5,5,6)7, 22 =
(4,-1,8,3)7.

This line segment joins z(0) = (6, —3,4,7)” and (1) = (5, —2,6,5)T
in R*. To check whether z! is on this line segment, we consider the
equation
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6 — « 5.5
—3+a | | =25
44+2a | 5
7T — 2« 6

which has the unique solution o = 0.5, and since 0 < 0.5 < 1, z! is on
this line segment.

Similarly, to check whether z? is on this line segment, we consider
the equation

6 —« 4
—3+a | | -1
44+2a | 8
7 — 2« 3

which has a solution o = 2. Since 2 is not between 0 and 1, 22 is not
on this line segment.

Example 2. Consider the line segment {z = z(a) = (1
20, =2 + 3a)? : 0 < @ < 1} in R? This line segment joins x(0)
(1,—2)T and z(1) = (3,1)”. See Figure 3.10.

+

Suppose a = (ai,...,a,)" and ¢ = (c1,...,¢,)T are two distinct
points in R". The parametric representation (with parameter «) of
the line segment joining them is {x = z(a) = a+ ab: 0 < a < 1},
where b = ¢ — a # 0 because a # ¢. We verify that z(0) = a, and
z(l)=a+b=a+c—a=c.

Example 3. Let a = (1,-2)T and ¢ = (3,1)7. Then b =
c—a = (2,3)T. Then the line segment joining a,c is {xr = z(a) =
(1+2a, -2+ 3a)? : 0 < a < 1} pictured in Figure 3.10 above.

Given two parametric representations for line segments, they repre-
sent the same line segment iff the sets of end points for the line segments
in the two representations are the same.
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X, -axis
2

3

2

T
(CY)

1 /
X, -axis

2 1 |o 1 3 1

> A2

Figure 3.10: The line segment joining (1, —2)” and (3,1)” in R%.

Exercises

3.6.1 (i): Let L be the straight line {z = z(a) = (7 — 20,8 +
3a, —4, —2—3a) : « takes all real values}. Check whether the following
points are on L or not. (a) (Yes) (—13,38,—4, —32), (19, —10, —4, 16),
(7,8, -4, —2); (b) (No) (5,14, —4, —8), (1,17, —4, —5).

(ii): Express the straight line joining the following pairs of points in
parametric representation: {(1,8,—6),(2,6,—10)}, {(2,1,4,0),(-3,0,
-2,-8)},{(2,2,2),(1,1,1)}, {0, (2,4)}. Draw the straight line joining
the last pair of points on the 2-dimensional Cartesian plane.

(iii): Consider the half-line {z = z(a) = (6 — @, =T+, 8 — 2a, 4 +
a) : o > 0}. Mention which of the following points are on this half-line
and which are not: (a) (Yes) (—4,3,—-12,14), (6,—7,8,4); (b) (No)
(8,-9,12,2), (5,—6,4,6), (6, ~7,6,5).

(iv): Mention which of the following points are contained on the ray
of (=5, —4,—1,—2) and which are not: (a) (Yes) (—25, —20, —5, —10);
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(b) (No) (5,4, 1,2), (—10, —8,2,4).

(v): Mention which of the following points are contained on the
line segment {r = z(a) = 3 — .4+ @,6 + 2a,—7 —4a) : 0 <
a < 1}, and which are not: (a) (Yes) (2,5,8,—11), (5/2,9/2,7,—9),
(11/4,17/4,13/2, —8); (b) (No) (1,6,10, —15), (5,2,2,1).

3.7 Straight Lines Through the Origin

Let a = (ay,...,a,)T # 0 be a point in R™. Then the straight line

{z =x(a) = aa:a takes all real values}

is the straight line joining 0 and a, because x(0) = 0 and z(1) = a.
This straight line contains the ray of a.

Example 1: The ray of (1,—1)7 € R? and the straight line
joining 0 and (1, —1)7 are shown in Figure 3.11.

Example 2 Consider the following points in R*.

1 —15 30 15
= T T2 IR (Vi N T
T o2 0 T s T T 60 |0 T 40
-3 45 -90 —60
We have
Straight line joining 0 and a = {(a, —a,2a, —3a)” : o takes

all real values}
Ray of a = {(a,—a,2a,-3a)" :a >0}
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X~ -axis
2

3

Figure 3.11: The straight line joining 0 and (1, —1)7 in R2. The dashed
portion of this straight line is the ray of (1, —1)7.

a! is obtained from (o, —a, 2a;, —3a)” when a = —15. Since this
value of a < 0, a' is not on the ray of a, but is on the straight line
joining 0 and a.

a® is obtained from (o, —a,2a, —3a)T when o = 30. Since this

value of a > 0, a? is on the ray of a.

There is no value of « that will make a® = (o, —«, 2a, —3a)T. So,

a® is not on the straight line joining 0 and a.

Exercises

3.7.1: Let a = (=1, —2)T. Plot the ray of a on the two dimensional
Cartesian plane, and check whether (—6,—12)7, (7,14)7, (=8, —17)
are on the ray of a, or on the straight line joining 0 and a.
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3.8 Geometric Interpretation of Addition
of Two Vectors, Parallelogram Law

o= (2 )= (1= (2) (1) (3)

i.e., a + b is the fourth vertex of the parallelogram whose other three
vertices are 0, a, b. See Figure 3.12.

Let

X~ -axis

a+b

Xl -axlIs

Figure 3.12: Parallelogram law of addition of two vectors.

This is also true in R"™ for any n > 2. Given two distinct nonzero
vectors a,b € R™, the two line segments [0, a|, [0, b] are the two sides of
a unique two dimensional parallelogram whose fourth vertex is a + b.
This gives the geometric interpretation for the sum of two vectors, and
is known as the parallelogram law of addition of two vectors.
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Exercises

3.8.1: Plot the points (1, 2), (2, 1), (3, 3) = (1, 2) + (2, 1) on the
2-dimensional Cartesian plane and verify that these three points and 0
form the vertices of a parallelogram.

3.9 Linear Combinations, Linear Hulls or
Spans, Subspaces

A subset S C R" is said to be a subspace of R" if it satisfies the
following property:

for any two vectors a,b € S, all linear combinations of a, b
(any vector of the form aa + (b, for any real values of a, 3)
also belongs to S.

Since the origin, 0, is obtained as the zero linear combination of
any pair of vectors, 0 is contained in every subspace of R". Stating it
another way, a subset of R™ not containing 0, cannot be a subspace of
R™.

Examples of subspaces of R"™ are the various coordinate planes of
various dimensions.

Linear Combinations of Vectors

Let {a',...,a*} be a set of k vectors in R". By our convention,
either all these are column vectors, or all these are row vectors; we will
treat the case where they are all column vectors. As defined in Section
1.5, a linear combination of {a',...,da"} is a vector of the form

alal +...+0zkak

where oy, . . ., oy, the coefficients of the vectors a', . . ., a¥ in this linear
combination, can be any real numers.
The set of all such linear combinations of {a', ..., a*} is a subspace

of R" called the linear hull or the linear span of, or the subspace
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spanned by the set of vectors {a',...,a"}. A parametric representa-
tion of this subspace is

{aja' +... +oapa® :ay,..., 04 take all real values}

It may be possible to get a parametric representation of the same
subspace using fewer parameters. This is discussed later on in this
section.

Example 1: Let n = 2, and consider the single point set {(—1,1)7}.
Any vector of the form (—a,a)? for a real is a linear combination of
this singleton set. So, the linear hull of this singleton set is the straight
line joining 0 and (—1,1)7. See Figure 3.13.

X, -axis
2

3

2

Xl -axlIs

Figure 3.13: The subspace spanned by (—1,1)7.

Example 2 Letn = 3, and consider the set of vectors in R?



3.9. Linear Hulls 295

A linear combination of this set is a vector of the form (ay, as, 0)7,
i.e., a vector in the x;z5-coordinate plane in R3. See Figure 3.14.

,0,0)

1
1
1
1
1
1
1
1
X i
1
1

2

Figure 3.14: The linear hull of {(1,0,0)7,(0,1,0)T} in R? is the x;25-
coordinate plane.
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Algorithm to Check if A Column Vector b € R"
Is In the Linear Hull of a Set of Column Vectors
{a',...,a*} C R"

BEGIN

For this, you have to solve the following system of linear equations

in which the variables are the coefficients aq, ..., ak.
(0 I 07 3
at ... d"|b

Either the GJ pivotal method, or the G elimination method dis-
cussed earlier (Sections 1.16, 1.20) can be used to solve this system.

If the system has no solution, b is not in the linear hull of {a!, ..., a*}.

If the system has a solution, let a solution for it be (ay, ..., ).
Then b = aja' + ... + aga®, and hence it is in the linear hull of
{a*,... a"}.

END

Example 3: Let

1 0 1
1_ |0 o _ | 1| s _ | —1
a=1,12=],° 1
0 0 -1
3 2
1| 1 2 _ 0
b = 9 b7 = 3
—2 —4

To check whether b! is in the linear hull of {a!, a?, a®} we solve the
following system of equations by the GJ method. Since the first two
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{ ak} ⊂
BEGIN
For this, you have to solve the following system of linear equations
in which the variables are the coeﬃcients α1, . . . , αk.
α1 . . . αk
a1 . . . ak b
Either the GJ pivotal method, or the G elimination method discussed
earlier (Sections 1.16, 1.20) can be used to solve this system.
If the system has no solution, b is not in the linear hull of {a1, . . . , ak}.
If the system has a solution, let a solution for it be (¯α1, . . . , ¯αk).
Then b = ¯α1a1 + . . . + ¯αkak, and hence it is in the linear hull of
{a1, . . . , ak}.
END


3.9. Linear Hulls 297

column vectors in this tableau are already unit vectors, we can select
a1, (i as basic variables in rows 1, 2 directly. Then we select the column
of a3 as the pivot column to perform a GJ pivot step in Row 3. The
column headed “BV” stores the basic variables selected in the rows.
“PC”, “PR” indicate the pivot column, pivot row respectively for the
pivot step, and the pivot element common to them is boxed. “RC” in-
dicates a “redundant constraint discovered, which is to be eliminated”.
“IE” indicates an “inconsistent equation” detected in the algorithm.

BV |a a o3
(03] 1 0 1 3
Qo 0o 1 -—-1|-1
0 0 2 PR
0O 0 —-1|-2
pPC
Q1 1 0 0 1
Qv 0 1 0 1
(0% 0 0 1 2
0 0 0 0 RC

So, the system has the unique solution (ay, as, a3) = (1, 1, 2), i.e.,
b = a' + a® + 2a°.

So b' is in the linear hull of {a', a?, a3}.

To check whether b? is in the linear hull of {a', a? a®} we need to
solve the following system linear equations.

BV | a1 Qs
Qaq 1 0 1 2
(65) 0 1 -1 0
0 0 3 PR
0 0 -1 | -4
PCT
(075] 1 0 0] —1
Qo 0 1 0 3
Qs 0 O 1 3
0 O 0| -1 1IE
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From the last row of the final tableau, we see that this system has
no solution. So, b? is not in the linear hull of {a', a?, a®}.

Parametric Representation of the Linear Hull of
a Set of Vectors Using the Smallest Number of Pa-
rameters

Earlier in this section, we discussed the parametric representation
of the linear hull of {a',...,a"} C R" as

L= {a1a1 + ...+ opa® a0 take all real values}

involving k parameters, that comes directly from its definition. How-

ever, it may not be necessary to include all the vectors a!,...,a" in

this parametric representation to get L. As an example, let

1 0 1 1
at=101],a2=11]=]|1],a"'=] -1
0 0 0 0

Here a®, a* are themselves linear combinations of a', . Hence lin-
M M

ear hull of {a',a? a* a*} = linear hull of {a', a*}.

In the same way, given {a',...,a*} C R", if one of the vectors in
this set, say a”, is itself a linear combination of the remaining vectors
in the set, then

Linear hull of {a',...,da*} = Linear hull of {a', ..., a" 1}
So, to write the parametric representation of {al,..., a*}, we can
omit the vector a* from this set. The same process can be repeated
with the remaining set {a',..., a*"1}.

In the example given above, we have a® = a! + a?; or

—at—ad*+a*>=0

An expression like this, which expresses the 0-vector as a linear
combination of vectors in a set, with at least one nonzero coefficient,
is called a linear dependence relation for that set of vectors.
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Whenever there is a linear dependence relation for a set of vectors,
that relation can be used to express one of the vectors in the set as a
linear combination of the others, and in this case the set of vectors is
said to be linearly dependent.

On the contrary, if there is no linear dependence relation for a set
of vectors, that set is said to be linearly independent.

Given a set of vectors I' = {a*,...,a*} C R", a subset A of I" is said
to be a maximally linearly independent subset of I' if it satisfies
the following two conditions:

(a): A must be linearly independent, and

(b): including any other vector from I'\A in A makes it
linearly dependent.

All maximal linearly independent subsets of a set of vectors I' C R"
always contain the same number of vectors in them, this number is
called the rank of the set of vectors I'.

The concepts of linear independence, linear dependence of sets of
vectors will be discussed at greater length in Chapter 4. For now, all
we need is the fact that L = linear hull of I" is the same as the linear
hull of any maximally linearly independent subset of vectors of I', and
that expressing it this way leads to a parametric representation for L
using the smallest number of parameters.

Representing the Linear Hull of a set of Vectors
By a System of Homogeneous Linear Equations

We have the following important result.

Result 3.9.1: Representing the linear hull of a given set of
vectors as the solution set of a homogeneous system of linear
equations: Let I' = {a',... a*} C R™ where, fort = 1 tok
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and let L = linear hull of I'. Then there exists a matriz B of order
s X n such that

= linear hull of T' = {x : Bx =0}

where s < n; and s 1s the smallest number of homogeneous linear equa-
tions required to represent L this way, i.e., the s equations in Bx = 0
are linearly independent. (Defined in Section 1.9, it means that none of
these equations can be obtained as a linear combination of the others).
In fact s =n — rank of the set I as explained above.

We will now discuss an algorithm for deriving these equations in
Bz =0 given {d!,..., da"}.

Algorithm to Find Representations for L. = Lin-
ear Hull of {da!,... d*} From R"

BEGIN

Step 1: Let (by,...,b,) # 0 denote the coefficients in a general
homogeneous equation

satisfied by each of the vectors a' = (al,...,a’)T. So, the unknown
coefficients b, ..., b, satisfy the following k equations expressed in de-

tached coefficient tableau form.

Original Tableau

by by ... by
T 1 T
a% a% e OLg 0
a; ay ... a; |0
ko ok k
aiy ay ... a, |0

Notice that the tth row in this tableau is the vector a' written as a
row vector, i.e., (a’)T, for t = 1 to k. The coefficients by, b, ..., b, in
the homogeneous equation (1) are the variables in this system.—
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{ ak}
BEGIN
Step 1: Let (b1, . . . , bn) �= 0 denote the coeﬃcients in a general
homogeneous equation
b1y1 + . . . + bnyn = 0 (1)
satisﬁed by each of the vectors at = (at
1, . . . , at
n)T . So, the unknown
coeﬃcients b1, . . . , bn satisfy the following k equations expressed in detached
coeﬃcient tableau form.
Original Tableau
b1 b2 . . . bn
a11
a12
. . . a1
n 0
a21
a22
. . . a2
n 0
...
...
...
...
ak1
ak2
. . . ak
n 0
Notice that the tth row in this tableau is the vector at written as a
row vector, i.e., (at)T, for t = 1 to k. The coeﬃcients b1, b2, . . . , bn in
the homogeneous equation (1) are the variables in this system.
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Step 2: Now apply the GJ or the G pivotal method (Sections 1.16,
1.23) to find the general solution of this homogeneous system. In this
process, the method may discover some constraints in the tableau as
being redundant and eliminate them. In the final tableau obtained
under this method, a basic variable is selected in each remaining row.
Rearrange the variables and their column vectors in the final tableau so
that the basic variables appear first in their proper order, followed by
nonbasic variables if any. Let r denote the number of rows in the final
tableau; and suppose the basic variables are b;,,...,b;, in that order;
and the nonbasic variables are b;,,...,b; . Let the final tableau be

Jn—r

Final tableau after rearrangement of variables

Basic bil biQ Ce bir bj e bjn—'r
Vars.
bil 1 0 . 0 &1,]'1 e a17jn_r 0
biz 0 1 . 0 @27]'1 e &gd-n_r 0
b |0 0 ... 1 Gy, ... Gy, |0

This will be the final tableau if the GJ method is used. If the G
method is used instead, the portion of the tableau corresponding to the
basic variables will be an upper triangular matrix instead of the unit
matrix.

Case 1: If r = n, i.e., there are no nonbasic variables in the final
tableau; then (by,...,b,) = 0 is the unique solution for the homoge-
neous system in the tableau. In this case, the only equation of the form
(1) satisfied by all of the vectors al,...,a* is the one in which all of
bi,...,b, are 0. In this case the linear hull of {a,. .., a*} is all of R".

Case 2: Suppose r < n, i.e., there is at least one nonbasic variable
in the final tableau. Then the number of equations s required to rep-

resent the linear hull of {a',...,a*} is n — r. One of these equations
corresponds to each nonbasic variable in the final tableau.
For each nonbasic variable b; in the final tableau, t = j1,..., jo_r,

obtain the unique solution of the homogeneous system given by—
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Step 2: Now apply the GJ or the G pivotal method (Sections 1.16,
1.23) to ﬁnd the general solution of this homogeneous system. In this
process, the method may discover some constraints in the tableau as
being redundant and eliminate them. In the ﬁnal tableau obtained
under this method, a basic variable is selected in each remaining row.
Rearrange the variables and their column vectors in the ﬁnal tableau so
that the basic variables appear ﬁrst in their proper order, followed by
nonbasic variables if any. Let r denote the number of rows in the ﬁnal
tableau; and suppose the basic variables are bi1, . . . , bir in that order;
and the nonbasic variables are bj1, . . . , bjn−r . Let the ﬁnal tableau be
Final tableau after rearrangement of variables
Basic bi1 bi2 . . . bir bj1 . . . bjn−r
Vars.
bi1 1 0 . . . 0 ¯a1,j1 . . . ¯a1,jn−r 0
bi2 0 1 . . . 0 ¯a2,j1 . . . ¯a2,jn−r 0
...
...
...
...
...
...
...bir 0 0 . . . 1 ¯ar,j1 . . . ¯ar,jn−r 0
This will be the ﬁnal tableau if the GJ method is used. If the G
method is used instead, the portion of the tableau corresponding to the
basic variables will be an upper triangular matrix instead of the unit
matrix.
Case 1: If r = n, i.e., there are no nonbasic variables in the ﬁnal
tableau; then (b1, . . . , bn) = 0 is the unique solution for the homogeneous
system in the tableau. In this case, the only equation of the form
(1) satisﬁed by all of the vectors a1, . . . , ak is the one in which all of
b1, . . . , bn are 0. In this case the linear hull of {a1, . . . , ak} is all of Rn.
Case 2: Suppose r < n, i.e., there is at least one nonbasic variable
in the ﬁnal tableau. Then the number of equations s required to represent
the linear hull of {a1, . . . , ak} is n − r. One of these equations
corresponds to each nonbasic variable in the ﬁnal tableau.
For each nonbasic variable bt in the ﬁnal tableau, t = j1, . . . , jn−r,
obtain the unique solution of the homogeneous system given by
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b, = 1, and all other nonbasic variables = 0.

The values of the basic variables in this solution can be obtained
from the final tableau by substituting the above values for the nonbasic
variables. Write this solution as a row vector. When you put each of
these row vectors one below the other, we get a matrix of order s X n
(where s = n —r). Call this matrix B. Then

the linear hull of {a',... a*} = {z : Bx = 0}.

So, Bx = 0 gives a linear equation representation for the linear hull
of {at,... ak}.

Therefore, typically, the linear hull of a set of vectors can be ex-
pressed as the set of solutions of a homogeneous system of linear equa-
tions.

The number r of equations in the final tableau, is called the rank
of the set of given vectors {a', ..., a"}. The concept of rank will be dis-
cussed at greater length in Chapter 4. This rank is also the dimension
of the linear hull of {a, ..., a*}.

In the original tableau, the tth row corresponds to the vector a' for
t = 1 to k. In this method, suppose pivot steps are carried out from
top row to bottom row in that order. When we come to row ¢, if we
find that it is “0 = 0” in the current tableau at that time, clearly there
is a linear dependence relation among {a', ..., a'} from which we can
get an expression for a' as a linear combination of {a',... a'~'}. This
linear dependence relation can actually be obtained by introducing
the memory matrix as discussed in Section 1.12 at the beginning of
computation.

Thus if we number the rows in the original tableau as 1 to k from top
to bottom, and keep this numbering in all subsequent tableaus obtained
in the method, the rows that remain in the final tableau (i.e., those not
eliminated as redundant constraints during the algorithm) correspond

to vectors in a maximal linearly independent subset of {al,..., a*}.
Suppose the numbers of the rows in the final tableau are py,...,p,.
Then—

{a®*,... a""}
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bt = 1, and all other nonbasic variables = 0.
The values of the basic variables in this solution can be obtained
from the ﬁnal tableau by substituting the above values for the nonbasic
variables. Write this solution as a row vector. When you put each of
these row vectors one below the other, we get a matrix of order s × n
(where s = n − r). Call this matrix B. Then
the linear hull of {a1, . . . , ak} = {x : Bx = 0}.
So, Bx = 0 gives a linear equation representation for the linear hull
of {a1, . . . , ak}.
Therefore, typically, the linear hull of a set of vectors can be expressed
as the set of solutions of a homogeneous system of linear equations.
The number r of equations in the ﬁnal tableau, is called the rank
of the set of given vectors {a1, . . . , ak}. The concept of rank will be discussed
at greater length in Chapter 4. This rank is also the dimension
of the linear hull of {a1, . . . , ak}.
In the original tableau, the tth row corresponds to the vector at for
t = 1 to k. In this method, suppose pivot steps are carried out from
top row to bottom row in that order. When we come to row t, if we
ﬁnd that it is “0 = 0” in the current tableau at that time, clearly there
is a linear dependence relation among {a1, . . . , at} from which we can
get an expression for at as a linear combination of {a1, . . . , at−1}. This
linear dependence relation can actually be obtained by introducing
the memory matrix as discussed in Section 1.12 at the beginning of
computation.
Thus if we number the rows in the original tableau as 1 to k from top
to bottom, and keep this numbering in all subsequent tableaus obtained
in the method, the rows that remain in the ﬁnal tableau (i.e., those not
eliminated as redundant constraints during the algorithm) correspond
to vectors in a maximal linearly independent subset of {a1, . . . , ak}.
Suppose the numbers of the rows in the ﬁnal tableau are p1, . . . , pr.
Then
{ap1, . . . , apr}
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is a maximal linearly independent subset of {a!, ..., a"*}.
Then a parametric representation of the linear hull of {a', ..., a"}
involving the smallest number of parameters is

L = Linear hull of {a',...,a"}
= {r=ad” 4+ wd”+...q,a" : «ay,...,a, take all possible

real values}

END

Example 4: Let

1 2 —1
-1 —2 0
al = 0 |,a®= 0 |,a®= 1
1 2 -1
1 2 —1
0 1
-1 —2
at = 1 |,d° = 1
0 1
0 1

To get the linear constraint representation for the linear hull of
{a',a?,a®, a*,a®}, we start with the following system of homogeneous
equations, on which we apply the GJ pivotal method to get the gen-
eral solution as discussed in Section 1.23. We number the equations
to get the parametric representation of this linear hull using the small-
est number of parameters. PR (pivot row), PC (pivot column), RC
(redundant constraint to be eliminated), BV (basic variable selected
in this row) have the same meanings as in Section 1.23, and in each
tableau the pivot element for the pivot step carried out in that tableau
is boxed.
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is a maximal linearly independent subset of {a1, . . . , ak}.
Then a parametric representation of the linear hull of {a1, . . . , ak} involving the smallest number of parameters is
L = Linearhull of {a1, . . . , ak}
= {x = α1ap1 + α2ap2 + . . .αrapr : α1, . . . , αr take all possible
real values}
END
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BV b1 b2 bg b4 b5 RHS Eq no.
~1 0o 1 1 0 PR 1
2 =2 0 2 2 0 2
-1 0 1 -1 -1 0 3
0 —1 1 0 0 0 4
1 -2 1 1 1 0 5)
PCT
b 1 -1 0 1 1 0 1
0 0 0 0 0 0 RC 2
0 -1 0 0 0 PR 3
0 —1 1 0 0 0 4
0 -1 1 0 0 0 5
PCT
b1 1 -1 0 1 1 0 1
b3 0 -1 1 0 0 0 3
0 0 0 0 0 0 RC 4
0 0 0 0 0 0 RC 5
Final tableau after rearrangement of
basic variables in their order
BV b b3 by by bs| RHS Eq. no.
b 1 0 -1 1 1 0 1
bs | 0 1 -1 0 O 0 3

There are three nonbasic variables in the final tableau, bs, b4, b5. By
fixing one of these nonbasic variables equal to 1, and the others equal
to 0, we are lead to the following solutions of this homogeneous system:

(b27b4, b5) = (1,0, 0) ylelds (bth,bg, b47b5) = (1, 1, 170, 0)
(b27b4, b5) = (0, 1, 0) ylelds (bth,bg, b47b5) = (—1, 0,0, 1,0)
(bz,b4, b5) = (0,0, 1) ylelds (bl,bg,bg, b4,b5) = (-1, 0,0, 0, 1)

Letting

B(

— = =
o O =
o O =
S = O
_— o O

) y U= (x1,$2,$3,x4,x5)T
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the linear hull of {a',a?, a®, a* a®} is {z : Bz = 0}.
It can be verified that each of a' to a® satisfies all these equations,
and so every linear combination of a! to a® also does.

Since there are only two equations left in the final tableau, the rank
of {a',a? a3, a*, a®} is 2, which is also the dimension of their linear hull
in R5.

The original row numbers corresponding to those in the final tableau
are 1 and 3. Therefore, the corresponding set of original vectors {a!, a®}
forms a maximal linearly independent subset of {a', ..., a"}, and hence
the

linear hull of {a',...,d®} = {z = aja! + aza® : a1, a3 take
all real values }.

Example 5: Let

1 1 1
al=111,a>=| — Ja® = 1 |,a'=]1
1 —1 0

To get the linear constraint representation for the linear hull of
{a',a? a3 a*,}, we start with the following system of homogeneous
equations, on which we apply the GJ pivotal method to get the general
solution. PR, PC, RC have the same meanings as in the above example.
The pivot elements are boxed.

BV by by bs | RHS Eq. no.
11 0 PR 1
1 -1 1 0 2
11 -1 0 3
1 1 0 0 4
PCT
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BV b1 b2 bg RHS Eq no.
b1 1 1 1 0 1
0 0 0 PR 2
0 0 -2 0 3
0 0o -1 0 4
PCT
b1 1 0 1 0 1
bo 0 1 0 0 2
0 0 0 PR 3
0 0 -1 0 4
PCT
by 1 0 0 0 1
bo 0 1 0 0 2
b3 0 0 1 0 3
0 0 0 0 RC 4
Final tableau
by 1 0 0 0 1
bo 0 1 0 0 2
b3 0 0 1 0 3

The final tableau has no nonbasic variables, hence (by, by, b3) = 0 is
the unique solution of this homogeneous system. Therefore, the linear
hull of {a!,a?, a3, a*} here is R3.

Also, the original row numbers for the rows in the final tableau
are 1, 2, 3. Therefore the set of corresponding vectors, {a',a? a} is
a maximal linearly independent subset of {a',a? a?, a*}, and a para-
metric representation of the linear hull of this set using the smallest
number of parameters is

R? = linear hull of {a',a? a* a'} = {z = aja' + awa® +
asa® : aq, as, as take all real values}.
Exercises

3.9.1 (i): Let A; to A5 be the column vectors of A given below.
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(a) (Yes) Are b',b* in the linear hull of {A,..., A5}? If so, find
the actual linear combination for each of them.
(b) (No) Are b3, b* in the linear hull of {A4,..., A5}?

1 -1 10 -1 —2
-1 222 1] 4 | 3] . B
A= 70 Tss 1lv=l s B=(3 -20 2),
0 232 -1 ~1

BP=(-1 -3 -9 2)b'=(24133)

(ii): Let L represent the linear hull of the set of row vectors of
the following matrix. Express L as the set of solutions of a system of
homogeneous linear equations. ((a) none, (b) one, (c) three, (d) three).

1 -1 -1 2 -2 3 -1 0
-1 2 0 3 1 -4 1 2
(a) 0 -1 1 —4 |, (b 2 1 0 -3,
0 -1 0 0 1 0 0 —1
-1 1 0 4 -1 3 -1 -1
:i ;_‘21 _? 2 3 3 2
© 4116 6. @ 12 18 18 12
8 12 12 8
-3 4 =69 10 15 15 10
-17 5 0 3

3.9.2: Find a linear constraint representation of the linear hull of :
{(2,4,6,-8,0)T}.

3.10 Column Space, Row Space, and Null
Space of a Matrix

Let A be a given matrix of order m x n. So, the set of row vectors of
Ais {A1,..., Ay}, and its set of column vectors is {A1,..., A}
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The row space of A, the space spanned by the set of row vectors
of A, is the linear hull of {A;,..., A, }. A general point in the row
space of A, treated as a row vector, is ay A1, +. ..+ a,, A, for any real
numbers oy, . .., Qy; 1.e., it is (aq,...,a,)A. So, the row space of A
viewed as a set of row vectors is {yA:y € R™}.

The column space of A, the space spanned by the set of column
vectors of A, is the linear hull of {A,..., A, }. A general point in the
column space of A, treated as a column vector, is 31A1+ ...+ G, AL,
for any real numbers (3, ..., (3,; i.e., it is A3 where 3 = (B1,...,5,)7T.
In mathematics books, the column space of A is also called the range
space of A, or the image space of A, or the range of A, and denoted
by R(A). It is viewed as a set of column vectors, i.e., R(A) = {Az :
r € R"}.

When the row space of A is viewed as a set of column vectors by
transposing each vector in it, it is R(AT) in the above notation.

The null space of A, denoted by N(A), is the set of all solutions
of the homogeneous system of linear equations Az = 0. So, N(A) =
{z € R": Az = 0}, and it is a set of column vectors.

3.11 Affine Combinations, Affine Hulls or
Spans, Affinespaces

Let {a',...,a*} be a set of k vectors in R™. By our convention, either
all these are column vectors, or all these are row vectors. We will treat

the case where they are all column vectors. As defined in Section 1.5,
an affine combination of {a',...,da"} is a vector of the form

alal +...+ ozkak
where a1, ..., oy, the coefficients of the vectors a', ..., a* in this lin-

ear combination, are real numers satisfying the affine combination
condition

al—i—...—l—ak:l.
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The set of all such linear combinations of {a!,..., a*} is called the
affine hull or the affine span or the flat or the affine space of the
set of vectors {a',..., a*}.

From the affine combination condition oy + ...+ a; = 1, we have
the affine combination

k k

(1—ay—...—ap)a' +aa® + ...+ oqa

= a' +(a® —a') + ...+ ap(d" — a)]

alal—i—...—{—aka

Let as(a® —a') + ...+ ag(a® — a') = y. y is a linear combination
of {(a®>—al),...,(a*—a')}, and as ay, . .., ) assume all real values, y
varies over all of the linear hull of {(a® —al), ..., (a* —a')}. Therefore,
the affine hull of {a', ..., da"} is

a' + (linear hull of {(a® —a'),...,(a* —a")})

a translate of the linear hull of {(a® — at),..., (a* — a')} to a'.

A Straight Line Is the Affine Hull of Any two
Points On It

The importance of affine hulls stems from the fact that the straight
line joining any two points in R™ is the affine hull of those two points.
Consider two distinct points a = (ay,...,a,)T,c= (c1,...,c,)T in R™
From Section 3.4, we know that the parametric representation of the
straight line joining a,c is {x = a + a(c — a) : « takes all real values}.
So, the general point on this straight line is a+a(c—a) = (1—a)a+ac,
an affine combination of {a, c}.

Thus a straight line is the affine hull of any two distinct points on
it.

Example 1: Let
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(0,1) \
(.0 X, -axis

Figure 3.15: The Straight Line Joining (1,0)7,(0,1)7 is their affine
hull.

The parametric representation of the straight line joining a', a? is
{r = a'+a(a®—a') = (2—a, —1+3a,1-2a)" :  « takes all real values}

which is the same as {x = (1 — a)a! + aa® : « takes all real values}.

1How 1I:€0 Check if ¢! Is In the Affine Hull of
{a*, ..., ad"}?

a**! is in the affine hull of {a!,..., a*} iff the following system of
equations

ajat + ..+ opad® = dFY

a
oap+...to = 1

in the parameters oy, ..., a, has a solution. This system can be solved
by the GJ pivotal method (Section 1.16) or the G elimination method
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X3

Figure 3.16: The affine hull of {a',a? a*} in R® is the shaded two
dimensional plane containing these three points.

(Section 1.20). If this system has no solution, a*™! is not in the affine
hull of {a',...,a*}. If the system has the solution (ay,...,a;) then
a**t1 is the affine combination aja! + ...+ aga®.

Example 2: Let

1 0 1 3 2
0 1 -1 -1 —4

1 2 _ 3 _ 4 _ 5 _
a=1,1a=],|c= e = 5 |07 = 3
0 0 -1 -2 -3

To check whether a? is in the affine hull of {a', a?, a®}, we solve the
following system in the top tableau by the GJ pivotal method. BV
(basic variable selected in row), PR (pivot row), PC (pivot column),
RC (redundant constraint to be deleted), IE (inconsistent equation
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identified) have the same meanings as before, and the pivot element in
each step is boxed.

BV o Q9 o3
0 1] 3 PR
0 1 —1]-1
0 0 1] 2
0 0 —1]-2
1 1 1] 1
PCT
(051 1 0 3
0 -1|-1 PR
0 0 1] 2
0 0 —1]-2
0 1 0] -2
PCT
(05} 1 0 1 3
y 0 1 —1]-1
0 0 2 PR
0 0 —1]-2
0 0 1] -1
PCT
o 1 0 0 1
Qi 0 1 0 1
(0% 0 0 1 2
0 0 0| 0 RC
0 0 0| -3 IE

Since an inconsistent equation is discovered, the system has no so-
lution, therefore a? is not in the affine hull of {a', a?, a®}.

To check whether a® is in the affine hull of {a', a? a®}, we solve the
following system of equations in the top tableau given below by the GJ
pivotal method. The abbreviations have the same meanings as above,
and in each step the pivot element is boxed.
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BV o Qg o3
0 1] 2 PR
0 1 —1|—4
0 0 1] 3
0 0 —1|-3
1 1 1] 1
PCT
) 1 0 1] 2
0 -1 -4 PR
0 0 1] 3
0 0 —1|-3
0 1 0| -1
PCT
ay 1 0 1] 2
y 0 1 —1|—4
0 0 3 PR
0 0 —1|-3
0 0 1] 3
PCT
o 1 0 0] -1
Qi 0 1 0] -1
s 0 0 1] 3
0 0 0| 0 RC
0 0 0| 0 RC

This system has the solution (ay, as, @3) = (=1, —1,3). So, a® is in
the affine hull of {a', a? a*}. In fact

a’ = —a' —a® + 3a°.
Two Ways of Representing the Affine Hull of a
Given Set of Vectors

Let {al,...,a*} be a given set of column vectors in R", and let F
denote their affine hull. From the above discussion we know that
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F=d" +1L

where I = linear hull of {(a® —al),..., (a* —a')}.
Find the representation of L as discussed in Section 3.9. If

rank{(a* —a'),...,(a" —a")} isr
and {a" —a'),..., (a" —a')} is a maximal linearly independent subset
of {(a®—al),..., (a*—a')}, and a parametric representation of L using

the smallest number of parameters is
L={r=a(a" —a)+...+a.(a" —a'): ap,...,q, real}.

Thus, a parametric representation of F' using the smallest number
of parameters is

F={r=d+a(a —a)+...+a(a" —a'):

ai,...,a, take all possible real values}.

For another way of representing the affine hull F of {a!,..., a"},
let the linear constraint representation of L = linear hull of {(a® —
al),...,(a¥—a')} obtained as discussed in Section 3.9 be {z : Az = 0}.
Let

Aa' =b
Then, in linear constraint representation,
F={x:Ax =10}

So, typically, the affine hull of a set of vectors is the set of solutions
of a nonhomogeneous system of linear equations.

Example 3: Let
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1 2 3

1 0 —1
al=111,a>=|1],a°= 11,

1 2 3

1 2 3

0 1 2

1 0 —1
at=121,°=| 2 |a* = 2

0 1 2

0 1 2

Then we have

1 2 -1
-1 -2 0
I=<{a*—a'" = 0 |,a®—d!= 0 |,a*—da! = 11,
1 2 -1
1 2 -1
0 1
-1 -2
a® —al = 1 |,a%—a'= 1
0 1
0 1

The linear constraint representation of the linear hull of I' was de-
rived in Section 3.9 to be Az = 0 (in Section 3.9 the coefficient matrix
was denoted by B, here we denote the same by A) where

T = (71, T, T3, Ta, T5)"

1 11
A= -1 0 0
-1 0 0

O = O
_ o O

Verify that Aa' = (3,0,0)7 = b.
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Then the linear constraint representation of the affine hull of {a' to
a®} is Az = b with, A, b given above.

Also, in Section 3.9 we found that a maximal linearly independent
subset of I' is {a® — a',a* — a'}. So, a parametric representation of
the affine hull of {a' to a®} using the smallest number of parameters
is {x = a' + a1(a® — a') + as(a® — a') : ay, ay take all real values}.

Direct Algorithm to Find a Linear Equation Rep-
resentation of the Affine Hull of a Given Set of Vec-
tors Directly Using GJ or G Pivot Steps

Let F be the affine hull of {a!, ..., a*}, a given set of column vectors
in R". So,

F = {x:alal—i—ag(f—i—...—i—akak:al—i—...—i—ak:l}
= {z=d" + 8+ ...+ BB, Bry real}

where ) = ag — oy, ..., Bk—1 = o — aq(and hence as aq, ..., q; take
all real values subject to a1 + ... +ap = 1,051,..., Or_1 take all real
values) and ¢! = a? —al,... 1 =d"1 —ql.

This representation of F'is like the parametric representation of the
general solution to a system of linear equations discussed in Section
1.8, but somewhat more general. In the parametric representation in

Section 1.8, the following property holds:

Special property of pramet- ||[Each of the parameters is
ric representation obtained ||the value of one of the vari-
in GJ, or G methods (Sec- ||ables z;.

tions 1.16, 1.20)

For instance, here is a parametric representation from Section 1.8

T 10 — T3
ro | =1 20—2x3 |, I3 real parameter
Z3 T3

Here the only parameter z3 is the value of the variable x5 in this
representation.


sthekdi
Each of the parameters is
the value of one of the variables
xj .
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Under this special property, all you need to do to get a linear equa-
tion system with this general solution is to replace each parameter in
the representation by the variable to which it is equal, and then write
the system of equations that comes from the representation.

For instance in the above representation, replacing the parameter
Z3 by 3 leads to

T 10 — I3
i) = 20 — I3
T3 T3

or the system: xy + x3 = 10; 29 + 3 = 20  as the linear equation
representation.

For another example, we take the parametric representation of the
general solution in Example 1, Section 1.16; it is

x T

i) —60 — 9%1 — 9.%'4
I3 = —40 + 5%1 - 5.@4
Ty Ty

Ty 25 — 2.?71 + 2@4

Here the parameters 74, z; are the values of x4, x; in the repre-
sentation. Replacing z, by z4, and Z; by x; leads to the system of
equations

Ty = —60 + 91’1 — 91‘4
T3 —40 —+ 51’1 — 51‘4
Ty = 25 — 2.’13'1 + 2.’E4.

This system is exactly the system of equations from the final tableau
obtained under the GJ method. It is equivalent to the original system
of equations in this example in the sense that both systems have the
same set of solutions.

However this special property may not hold for the general paramet-
ric representation. For an example see Example 4 given below in which
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each of the variables involves at least two parameters with nonzero
coefficients.

Algorithm to Find a Linear Equation Represen-
tation of F = {x = a' + Bic' +.. .+ B 1" By, ..., Bra
real}

BEGIN

Step 1. Write the n equations expressing each of the variables x;
in terms of the parameters, with the terms involving the parameters
transferred to the left, and put it in detached coefficient tableau form.
It is the original tableau.

Original tableau

I .. Xy 61 e ﬁk—l
I, ... I, —c ... = 1t|d
where [ 4,...,1,, are the n column vectors of the unit matrix of order

n.

Step 2. Perform GJ or G pivot steps on this tableau in as many
rows as possible using only the columns of the parameters as pivot
columns. Whenever a pivot step is completed with a row as the pivot
row, record the parameter associated with the pivot column as the
basic parameter in that row.

Terminate the pivot steps when each of the remaining rows in which
pivot steps have not been carried out so far has a 0-entry in the column
associated with each of the parameters. This is the final tableau in the
procedure.

Step 3. If every row in the final tableau has a basic parameter, F’
is the whole space R", terminate.

If there are rows without a basic parameter in the final tableau, each
such row must have a 0-entry in the column of every parameter (other-
wise Step 2 in incomplete as a pivot step can be carried out in this row).—
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real}
BEGIN
Step 1. Write the n equations expressing each of the variables xj
in terms of the parameters, with the terms involving the parameters
transferred to the left, and put it in detached coeﬃcient tableau form.
It is the original tableau.
Original tableau
x1 . . . xn β1 . . . βk−1
I.1 . . . I.n −C1 . . . −Ck−1 C1
where I.1, . . . , I.n are the n column vectors of the unit matrix of order
n.
Step 2. Perform GJ or G pivot steps on this tableau in as many
rows as possible using only the columns of the parameters as pivot
columns. Whenever a pivot step is completed with a row as the pivot
row, record the parameter associated with the pivot column as the
basic parameter in that row.
Terminate the pivot steps when each of the remaining rows in which
pivot steps have not been carried out so far has a 0-entry in the column
associated with each of the parameters. This is the ﬁnal tableau in the
procedure.
Step 3. If every row in the ﬁnal tableau has a basic parameter, F
is the whole space Rn, terminate.
If there are rows without a basic parameter in the ﬁnal tableau, each
such row must have a 0-entry in the column of every parameter (otherwise
Step 2 in incomplete as a pivot step can be carried out in this row).
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So, the equation corresponding to this row in the final tableau involves
only the x; variables and none of the parameters. Write the equations
corresponding to all such rows in a system, this system provides a linear
equation representation for F', terminate.

END

Example 4: Find a linear equation representation for the affine
set

€ 9— 61 - 252
F = xo | = —6+51+30—03 | B, 02,05 real
T3 =7 — B2+ 205

We apply the algorithm using GJ pivot steps. The original tableau
is the one at the top. Pivot elements are boxed. The PR, pivot row is
the row with the pivot element; and the PC, pivot column is the column
with the pivot element. BP stands for “Basic Parameter selected in this

row”.

BP | o1 2 w3 [ B B3
1 0 0 2 o] 9
0 1 0o -1 -3 1|—6
0 0 1 0 1 2| -7
1 1 0 0 1 2 0 9
1 1 0 0 1] 3
0 0 1 0 1 2| -7
061 3 2 0 1 0 2| 15
Gy | =1 —1 0 0 1 —-1]-3
1 1 1 0 0 [—1]| —4
Final tableau
1 5 4 2 1 0 0 7
By | =2 =2 -1 0 1 0 1
Gy | -1 —1 -1 0 0 1 4

Since every row in the final tableau has a basic parameter, F' = R3,
the whole space in this example.
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So, the equation corresponding to this row in the ﬁnal tableau involves
only the xj variables and none of the parameters. Write the equations
corresponding to all such rows in a system, this system provides a linear
equation representation for F, terminate.
END
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Example 5. Find a linear equation representation for the affine
hull of {a!,a? a3, a*, a®} given below.

N DN = DN
W W = W

DN DN DN DN

So, F = {x = a' + fic' + [ac® + B3¢ + Pact : By to By take all real
values}, where ¢! to ¢! are given below.

1 2
0 0
1_ .2 1 _ 2 _ .3 _ 1 _
c=a" —a | | =a —a 9
1 2
0 1
1 1
3_ 4 1 _ 4_ 5 1 _
c"=a" —a g [€=a"—a 1
0 1

We apply the algorithm using GJ pivot steps and the terminology
of the previous example.
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BP | @ 2o @ x4 L1 P B3 B
1 0 0 0 [-1] =2 0 -1| 1
0o 1 0 0 0 0 -1 -1| 1
0o 0 1 0 -1 -2 0 -1| 1
0 0 0 1 -1 -2 0 -1] 1
Gl-1 0 0 0 1 2 0 1]-1
0o 1 0 0 0 0 ~-1] 1
-1 0 1 0 0 0 0 0] 0
-1 0 0 1 0 0 0 0] 0
g l-1 0 0 0 1 2 0 1]-1
B 0 -1 0 0 0 0 1 1|-1
-1 0 1 0 0 0 0 0] 0
-1 0 0 1 0 0 0 0] O

In rows 3, 4 in which pivot steps have not been carried out yet,
all the parameter columns have 0 entries, hence the pivot steps are
terminated. The system of equations corresponding to rows 3, 4 in the
final tableau which do not have a basic parameter is

—I1 + Ty

—T1 +$5 ==

which provides a linear equation representation for F'.
Also, from earlier discussion we see that the column vectors of the

nonbasic parameters [, 4 are linear combinations of column vectors
of B1, B3. This implies that

{Bict 4 .. 4 Buct : B1, ..., By real} = {Bic' + Bsc® : By, B35 real}

So, a parametric representation of F' using the smallest number of
parameters is {a' + B¢t + B3¢ : By, B3 take all real values. This implies
that F' = affine hull of {a',a' + ¢!, a' + ¢*} = affine hull of {a', a?, a*}.

Example 0: Find a linear equation representation for the affine
hull of {a' = (-3,4,0,—6)T,a® = (-1, 3, =3, —4)T} which is a straight
line L in R*.
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So, L = {x = (21,22, 23,74)" = (-3,4,0,—6)T + (2, -1,-3,2)T :
« takes all real values}.

To get the linear equation representation of L we apply the algo-
rithm using GJ pivot steps and the terminology of the previous exam-
ples.

BP |1 29 x3 x4 «
1 0O 0 0 —-2| -3
0O 1 0 0 4
0 0O 1 0 3 0
0 0O 0 1 =2 6
1 2 0 0 0 5)

«Q 0 1 0 0 1 4
0O -3 1 0 0] —12
0 2 0 1 0 14

Now the only parameter « in this representation, is eliminated from
rows 1, 3, and 4. The equations corresponding to these rows form the
following system of three equstions in four unknowns, which provides
a linear equation representation for the straight line L.

1+ 21’2 = 5
—3.%'2 +x3 = —12
2.%‘2 +x4 = 14

Example 7 Find a linear constraint representation for the
half-line L' = {z = (-3,4,0,—6)" + «(2,-1,-3,2)" : a > 0}.

Let L be the straight line containing L*. In Example 6 above we
found the linear equation representation for L.

But in Lt we have the restriction o > 0. From the 2nd row in the
final tableau in Example 6 we get the equation xo+a =4, or @« = 4—1x9
expressing the parameter o in terms of the variables x; on L. So the
restriction o > 0 is equivalent to the inequality constraint 4 — x5 > 0
or 9 < 4. When we augment the linear equation representation for L
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with this additional constraint, we get the following system which is
the linear constraint representation for LT.

T+ 225 = 5
—3z9+x3 = —12
200+ x4 = 14

Ty < 4

Exercises

3.11.1 Let A; to A5 be the column vectors of A given below.

(a) (Yes) Are b',0? in the affine hull of {A,..., A5}? If so, find
the actual affine combination for each of them.

(b) (No) Are b%,b* in the affine hull of {A,..., A5}?

1 -1 10 -1 5
-1 o222 1| , =5 | . .
A= | s 11v=] ,b_(4 3 12),
0 232 -1 3

3.11.2: Find the linear equation representation of the affine hull of
the set of row vectors of the following matrices.

:3 ;_‘21 _‘;’ 2 3 3 2
(@) 121 6 6. 12 18 18 12
8 12 12 8
134 =69 10 15 15 10
—-17 5 0 3

3.11.3: Obtain the linear equation representations of the follow-
ing straight lines given in parametric form: {z = (-3,7,9,—13)" +
a(=2,-7,1,-2)7 : a real}, {x = (2,3) + (1, —2) : a real}.
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3.12 Convex Combinations, Convex Hulls

Let a',a? be two distinct points in R*. A convex combination of
at,a? is
o a' + a2a2

where the coefficients aq, as have to satisfy the convex combination
conditions

ar+as =1, and aj,ay >0

The set of all convex combinations of {a', a*} is called the convex
hull of {a',a?}, and it is the line segment joining a' and a?. Tts
parametric representation is

{r = aja' + aa® : ay + ay = 1, a1, a0 > 0}
or {z=aa'+(1-a)a®:0<a<1}.
Xy -axis
3

0.2

Figure 3.17: The convex hull of any two points in any space is the line
segment joining them.
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Example 1: Let

9 6 3 10 3
9 6 3 10 4

1 _ 2 3 _ 4 5
=l 21" T e YT 30 T 10 Y T 2
2 6 3 10 5

To check if a® is in the line segment joining a'!,a® we solve the
following equations for a.

200+ 6(1 — o) 3
20+6(1—a) | | 3
20+6(1—a) | | 3
2a 4+ 6(1 — «) 3

which yields a@ = 0.25. Since 0 < 0.25 < 1, we conclude that @ is in
the line segment joining a', a®.

To check if a* is in the line segment joining a', a® we solve

200+ 6(1 — «) 10
20+6(1—«a) | | 10
20+6(1—a) | | 10
20+ 6(1 — ) 10
which yields o« = —1. Since —1 is not between 0 and 1, we conclude

that a? is on the straight line joining a', a® but not on the line segment
joining them.
To check if a® is in the line segment joining a', a® we solve

20+ 6(1 — @) 3
20+6(1—a) | | 4
204+6(1—a) | | 2
200+ 6(1 — ) 5

which has no solution. So, a’ is not even on the straight line joining
12
a,a’.
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Midpoint, and the Two Orientations of a Line
Segment

Let a', a® be two distinct column vectors in R™, and also geomet-
rically the two points corresponding to them in n-dimensional space.
The line segment joining a', a® is the portion of the straight line join-
ing a', a?® lying between the points a', a®. It is also the convex hull of
{a', a*}.

The midpoint of this line segment joining a', a® is the convex com-
bination 3a' + Ja?.

The line segment joining a', a® can be oriented in two different ways.

One orientation is obtained by treating a' as the starting point, and
then move towards a?. When viewed this way, the line segment becomes
a portion of the half-line starting at a! and moving towards a? and
continuing in the same direction. In this orientation, the parametric
representation of the line segment is {a' + a(a* —a') : 0 < a < 1}.
In this representation o = 0 corresponds to the starting point a'; and
a = 1 gives a?, the end point in the line segment in this orientation.
a' + a(a® — a') is the point on the line segment that is a fraction «
away from a' towards a® for 0 < o < 1. Verify that a = 1/2 gives the
midpoint of the line segment.

The 2nd orientation is obtained by starting at a®> and moving to-
wards a', under this orientation the representation of the line segment
is {a* +a(a' —a?) : 0 < a < 1}; a®*+ a(a’ — a?) is the point on the line
segment that is a fraction o away from a? towards a! for 0 < o < 1.

Example 2: Let a! = (1,0,-2,3)7, a> = (=2,2,1,—=7)". So,
a’? —a' = (=3,2,3,—10)7, and a' — a? = (3,-2,-3,10)T.

The midpoint of the line segment joining a',a® is %al + %a2 =
(—1/2,1,-1/2, —2)T.

The orientation of this line segment from a' towards a® is {(1 —
3a,2a, —2 + 3, 3 — 10a)T : 0 < a < 1}. Taking o = 2/3, we see that
(—1,4/3,0,—11/3)T is the point on this line segment that is two-thirds
of the way away from a'! towards a?.

The other orientation of this line segment is {(—2 + 3a, 2 — 2a, 1 —
3a, =7+ 10a)T : 0 < a < 1},
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Convex Combinations of a General set of k£ Points

Let {a',...,a"} be a set of k column vectors in R™ where k is finite.
A convex combination of {a',..., d"} is

alal + ...+ akak
where the coefficients aq, ..., ay have to satisfy the convex combina-
tion conditions

ar+...+a,=1, andallof ay,...,a;. >0

The set of all convex combinations of {a!,...,a*} is called the con-
vex hull of {a!,... a"},itis {z=aa' +.. .+ apa® a1+ ... +ap =
lL,aq,...,a4 > 0}, it is also known as a convex polytope or a
bounded convex polyhedron. So, the convex hull of a set of points
is a subset of its affine hull, which is itself a subset of its linear hull.

1How 20 Check if ¢*t! Is In the Convex Hull of
{a*,...,ad"}?

a**1!is in the convex hull of {a},. .., a*} iff the following system of
linear constraints

arat + ...+ ogpadt = oFt?
o+ ... top =
Apy ..., 0 2 0
in the parameters ay, . .., ag, has a feasible solution. Since this system

involves inequality constraints (nonnegativity constraints on the vari-
ables), to solve it we need to use linear programming techniques, which
are outside the scope of this book. We can ignore the nonnegativity
constraints on the variables, and solve the remaining system which is
a system of equations, by the GJ pivotal method, or the G elimination
method. This could terminate in 3 possible ways discussed below.
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X, -axis

Xl -axIs

Figure 3.18: A convex polytope, the convex hull of its 6 corner points
in R2.

1. It may yield a solution which satisfies the nonnegativity con-

k+1

straints. In this case we conclude that a is in the convex hull

of {a*,... ,da"}.

. It may conclude that the system of equations itself is inconsistent,

i.e., has no solution. In this case we conclude that a**! is not in

the convex hull of {a!,..., a*}.

. The method may terminate with a solution to the system of equa-

tions @ = (ay,...,ax) where some a; < 0. In this case, if this
solution is the unique solution of the system of equations, we are
able to conclude that the system of equations has no nonnega-
tive solution, and therefore that a**! is not in the convex hull of
{a',...,a*}. On the other hand if the system of equations has
multiple solutions, this method has been inconclusive. To resolve
the question, we need to check whether there is a nonnegative
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solution to the system for which we need linear programming
techniques.

Example 3: Let

1 0 1 2 3/4
0 1 -1 —4 —1/4
at=|0[.,a>=]0 |,a®= 1 |,a*= 3 |,d° = 1/2
0 0 -1 -3 ~1/2
1 1 1 1 1

To check if a is in the convex hull of {a', a2, a®} we solve the follow-
ing system of equations (after ignoring the nonnegativity constraints)
by the GJ pivotal method. PR (pivot row), PC (pivot column), RC
(redundant constraint to be deleted), BV (basic variable selected in
row) have the same meanings as before, and the pivot element is boxed
in each step.

BV aq ay Q3
0 1] 2 PR
0 1 —-1|-4
0 0 1 3
0 0 —-1|-3
1 1 1 1
PC]
BV o Qg Q3
Qq 1 0 1 2
0 -1 -4 PR
0 0 1 3
0 0 —-1|-3
0 1 0-—-1
PCT
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BV | a1 Qs
q 1 0 1 2
Qo 0 1 -1 -4
0 0 3 PR
o 0 -—-1|-3
0 0 1 3
PCT
o 1 0 0] -1
Qv 0 1 0] -1
o3 0 0 1 3
0 0 0 0 RC
0 0 0 0 RC

The system of equations in this case has a unique solution (aq, as, az) =
(—1,—1,3) which violates the nonnegativity constraints. So, we are
able to conclude that the system has no nonnegative solution, and
therefore a* is not in the convex hull of {a', a?, a®}.

To check whether a® is in the convex hull of {a',a? a®}, we apply
the GJ method on the following system of equations.

BV aq ay Q3
0 1] 3/4 PR
0 1 —1|-1/4
0 0 1] 1/2
0 0 —1]-1/2
1 11 1
PCT
(0751 1 0 3/4
0 ~1]-1/4 PR
0 0 1] 1/2
0 0 —1]—1/2
0 1 0| 1/4
PCT
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BV | a1 Qs
a, | 1 0 1] 3/4
ag | 0 1 —1/4| —4
0 0 1/2 PR
0 0 —1]-1/2
0 0 1] 1/2
PC]
a; | 10 0] 1/4
ag | 01 0| 1/4
az | 0 0 1] 1/2
0 0 0 0 RC
0 0 0 0 RC

So, the method yields the solution (o, s, a3) = (1/4,1/4,1/2)
which satisfies the nonnegativity constraints. Hence a® is in the convex
hull of {a',a? a*}. In fact a® = (1/4)a’ + (1/4)a® + (1/2)a®.

How to Represent the Convex Hull of a Given Set
of Points Through a System of Linear Constraints?

The convex hull of a given set of points {al,...,a*} in R™ can be
represented through a system of linear constraints, but this system
would involve some linear inequalities. Typically the number of linear
inequalities in this representation grows exponentially with k. Deriv-
ing these inequalities requires linear programming techniques which are
outside the scope of this book. However, as the number of the inequali-
ties in the representation is typically very very large, even though linear
programming techniques are available to generate them, those tech-
niques are rarely used directly in their entirety in practice. However,
implementations of these techniques which generate these constraints
one at a time are of great importance in the area of Combinatorial
Optimization.

Exercises

3.12.1: Check whether the following vectors are in the convex hull
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of the set of column vectors of the matrix A given below: (a) (Yes)
bL 0% (b) (No) b3, b,

30 9 4

6 =3 o . 1] .

A=| g 4 o 0= 3,6—(5439>,
12 -6 3 9

BP=(15 9 18 21 ),b'=(6 15 9 30 )

3.12.2: For each pair of points given below, find: (i) the midpoint
of the line segment joining them, (ii) parametric representation of the
line segment oriented with each point in the pair as the starting point,
and directed towards the other point in the pair, and (iii) the point on
the line segment that is two-thirds of the way from the starting point
towards the other end point in each of the parametric representations
above.

{(1,-1,0, Q)T (=3,4,-7,-97}; {(0,-3,4,-6,7)7,(6,0,3, —4, —=2)T};
{(1 -3, — )T>( =1 _4)T}'

3.13 Nonnegative Combinations, Pos Cones

A nonnegative linear combination of a given set of vectors {a!, ..., a"}
in R" is a vector of the form

arat + ... 4 apa®  where all the coefficients ay,...,a >0
The set of all nonnegative linear combinations of {a!,... a*} is
{z=aia'+...+apa® : ay,...,ap > 0}. It is called the nonnegative

hull or the pos cone of {a, ..., a*} and is denoted by Pos{al, ..., a"}.
It is a cone.

Example 1: Here we show how to draw a pos cone in R?. Let

e (8w (2 (B)a- ()
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To draw Pos(I"), plot each of the points in I', and draw the ray of
each of these points (the half-line joining the origin to the point and
continuing in that direction indefinitely). The Pos cone of I' is the
smallest angle at the origin containing all these rays. See Figure 3.19.

In higher dimensional spaces, even though we cannot physically
draw the pos cone of a set of points, we can visualize it as the smallest
solid angle at the origin containing the rays of all the points in the set.

To check whether a point a**! is in Pos{a!,...,a"}, we need to
solve the following system of equations in nonnegative variables.

arat + .. 4+ opd® = oM

ay, ..., > 0

It is not always possible to get a feasible solution to this system, or
conclude that it has no feasible solution, using the GJ pivotal method
or the G elimination method applied to the equality constraints only,
ignoring the nonegativity requirements. To conclusively solve this sys-
tem, linear programming techniques which are outside the scope of this
book are needed.

Pos{a',...,a"} can be represented through a system of linear con-
straints. It leads to a homogeneous system of linear inequalities
of the form Ax > 0. To derive the constraints in this representation
requires linear programming techniques not discussed in this book. Un-
fortunately, the number of constraints in such a representation typically
grows exponentially with &, so this linear constraint representation is
rarely used in practice in its entirety, but implementations of these
techniques that generate these constraints one at a time are of great
importance in the area of Combinatorial Optimization.

Summary of Various Types of Combinations of a

Set of Vectors I' = {a!,... a*} C R"

Linear combination of I': Any point of the form aja' + ... + aza®

where ay, ..., a; can take all possible real values. Set of all these
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X -axis

2 41,2

(1,0) -
X, -axis

-1 (1! '1)
-2

-3 (2! _3)

Figure 3.19: The cone Pos(T") in R? is the smallest angle at the origin
containing the rays of all the points in I'.

combinations is the linear hull of I". It is a subspace of R". If it
is not R", it is the set of solutions of a homogeneous system of
linear equations of the form Ax = 0 where A is of order m x n,
with 1 < m < n. Given I', this linear constraint representation
of its linear hull can be found efficiently.

Affine combination of I': Any point of the form aja' + ... + aza®

where oy +...+a; = 1. Set of all these combinations is the afline
hull of I'; it is the translate of a subspace of R™. If it is not R",
it is the set of solutions of a nonhomogeneous system of linear
equations of the form Axr = b where A is of order m x n, with
1 < m < n. Given I', this linear constraint representation of its
affine hull can be found efficiently.

Convex combination of I': Any point of the form aja' +. ..+ aja®

where a;+...+a, =1, and oy, ..., a5 > 0. Set of all these com-
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binations is the convex hull of I". It is a convex polytope in R".
It is the set of feasible solutions of a system of nonhomogeneous
linear inequalities of the form Ax > b where A is of order m x n,
with m typically growing exponentially in k. Given I', this linear
constraint representation of its convex hull can be derived using
linear programming techniques.

Nonnegative linear combination of I'": Any point of the form o;a'+
...+ aga® where aq, ..., a; > 0. Set of all these combinations is
the pos cone of I'. It is a cone in R". If it is not R", it is the set
of solutions of a homogeneous system of linear inequalities of the
form Ax > 0.

3.14 Hyperplanes

For n > 2, a hyperplane in R" is defined to be the set of all vectors
= (z1,...,2,)" which satisfy a single nontrivial linear equation,
i.e., one of the form

a1x1 + ...+ ay,x, = by where (aq,...,a,) # 0 (by could be 0)

So, a nontrivial linear equation is one in which at least one of the
variables appears with a nonzero coefficient. In R", each hyperplane
has dimension n — 1. So, in R? each straight line is a hyperplane and
vice versa.

We have seen earlier the parametric representation for straight lines
in R" for any n > 2, which is the most convenient way for representing
straight lines.

An alternate representation for a straight line in R? only, is through
a single linear equation. This works in R? because every straight line in
R? is a hyperplane and vice versa. For n > 3, in R™ a hyperplane has
dimension n — 1 > 2, and is not a straight line. That’s why a single
linear equation does not represent a straight line in spaces of
dimension > 3.

We will now include figures of some hyperplanes in R? and R3.

Figure 3.21 to 3.23: In R? the three coordinate hyperplanes are
given by “x3 = 07 (contains the x; and x5 coordinate axes, Figure 3.21),
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“ry = 07 (contains the xo and x3 coordinate axes, Figure 3.22), and
“zg = 07 (contains the z; and x3 coordinate axes). You can visualize
these coordinate hyperplanes from these figures. We show a portion
(shaded) of the hyperplane corresponding to “z; + z3 + 23 = 1”7 in
Figure 3.23.

X -axis

Figure 3.20: In R?, “zo = 07 (z;-axis), “r; = 07 (xq-axis) are the two
coordinate hyperplanes. We also show the hyperplane (straight line)
represented by “r; 4+ x5 = 1.

How to Draw the Straight Line Corresponding
to an Equation in R??

Set up the x1, x9— coordinate axes and select a scale for measuring
lengths on each axes.

If the coefficient of x5 in the equation is 0, then the equation is
equivalent to “x; = b” for some b. This represents the straight line
parallel to the xo—axis through the point (b,0)? on the z;—axis.

If the coefficient of x; in the equation is 0, then the equation is
equivalent to “xy = b” for some b. This represents the straight line
parallel to the x;—axis through the point (0,5)” on the zy—axis.
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If the coefficients of both x; and x5 in the equation are nonzero,
find two points on the straight line represented by it by giving one of
the variables two different values and finding the corresponding values
of the other variable from the equation. For example, put z; = 0, 1
and let the value of x5 from the equation be respectively by, b;. Then

X3

Figure 3.21: The x1, xo-coordinate hyperplane represented by the equa-
tion 3 = 0 in R3.

(0,00)T, (1,b)T are points on the straight line represented by it. Join
the two points (0,b0)7, (1,b1)T by a straight line, which is the desired
one.

In Figure 3.24 given below, we show the straight lines in R? cor-
responding to “x; = 1.57 (dotted line), “xs = 2”7 (dashed line), and
“ry 4 2x9 = 3”7 (solid line). For the last one, we put “x; = 1, 3, and
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X3
X5
0,0,1) _
Xq= 0
©, 1,0)
0
__________________ X
(1,0,0) 1

Figure 3.22: The x4, z3-coordinate hyperplane represented by the equa-
tion z; = 0 in R3.

find from the equation x5 = 1, 0 respectively; so (1,1)%, (3,0) are two
points on that line.

Exercises

3.14.1 Draw the straight lines in R? corresponding to each of the
following equations.

(i) —3x1=-9 (17i) dxe =12 (v) 3z —22=9
(ZZ) T+ 21‘2 =35

3.15 Halfspaces

For any n > 2, a hyperplane in R™ divides the space into two halfspaces,
each of which consists of all the points on one side of the hyperplane.
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X3
)
0, 0,1)
©, 1, 0)
0
(1, 0,0) X1

Figure 3.23: Hyperplane represented by z; 4+ z9 + 23 = 1 in R3.

Look at the hyperplane defined by the equation “x; + x5 = 2" in R?
in Figure 3.25, it divides R? into two halfspaces, one above it (the
lined side), one below it. Points in the halfspace above this line satisfy
the constraint “x; + x5 > 2”7. Points in the halfspace below this line,
containing the origin 0, satisfy the constraint “x; + xo < 27.

In any space a straight line always has dimension 1. One can verify
that a straight line in R? does not divide R? into two halfspaces because
it does not have enough dimension. To divide R? into two halfspaces
you need a plane of dimension 2.

In the same way, a hyperplane in R" represented by the equation

a1r; + ...+ apxy, = Qo

where (aq,...,a,) # 0 divides the space into two halfspaces, one of
which is

{z:ax1+ ...+ apx, > ap}
and the other is

{z a1+ ...+ ax, < ap}.



340 Ch. 3. Geometry of R"

Figure 3.24: The straight lines in R? represented by the equations
Ty = 2, x1 = 1.5, and xy + 225 = 3, and the halfspace represented by
T+ 2I2 Z 3.

The hyperplane represented by the equation “ayxy + ...+ apx, =
ay” is itself common to both these halfspaces. The above inequalities
are said to be closed linear inequalities (because they both allow
the possibility of the two sides of the inequality being equal), and the
halfspaces represented by them are called closed halfspaces. Each
closed halfspace includes the hyperplane defining it. The intersection
of the two halfspaces given above is the hyperplane defining them. The
single equation  aj;xy + ...+ a,r, = ag is equivalent to the pair of
inequalities

air1+...+a,x, = ag
a1+ ... +az, < ag

This explains the fact that a hyperplane in R™ is the intesection of
the two closed halfspaces defined by it.
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Figure 3.25: A hyperplane in R? (Straight line) divides the space into
two halfspaces. The thick straight line represents “x; + x5 = 2”. The
inequality “z; + 2o > 2" represents the halfspace of all points in R?
lying above (i.e., on the marked side of) this line.

The strict inequalities

axry +...+a,x, >a9 oOr aixy+ ...+ a,xr, <ag

are said to be open linear inequalities, they represent open half-
spaces. An open halfspace does not contain the hyperplane defining
it.

Thus each halfspace in R™ is the set of all solutions to a single
nontrivial linear inequality (i.e., one in which the coefficient of at least
one variable is nonzero).
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How to Draw the Halfspace Defined by a Linear
Inequality in Two Variables 7

Consider the inequality

121 + azxs = ag

where (ay,ay) # 0. To draw the halfspace corresponding to it in R?,
set up the Cartesian system of coordinates and plot the straight line
corresponding to a;x; + asxo+ = ag as described earlier. Take any
point Z = (Z1,Z2)7 in one of the open halfspaces into which this
straight line divides R?. If a1Z;+asZs > ag, the halfspace containing
Z is the one corresponding to aj;x; + asxs > ag. On the other hand
if a171 4+ as®y < ag, the other halfspace not containing z 1is the
one corresponding to aj;x1 + asxy > ag.

Example 1:n Figure 3.26 we draw the halfspaces corresponding
to the four inequalities given below and mark each of them by an arrow
on the straight line defining it.

r; > 0

ze > 0
T1— Ty > —2
—r1ta2 < =2

3.16 Convex Polyhedra

A convex polyhedron in R" is the intersection of a finite number of
halfspaces, i.e., it is the set of feasible solutions of a system of linear
inequalities of the form

Ax >b
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v
4
P’
+N
X2 -axis
3
2
—
1

Figure 3.26: Four halfspaces in R?, and the unbounded convex polyhe-
dron that is their intersection.

where A is a matrix of order m x n. Each inequality in this system
defines a halfspace in R"; and the set of feasible solutions of this system
is the intersection of all these halfspaces.

EX&HIp]G I: In Figure 3.26 we plot the convex polyhedron in
R? (shaded region) that is the set of feasible solutions of the following
system of constraints

gy > 0

ze > 0
Ty — Xy > —2
—r1+xp < =2

Example 2: In Figure 3.27 we plot the convex polyhedron in R
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corresponding to the following system of constraints

r1+xe < 2
I+ 2y = —2
—T1— Xy < 2

Ty — Ty > —2

A bounded convex polyhedron is called a convex polytope.

The set of feasible solutions of a homogeneous system of linear in-
equalities, i.e., a system of the form

Az >0

is said to be a convex polyhedral cone. As an example, consider
the system

X2 -axXIs
3
O ¥
P 7 x,
/+ %
TON O ANAE

Xl -axIs

Figure 3.27: A convex polytope (bounded convex polyhedron) in R2.
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200 + 19 >
.T1+3172 Z 0

Its set of feasible solutions is the polyhedral cone (marked by an
angle sign) in Figure 3.28.

X -axis
2

3

-1,2) 2

\ Ay
Xl axis

(3’ '1)

Figure 3.28: A polyhedral cone in R?.

Exercises

3.16.1: Set up the 2-dimensional Cartesian coordinate system and
draw the convex polyhedra represented by the following systems of con-
straints. Mention whether each of them is a polytope or an unbounded
polyhedron.

(i): (Unbounded) (a) =5 < —z1+x9 < 4, x1+x9 > 3, 21 +219 > 4,
x1, w9 > 0.
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(b) x1,29 > 0, 1 < 50, 29 < 80, —2x1 + x5 < 60, 3z + 22 > 30,
T+ 3%2 Z 30.

(¢) =221 + 22 <0, 17 — 225 < 0.

(ii): (Bounded) (d) =4 <27 <4, -4 <129 <4, —6 < —x1+22 <6,
—6 S 1+ T2 S 6.

(€) w1,29 > 0, 21 + 29 > 10, 21 + 425 < —20.

3.17 Convex and Nonconvex Sets

A subset K C R"™ is said to be a convex set if it satisfies the following
condition

for every pair of points ', 2* € K;

ar'+ (1—a)r* € K foral0<a <1

Figure 3.29: Convex sets
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i.e., for every pair of points x!, 2% in K, the entire line segment joining
2!, 2?2 must be in K.

Figure 3.29 has examples of convex sets in R?; and Figure 3.30 has
examples of nonconvex sets.

Figure 3.30: Nonconvex sets

Some examples of convex sets in R" are

all hyperplanes, and halfspaces, convex polyhedra, convex
polyhedral cones, and balls.

3.18 Euclidean Distance, and Angles
The Fuclidean Distance Between Two Points in R

Consider the point P = (z1,z2)" in R% Let Q; = (x1,0)". Then
from Figure 3.31 we see that 0, @1, P form a right angled triangle. The
famous Pythagoras theorem states that in any right angled triangle
the square of the diagonal is the sum of the squares of the two sides.
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x2-axis
P= (x1 , x2)

X

2
0

90

X1 i X, -axis
0 le(x1 0)

Figure 3.31: Euclidean distance function in R? explained

Applying this theorem we see that

distance between 0 and P = (21, 22)T in R? = Vi + a3

Now consider the point P = (z, 79, 73)" in R3 see Figure 3.32.
Let the point Qy = (1, 79,0)7 in the 1, z9— coordinate plane for R3.
From the above argument we know that 0Q)y = the length of the line
segment 0Qy is \/x? + x3. Also, 0, 5, P form a right angled triangle
in the two dimensional plane of R? containing the rays of P and Qs.
Applying the Pythagoras theorem to this right angled triangle, we have

distance between 0 and P = (21,29, 23)7 in B> = 1/(0Q2)? + 23
= \Jai + a3+ 23

Continuing this argument the same way, we get the following defi-
nition of distance in R"
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x3—axis
P:(xl,xz,x3)
I
(X11X21X:.3) :
I
I
|
0 E x1 -axis
|
Ol
90 |
X,, -axis Q,=(x1,%,,0)

Figure 3.32: Eoclidean distance function in R?® explained.

distance between 0 and P = (x1,...,1,)T in R* =

Vai+ .o+ a2 =vVale

The distance between 0 and x € R" given above is usually denoted
by the symbol ||z||, and is known as the Euclidean norm of the
vector .

To find the distance between two points L = (yi,...,y,)’ and
P = (z1,...,7,)7 in R", we translate the origin to L, this has no
effect on distances. After the translation L becomes 0 and P becomes
(1 — Y1, -, Zn — Yn)?. From this and the above, we conclude that

distance between = = (z1,...,2,)" and y = (y1,...,y,)" in R* =

V@ =)+t (2a—ya)? = /(2 — y)T(x —y)
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The distance function given above is known as the Euclidean dis-
tance. This is the most commonly used distance measure.
The Euclidean norm satisfies the following properties:

(i) ||z|| > 0 for all x € R™; and ||z|| = 0 only if z = 0.
(ii) |[Az|| = |A|||x|| for all z € R™, and all real numbers A.
(iii) Triangle inequality: For all z,y € R™, ||z + y|| < ||z|| + ||y]|-

(iv) Cauchy-Schwartz inequality: For all z,y € R", | < x,y > |
< (|zID(||lyl|) where < z,y > is the dot product of the two
vectors z, y defined in Section 1.5 (if z, y are both column vectors,
< x,y >= xly). Also, | < z,y > | = (||=]])(||ly||) iff one of the
two vectors among x,y is a scalar multiple of the other.

Using the parallelogram law of addition of vectors, it can be seen
that the triangle inequality is the same as the geometric fact that for
any n > 2, the sum of the lengths of two sides of a two dimensional
triangle in R"™ is > the length of the third side. To see this let =,y
be two nonzero vectors in R". Figure 3.33 shows the two dimensional
subspace of R™ containing the rays of z and y. Look at the triangle
with vertices 0, x and x+y. The lengths of the sides of this triangle are
||z|| (side joining 0 and x), ||y|| (side joining x, x+y), and ||z +y|| (side
joining 0 and z+y); and so the triangle inequality ||z||+||y|| > ||z +y]|
is an expression of this geometric fact.

Mathematicians have constructed many other functions which can
be used as distance functions (these distance functions do not satisfy
the Pythagoras theorem), and they study properties of R™ under dif-
ferent distance measures. In this book we will only use the Euclidean
distance function defined above.

Relationship Between the Dot Product of Two
Vectors and the Angle Between their Rays

Let z,y be two nonzero vectors in R". First assume that neither of
these vectors is a scalar multiple of the other. Then the rays of x,y
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-

Xl -axis

Figure 3.33: Interpretation of triangle inequality using the parallelo-
gram law of addition of vectors.

are contained in a two dimensional subspace of R™ which is the linear
hull of {z,y}. In this subspace let § denote the angle between the rays
of z,y. See Figure 3.34. The three points 0, x, y form a triangle. The
lengths of the sides of this triangle are: ||z|| (side joining 0 and ), ||y||
(side joining 0 and y), and ||z — y|| (side joining x and y).

The Law of cosines of Plane Trignometry, is:

Square of the length of one side of a triangle is = sum of the
squares of the lengths of the other two sides — two times
their product multiplied by the cosine of the angle between
them.

Applying this to our triangle, we have

[l = ylI* = {2l * + [lylI* = 2(/]) (| [yl]) cos(6)
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X, -axis

[Ix -yl

[yl

. I ,
Xl -axl|s

Figure 3.34: Angle between the rays of two nonzero vectors in R".

But [lz — yll* = (z —9)"(z —y) = 2"z +y"y -2 < 2,y >
Substituting this in the above equation, we get

cos(d) = <,y > /(([l=[)(lyll))

If = is a positive multiple of y (see Figure 3.35), then the rays of
x and y are the same, so the angle between these rays is 0, and since
cos(0) = 1, the above equation holds.

If z is a negative multiple of y (see Figure 3.36), then the rays of
x,y are the two halfs of a straight line, i.e., the angle 6 between these
rays is 180° (or 7 if measured in radians) and since cos(180°) = —1,
the above equation holds in this case too. Hence we have

For any pair of nonzero vectors z,y € R", the cos of the
angle between their rays is = the dot product of x and y
divided by the product of the norms of x and y.

For any pair of nonzero vectors x,y € R", the angle between their
rays is also known as the angle between the nonzero vectors z,y.
A pair of nonzero vectors x,y € R™ are said to be orthogonal
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X, -axis
2

0 _ .
Xl ax|s

Figure 3.35: Angle between the rays of z,y is 0 when x is a positive
multiple of y.

if the angle between them is 90° (or 7/2 when measured in radians).
Hence z,y € R™ are orthogonal if they are both nonzero and if their
dot product is 0. See Figure 3.37.

Exercises
3.18.1: Find the angle between the rays of the following pairs of
points in the space of appropriate dimension: {(1,-1,1,2), (0,1, -2, —2)},

{(1,2,-3),(-2,0,4)}, {(1,0,-3),(0,—2,0)}. Which of these pairs is
orthogonal?

3.19 The Determinant Interpreted As A
Volume Function

Consider a matrix B of order 2 x 2
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X . -axis

0 X, -axis

y

Figure 3.36: Angle between the rays of z,y is 180° when z is a negative
multiple of y.

b
B— ([ bz
bar a2
and let By, Bs. be its row vectors (we can carry this discussion in terms
of column vectors too, we are doing it in terms of row vectors). Let

f(By,Bs) = area of the parallelogram with 0, By, Bs, as three of
its vertices in R?, see Figure 3.38.

Then from geometry, we know that the area of a parallelogram is
the product of the length of its base and height. From this, we verify
that the function f(Bj, Bs.) satisfies the following properties:

(a) f((1,0),(0,1)) = 1, since by definition, the area of the unit square
is 1.
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X . -axis
2

X

0 X, -axis

Figure 3.37: A pair of orthogonal vectors x, y.

(b) f()\Bla BQ) = f(Bl.7 )\Bg) = )\f(Bl, Bg) for all A 2 0. See
Figure 3.38 where we illustrate this for A = 2, 3.

(C) f(Bl + BQ_, Bg) = f(Bl_, Bg) = f(Bl_, BQ. + Bl) See Figure 3.39
where this property is illustrated.

It turns out that there is a unique real valued function of the row
vectors By, By that satisfies the three properties (a), (b), (¢) mentioned
above, it is det(B) = the determinant of the matrix B with By, By as
its row vectors. Also, the area function defined above f(Bj, Bs) =
|det(B)|.

In the same way let A = (a;;) be a square matrix of order n and let
Ay, ..., A, be its row vectors. Define

V(Ai,...,A,) = n-dimensional volume (volume in R",
also called content) of the parallelopiped P with 0 as a
vertex and A; ..., A, asits adjacent vertices in R" (P =
{z:2=>"NA,, 0< )\ <1foralli})
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3B

2B

By A

0 By,

Figure 3.38: For nonzero z,y € R? f(x,y) is the area of the par-
allelogram with 0,2,y as three of its vertices. You can verify that
f(QBl, Bg) = 2f(Bl, Bg) and f(?)Bl, Bg) = 3f(Bl, Bg)

This volume function V(A4 ..., A,.) ia always nonnegative, it sat-
isfies V((Ay, ..., A,) = |F(Ay, ..., A,)| where the function F'(A; ..., A,)
satisfies the following three properties:

(i) F(Li,...,1,) =1, where I ,..., I, arethe row vectors of the unit
matrix of order n.

(ii) F(Al., Ce ,Aifl., )\Al, Ai+1.7 Ce 7An) == )\F(Al, Ce 7An) for all A
real, and for all 7.

(iii) F(Al', ceey Aifl', Al—f—Aj, Ai+1" ceay An) = F(Al', ceay An) fOI' all
1 and j # 1.

It can be proven that there is a unique real valued function of the

vectors Ay, ..., A, which satisfies the above properties (i), (ii), (iii),



3.19 Volume and Determinants 357

B By

%

0 Bo.

Figure 3.39: For nonzero z,y € R? f(x,y) is the area of the par-
allelogram with 0,2,y as three of its vertices. You can verify that
f(By. + By, By) = f(By, Bs.).

and that function is the determinant of the matrix A with A;,..., A,.
as its row vectors, i.e., det(A). See the book Curtis [3.1] for a mathe-
matical proof of this statement. Thus the absolute value of the deter-
minant of a square matrix of order n, is the n-dimensional volume of
the parallelopiped with 0 as a vertex and the row vectors of the matrix
as its adjacent vertices.

This partly explains the major role that determinants play in math-
ematical research.

Exercises
3.19.1: Euler’s tetrahedron problem: In R3let 0, A = (2, v, 2)7T,

B = (2,y,2)T, C = (2",y",2")T be the coordinates of a tetrahedron.
Prove that its volume is given by A/6 where
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A = det| 2 o 2
y//

3.20 Orthogonal Projections (Nearest Points)
The following problem arises in many applications.

We are given a subset S C R", usually as the set of feasible
solutions of a given system of constraints, or sometimes in
parametric representation; and a point £ # S. We are
required to find the nearest point in S to Z.

In general this leads to a quadratic programming problem, a
special version of nonlinear programming. Both these topics are
outside the scope of this book. However, we will show the solution
to this problem when S is a simple set such as a straight line, or a
hyperplane, or the set of solutions of a system of linear equations.

Nearest Point When S Is a Straight Line

Consider the case where S = L = {x : x = a + A¢, A takes all real
values }, where a = (q;), ¢ = (¢;) are given column vectors in R™ and
¢ # 0. L is given in parametric representation. So, a + Ac is a general
point on L, and the problem of finding the nearest point in L to Z (note
that minimizing the distance is the same as minimizing its square) is:

Minimize fi(A) = (a+ X c—72)"(a + Ac — 7)

n

= Z(az + )\Ci — i‘i)2

=1

over \ taking all real values. From calculus, we know that the minimum
of fi(A) is attained at a A\ which makes the derivative f{(\) =0, i.e.,
satisfies
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n

2 Z(az + )\Ci - i‘i)Ci =0
i=1
Let A* denote the solution of this. So,
S (@ —ai)ei (7 —a)

el

A=

So, the nearest point in L to Z is a+ A*c = z* say. It can be verified
that for any point x =a+ Ac € L,

(z — ") (x — 2%) —a—XNe) (a+ X e—a— N
— AT —a—Ne)le
A=) ((z —a)fc—Mcle)

A=)z —a)c—(z—a)c)

Il
—~ —~
>

|
o

See Figure 3.40. So, the nearest point, x*, on the straight line
L to T satisfies the property that (z — z*) is orthogonal to (z — x*)
for all x € L. That’s why the nearest point z* is also known as the
orthogonal projection of z on L.

Example 1 Consider the straight line L and point Z € R® given
below.

3 0 1
L=3z:2= —4 [ 4+A| -4 |,Areal), T= 2
—11 9 -3

Then from the above, the nearest point in L to Z is obtained by
taking
07 _47 9)((1727_3) — (37 _47_11)>T 48

(
A=\ = =
||(07 _47 9)T||2 25
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X3 -axis

/

X*

90

x|

Xl -axlIs

X -axis
2

Figure 3.40: The nearest point, * in L to Z, is the orthogonal projec-
tion of z on L.

So, the nearest point to Z in L in this example is
o = (3, —4, —11)" + (48/25)(0, —4,9)" = (3, —-11.68,6.28)"

x* is the orthogonal projection of Z on the straight line L.
Nearest Point When S Is a Hyperplane

Consider the case where S = H = {z : ax = ap}, where a =
(ay,...,a,) # 0; a hyperplane. In this case the problem of finding the
nearest point in H to ¥ is the quadratic program

Minimize (z —2)"(z — 2)
subject to ar = ag
We can solve this problem using the Lagrange multiplier tech-

nique of calculus. We construct the Lagrangian for this problem, which
is
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L(2,6) = (x — )" (x — 7) — §(ax — ap)

where ¢ is the Lagrange multiplier associated with the constraint
in the above problem. The optimum solution to the problem, x*, §* is
then obtained by solving the system

OL(x,9)

_ T s
pe = 2(z—-2) —0a=0

ar —ag =10
From the first equation we have z* = z + (6*/2)a’. Substituting
this in the 2nd equation we get (6*/2) = —(aZ — ag)/||al|* = A* say.
So, the nearest point z* in H to 7 is given by
¥ =17+ a’ A

where A* = —(aZ — ag)/||a||>. Tt can be verified that for any z € H

(z—2)(z—2") = —A*a(lr —7 —a’ AY)
= —A%(ax —az + (aT — ay))
= A*(ag— ax — (aT —ap)) =0
since ax = ap for all x € H. Hence (Z — x*) is orthogonal to (z — z*)

for all z € H. See Figure 3.41. Here again, the nearest point z* is
therefore known also as the orthogonal projection of z in H.

Nearest Point When S = {z : Az = b}

Here consider S = {z : Ax = b} where A is a matrix of order m x n.
Without any loss of generality, assume that there are no redundant
equations in the system “Ax = 0" and that it has at least one solution.
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X3 -axis '
¢ 90
H __99/_';_’ _____
aXE
X, -axis
0 1

X, -axis
2

Figure 3.41: z* is the orthogonal projection (and the nearest point to)
T in H.

The problem of finding the nearest point in S to z is the quadratic
program

Minimize (z —2)"(z — 2)
subject to Axr = b
Again we will use the Lagrange multiplier technique to solve this
problem. Since there are m constraints, we need to use m Lagrange
multipliers here, one for each constraint. Let m = (my,...,m,,) be the

row vector of Lagrange multipliers. Then the Lagrangian function for
this problem is

L(z,7) = (z — 2)'(x — ) — 7(Az — 1)

The optimum solution, x*, 7* is then obtained by solving the system

OL(z,m)

pe = 2z-72)" —71A=0

Az —b =0
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From the first equation we have

(W*)T)
5 )

Substituting this in the 2nd equation we get

vt =7+ A”(

*\T
Am—b—l—AAT(%) =0

The fact that the consistent system of equations “Ax = b” has no
redundant equations implies that the matrix AAT of order m x m is
nonsingular (see Chapter 4), and hence has an inverse. Therefore from
the above equation, we have

*\T'
K%L:—mﬂym%—m

and hence
vt =7 — AT(AAT)"Y(Az - b)

Again it can be verified that * — x* is orthogonal to x — x* for all
x € S ={x: Az = b}. Hence the nearest point 2* is also known as the
orthogonal projection of Z in S. See Figure 3.42.

Example 2 Consider the set S C R® of solutions to the system
of constraints “Ax = b” where

(3 (2)

Let 7 = (1,1,0)". Then

Az —b=(0,-8)"
s (32) - (4 0)
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x|

Figure 3.42:

So, the orthogonal projection of z in S'is

1 0 1
=7 - AT(AAY Az -b)=| 1 |- | -4 | =
0 —4 4

x* is the nearest point in S to Z.
Exercises

3.20.1: Find the nearest point to Z on the straight line L = {z :
T = a+ A, A takes all real values} when

(i): 2=(2,-3,0,2), a=(1,-3,2,0), c = (—1,1,—1,1).

(ii): # =(—4,10,-12,-3),a = (2,1,-3,—6), c = (2, 3,3, —1).

(iii): z=(4,9,18,6), a = (3,—-2,6,5), c = (—2,2,1,0).

3.20.2: Find the nearest point to Z on the hyperplane H = {z :
ax = ap} where

(i): z=(2,1,1,1), a = (1, 1,1),@0—6

(ii): 2 =(1,-2,-1,-2), a ( 2,11,6, 3) = —24.
(iii): # =(-1,0,3), a = (3,—4,0), ap =
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3.20.3: Find the nearest point to Z on the set of solutions of the

system Ax = b where
. 0 —1 3
o MA( 1Yo ( 3)

1
~1
(ii): z = (-2, ( ),b:(i?).

3.21 Procedures for Some Geometric Prob-
lems

Here we describe briefly procedures for common geometric problems
that arise in many applications, based on algorithms discussed in earlier
sections.

1. Identical, Parallel, Intersecting, Orthogonal, and Non-
intersecting Straight Line Pairs

Let L1 = {x =a+ab: areal}, Ly = {x = c+ (d : ( real} be two
straight lines in R™ given in parametric representation. Assume that
all of a, b, ¢, d are column vectors.

(i): Li, Lo are identical, i.e., they are the same straight line if
b,d,a — c are all scalar multiples of each other.

When L, L, are not the same straight lines, but n = 2:

(ii): L, Ly are distinct but parallel straight lines in R? if
b,d are scalar multiples of each other, but a — ¢ is not a
scalar multiple of b.

(iii): If b is not a scalar multiple of d, then Ly, Ly are not
parallel lines in R? and have a unique point of intersection.

In this case, if the dot product b¥d =< b,d >= 0, then
Ly, Ly are orthogonal straight lines.

When L, Ly are not the same straight lines, but n > 3:
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(iv): If b, d are scalar multiples of each other, and (a —c) is
not a scalar multiple of b, then L, Lo are two parallel lines
in R™ both contained in an affine space of dimension 2.

(v): If b,d are not scalar multiples of each other, and
rank{b,d,a — ¢} is 2, then L, L, are not parallel, but are
contained in an affine space of dimension 2, and they inter-
sect at a unique point.

In this case L1, L, are an intersecting orthogonal pair of
straight lines in R™ if b'd = 0. If b¥d # 0, they are not
orthogonal.

(vi): If b,d are not scalar multiples of each other, and
rank{b,d,a — ¢} is 3, then L, L, are not parallel, but are
not contained together in any affine space of dimension 2
in R™, and do not intersect.

In this case they are a nonintersecting, orthogonal pair of
straight lines if b7'd = 0. If b'd # 0 they are not orthogonal.

The rank of a set of vectors needed in the above conditions is briefly
mentioned in Section 3.9, but detailed treatment of rank along with
algorithms for computing it are given in Sections 4.2, 4.3.

So, to summarize, for any n > 2, Ly, Ly are nonidentical parallel
straight lines iff b, d are scalar multiples of each other and a — ¢ is not
a scalar multiple of b.

Also, whether they intersect or not, they are an orthogonal pair iff
bI'd = 0.

2. Angle Between Half-Lines

Given two half-lines in R" in parametric form, L = {z = aab :
a >0}, Ly = {xz =c+ fpd: 3> 0}, whether they have a common
point or not, the angle between them is defined to be the angle between
their directions. If this angle is 0, we therefore have cos(f) = < b,d >

/(oI All)-
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The half-lines L, L are said to make an acute angle if 0 < 6 <
90°, and an obtuse angle if 90° < § < 180°. Therefore Li, L7 make
an acute angle if < b,d >> 0; and an obtuse angle if < b,d >< 0.

3. To Find the Equation for a Hyperplane Containing a
Given Set of Points in R"

Let the given set of points be I' = {a', ... a*} where each a' is a col-
umn vector. Let cix1+. ..+ c¢,x, = ¢o be the equation for a hyperplane
containing all the points in I'. We need to find ¢ = (¢, ...,¢,) # 0 and
o, these are the variables in this problem. If 0 € I', we know that ¢
must be zero. If 0 € I' we do not know the value of ¢y. The system of
equations that c, ¢y satisfies is:

¢ % |
at —110
¢ —1]0

As in the algorithm discussed in Section 3.9, apply the algorithm
of Section 1.23 on this system. This algorithm terminates in three
different ways with a final tableau.

(i): No nonbasic variable in the final tableau: In this case
(¢,c0) = (0,0) is the only solution to the above system, so there is no
hyperplane in R" that contains all the points in I'. This happens only
if dimension(I") = n.

(ii): Exactly one nonbasic variable in the final tableau:
Let (¢, ¢y) be the solution of the above system obtained by setting the
nonbasic variable = 1, and finding the values of the basic variables from
the final tableau. In this case dimension(I') = n — 1, and ¢x = ¢ is
the equation for the unique hyperplane in R"™ containing all the points
in I'.

(iii): Two or more nonbasic variables in the final tableau:
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Let (¢",¢;) be the solution of the above system obtained by setting
the rth nonbasic variable = 1, other nonbasic variables = 0, and then
obtaining the values of the basic variables from the final tableau; for r
=1 to k.

In this case dimension(I') < (n — 1), and there are many (in fact
an infinite number) hyperplanes containing all the points in I'. Each
equation in the system

cx = q
ko ok
c’r = ¢

represents a different hyperplane containing all the points in I', and any
nonzero linear combination of these equations also gives such a hyper-
plane. The above system of equations together defines the affine hull
of I'. So, this is one way of getting the linear equation representation
of the affine hull of a given set of points.

4. Checking Whether a Straight Line Lies on a Hyper-
plane, or Is Parallel to it, or Orthogonal to it

Let a,b be column vectors, and ¢ a row vector in R". Let ¢y be a
real number. Consider the straight line L = {x = a + ab : « real}, and
the hyperplane H = {x : cx = ¢o}.

Consider the equation c¢(a 4+ ab) = ¢y in the parameter a.

If ¢b # 0, the point on L given by a = (ca — ¢p)/(—cb) is the unique
point of intersection of L and H. So in this case L and H intersect.

If ¢, b are scalar multiples of each other, L is orthogonal to H.

If ¢cb = 0 and ca — ¢y # 0, there is no finite value of the parameter «
that will satisfy the above equation. In this case, L and H are parallel.

If ¢b =0, and ca — ¢y = 0, the above equation is satisfied by all
values of the parameter. in this case, L lies completely in H.

A straight line lies completely on a hyperplane, if they have two
common points.
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5. Normal Line to a Hyperplane Through a Point On It

Let cx = ¢y represent a hyperplane H in R", and let  be a point
on it. So, cT = cy.

{z = T + ad : « real} represents a straight line through z lying in
H ifd+# 0 and cd = 0.

A stright line through 7 is said to be the normal line to H through
z if it is orthogonal to every straight line through z lying in H. So,

the normal line to H through Z is given by the representation {z =
T+ fc: ( real}.

6. Parallel and Orthogonal Hyperplanes

Two hyperplanes in R" are said to be parallel iff they do not
intersect. This happens iff the equation for one of them can be obtained
from the equation for the other by changing its RHS constant. That’s
why changing the RHS constant in the equation for a hyperplane is
called moving the hyperplane parallel to itself.

So, two hyperplanes Hy = {z : cx = ¢y}, Hy = {x : dx = dy} are
parallel to each other if ¢, d are scalar multiples of each other, i.e., if
there exists a nonzero number ¢ such that ¢ = dd, and ¢ — 0 # dd,.

Two hyperplanes are said to be orthogonal if their normal lines
form an orthogonal pair of straight lines. So, Hy, H, are orthogonal iff
the dot product < ¢,d > = 0.

Exercises

3.21.1: The angle between two nonzero points is defined to be the
angle between the rays of those two points. If a = (1,a9,—2),b =
(3,1,2) what condition should ay satisfy so that the angle between a, b
is: (i) 90°, (ii) < 90°, (iii) > 90°.

3.21.2: Formulate the system of equations to find a point z € R?
that is orthogonal to both the vectors (1,1, —1) and (1, —1,1) and has
Euclidean norm 1.
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3.21.3: Does the straight line through (1, 2, 3) and (—1,0, 1) inter-
sect the hyperplane defined by the equation 2z, + 3z, — x3 = 57 If so
find the point of intersection. Do the same for the same straight line
and the hyperplane defined by 621 4+ 8z5 — 1425 = 15.

How many points of intersection does the straight line through (2,
3,0,7) and (1,—8,5,0) have with the hyperplane defined by =1 + 25 —
T3 — Ty = —27

3.21.4: Find a hyperplane in R* containing all the points (-1, 1,0, 0),
(0,1,-1,0), (0,0,—1,1), (0,1,0,1), (-1,0,—1,0), (1,2, 1,2).

Do all the points (2, 0, 1), (0, 2, 1), (1, 1, 1), (1,1,—1) lie on a
hyperplane in R3? If not is there a half-space in R? that contains all
of them? If so find one such half-space.

In R? find a hyperplane if possible, or a half-space otherwise, that
contains all the points in the set {(1, 2, 0), (1, 0, 2), (1, 1, 0), (1, 0,
1), (1, 1, 1), (2, 1, 0), (2, 0, 1), (0, 1, 1)}. Can you do this if the
requirement is to contain all but one of the points in the set?

3. 21.5: Find a hyperplane in R? that is orthogonal to both the
hyperplanes represented by the equations x1+x9—x3 = 6, x1—29+2x3 =
—2, and passes through the point (1,1, 1).

Find the equation of the hyperplane in R® that contains the point
(1,—1,1) and contains the entire straight line joining (2, 1, 1) and (1,
2, 1).

3.21.6: Check whether the two straight lines joining the following
pairs of points are parallel.

(Yes){{(1,-1,0,7),(2,1,3,6)}, {(5,5,5,5), (2,—1,—4,8)}}, {{(10,
20, 30,40), (9,19, 31, 41)}, {(40, 40, 40, 40), (30, 30, 50, 50) } }

(No) {{(-6,-7,0,3),(—=5,—6,1,4)}, {(14, 13,20, 23), (34, 33,40, 43
) 11 {(1,1,2),(2,0,3)}, {(5,6,7),(6,7,8)}}.

3.21.7: Check whether the following pair of straight lines, each one
specified by a pair of points on it, are orthogonal.

(Yes) {{(1,2,1,1), (2,1,0,2)}, {30,40,50,60), (28,38,53, 63)}},
{{(10, 10, 10, 10), (11,9, 10, 10)}, {(11,9, 10, 10), (11,9, 11,12)} }.
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(No) {{( :1),(2,3,0, 1)}, {(5,5,5,5), (3,6,4,15)}}, {{(2,1, 2),
(3,3,5)}, {(7, ) (1,1,0)}}.

3.21.8: Check whether the straight line L lies on the hyperplane
H in the following.

(Yes) {L joins (1,—-2,3) and (2, —1,2), H = {x : 22, + 329 + bag =
11}}, {L joins (2, 1,4, 3) and (3,0, 3, 4), H = {z: 29 + 4x3 + 6x4 =
36}}.

(No) {L joins (2, 1,5) and (1, 0, 6), H = {x : 3x1+2xy+4a3 = 28}},
{L joins (10, 15, 20, 25) and (11, 16, 21, 26), H = {x : 3x; + 225 —
21’3 - 31‘4 = —50}}

3.21.9: Find the normal lines to the hyperplanes H at points =
given on them.

= (1,-1,-1,2)T on H = {x: 221 — 3wy + 424 = 13}.

r=(0,3,-7) " on H={x:2, — 23 =T}

3.21.10: Find the equation of a hyperplane containing the point
(5,0,3,—3)T for which the normal at that point is the straight line
{z=(1,2,-1,-1D)T + a(2,-1,2,-1)T : « real}.

3.21.11: Check whether the following pairs of hyperplanes H; and
H, are parallel.

(Yes) {H, = {z: 2y — 629+ x5 = —10}, Hy = {z : =62, + 18x5 —
3xg = 30}}, {Hy = {x : 427 — 1024 = 6}, Hy = {z : 160x; — 400z, =
240}}, { Hy is the hyperplane through the points {(1,1,1), (2,0, 1), (-1,
2,0)}, Hy is the hyperplane through the points {(1, 1,0), (2,1, 1), (1, 2,
1.

(No) {Hy = {x : 621 — Twg + 1823 — 1924 = 6}, Hy = {x : 621 — Tx5
+18x3 — 18x4 = 6}}, {Hy = {x : 4x1 — 229 + 8x3 — Txy + 2025 = 500},
Hy = {x :200x; — 10025 + 40023 — 3504 + 990x5 = 25,000}}, {H; is
the hyperplane through the points {(1,1,1),(1,0,2),(—1,—-3,1)}, Hy
is the hyperplane through the points {(1,1,1),(2,0,2),(1,2,—1)}}.

3.21.12: Find the angle between L, Lo in the following pairs and
check whether they make an acute or obtuse angle.
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(Acute) {L; joins {(3,2,—1,2) to (4,4, —2,2)}, Lo joins {(5,5,5,5)
0(4,7,4,7)}}, {L joins {(1,2,2,1) to (2, 1,1,2)}, Lo joins {(3,1,1,3)
0(2,0,2,4)}}.

(Obtuse) {L; joins {(7,—4,3,2) to (8, —3,4,3)}, L joins {(9, 10, —1,
(—2) t(;}(}8,9, —2,-3)}}, {L1 joins {(0,0) to (1,0)}, Ls joins {(0,0) to
~1,0)}}.

3.21.13: Determine whether the straight line L and the hyperplane
H in the following pairs are parallel.

(Yes) {L joins {(1,1,1),(2,1,1)}, H is the hyperplane through
{(1,1,0),(1,0,0),(0,1,0)}}, {L joins {(5,2,—2,2),(6,1,—2,2)}, H is
the hyperplane through {(1,1,2,1),(-1,1,1,0),(—-1,-1,0,—1),(1,0,
—-1,-2)}}.

(No) {L joins {(1,1,1,1),(2,2, 3, 2)} H is the hyperplane through
{(1,1,0,0),(0,1,1,0),(1,2,1,0),(0,0,1,1}}, {L joins {(5,2,—2,2), (6,
1,—2,2)}, H is the hyperplane through {(1,0,1,1),(1,1,0,1),(0,0,1,2),
(1,-1,1,—-1)}}.

3.21.14: Check whether the following pairs of hyperplanes H;, Hy
are orthogonal.

(YES) {H,; is the hyperplane through {(1,1,0),(2,0,1),(0,2,1)},
H, is the hyperplane through {(1,0,1),(2,1,1), (1, 2)}} {H, is the
hyperplane through {(1,1,1,0),(0,1,1,1),(1,0,0, 1) (0,0,1,1)}, Hy is
the hyperplane through {(0, —1,—1,0), (2,0, 0, 1), (1,-1,0, 0) (1,0,—1,
1}

(No) {H; is the hyperplane through {(1,1,0,0),(2,0,1 0) (2,0,0,
1),(1,1,1,1)}, Hy is the hyperplane through {(0, 1, 1,0), (1, ,0), (1,0,
2,1),(1, 1, 1,1)}}, {H; is the hyperplane defined by he equatlon xl
+x9 —x3 = 2, Hy is the hyperplane through {(—1, —1,0,0), (0, ,0),
—(0,0,—1,—1)7 (0,—1,-1,0)}}.

3.21.15 Find a hyperplane through the following sets of vectors I'.
(None) I' = {(1,1,0),(1,0,1),(0,1,1),(1,1,1) }.

(Unique) I' = {(1,1,1,0),(0,1,1,1),(1,0,0,1),(0,0,1,1) }.
(Nonunique) I' = {(2,0,1), (1,1,2),(3,—1,0)}.
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3.21.16 Find the equation of the hyperplane through the point
(7,—8,—6), parallel to the hyperplane containing the points (1,1,0),
(0,1,1), (1,0,1).

3.22 Additional Exercises

1. The general equation for a circle in the zq, x9-coordinate plane
is ap(z? + 23) + ayxy + asws + az = 0, where ay # 0. Given three
points which do not all lie on a straight line, there is a unique circle
containing all of them, develop a method for computing the equation of
that circle using the algorithm in Section 1.23. Use that method to find
the equations of the circles containing all the points in the following

sets: {(1,0),(0,1),(1,2)}, {(1,1),(2,3),(3,5)}, {(2,2),(2,—-2),(4,0)}.

2. 2", r =1, 2, 3 are the coordinates of the vertices of a triangle
ABC in R? in that order. P, Q are the midpoints of the sides AB, AC
of this triangle. Prove that the line PQ is parallel to the line BC, and
that the length of the line segment PQ is half the length of the side
BC of the triangle.

Let D, E be the points on the sides AB, AC of this triangle that
are a fixed fraction « of the length of that side away from A, for some
0 < a < 1. Prove that the line segment DE is parallel to the side BC
of the triangle, and that its length is o times the length of the side BC.

3. 2", r =1, 2, 3, 4 are the coordinates of the vertices of a quadri-
lateral ABCD in R? in that order. P, Q, R, S are the midpoints of the
sides of this quadrilateral. Prove that P, Q, R, S are the vertices of a
parallelogram. Also show that the diagonals of this parallelogram in-
tersect at the centroid of the quadrilateral which is (z!+ 2%+ 23+ %) /4.

4. A, B, C, D, E are the points (4,4,0),(8,2,0), (8,8,0),(4,8,0),
(6,6,4) in R3 respectively. They are the vertices of a pyramid in R3.
The 4 vertices A, B, C, D all lie on a hyperplane which is the base of
this pyramid. E lies above this base and is known as the apex of the

pyramid.
Let P, Q, R, S be the midpoints of the edges AE, BE, CE, DE of
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this pyramid. Show that all these four points lie on a hyperplane which
is parallel to the base of the pyramid.

5. Consider a parallelogram in R?. set up the axes of coordinates
with one of the vertices of the parallelogram as the origin. Let a =
(a1,as),b = (by,by) be the coordinate vectors for the two vertices of
the parallelogram adjacent to 0. By parallelogram law, the 4th vertex
must be a 4+ b. Using this framework, show that the diagonals of the
parallelogram intersect at the point which is the midpoint of both the
diagonals.

6. Let a,b be two nonzero vectors in R". Show that the parallelo-
gram {r=aa+ 0b:0<a<1,0< <1} is a convex set.

7. Finding the path of a flying bird: Axes of coordinates have
been set up to trace the path of a bird flying high up in the sky. The
x1,xo-axes are on the ground, and the x3-axis is along the vertical
altitude. The unit of measurement along each axis is 1 foot. At time
O-minutes, she is at the point (100, —200,400). She is flying in the
direction (—2,1,0) at a constant speed of 200 feet per minute. At her
altitude, the wind is blowing in the direction of (2, —3,0) at a constant
speed of 1500 feet per minute. Derive a parametric representation of
her path, and find her location at time 10 minutes.

3.23 References

[3.1] C. W. Curtis, Linear Algebra: An Introductory Approach, Springer,
1991.
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Chapter 4

Numerical Linear Algebra

This is Chapter 4 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

4.1 Linear Dependence, Independence of
Sets of Vectors

Given a set of vectors (all of them column vectors, or all of them
row vectors; here we will assume that they are all column vectors)
A = {a',...,a*} from R", it is sometimes important to be able to
check whether any of the vectors in this set can be expressed as a
linear combination of the others.

In Section 1.9 we encountered this problem in order to check whether
a system of linear equations contains a redundant constraint that can
be eliminated without effecting the set of solutions. For this, the coef-
ficient vector of one of the equations in the system should be a linear
combination of the others. In Section 3.9 we encountered this prob-
lem again in the process of developing parametric representations for
the linear hull of a given set of vectors using the smallest number of
parameters.

Broadly speaking, we will say that the set A = {a,...,a*} of vec-
tors is linearly dependent if one of the vectors in it can be expressed

379
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as a linear combination of the others, linearly independent other-
wise. For example, if a' can be expressed this way as in

at = a2a2+...+akak.

This leads to
—at 4+ asa® + ...+ apa® = 0.
Now defining ar; = —1, this is
a1a1+a2a2+...+akak =0

where (aq,...,ax) # 0 (because a; = —1, the vector (o, ..., qx) # 0).
In keeping with the name that we gave for a similar relation among
constraints, we will call a relation like this among vectors in the set A
a linear dependence relation as long as the vector of coefficients in
it (ag,..., o) #0.

When k£ = 1, i.e., A contains only one vector a in it, there is
no possibility of expressing a vector in A as a linear combination of
the others because the only vector in A is a'. In this special case, for
technical reasons of consistency, we will define the singleton set A to be
linearly dependent if the only vector a' in it is 0, linearly independent
if a* # 0. With this convention, we again see that in this special case
also, the set A is linearly dependent if there is a linear dependence
relation for it (because if a' = 0, then aja' = 0 for all a; # 0).

The only other special set to consider is the empty set (), i.e., the set
containing no vectors at all. Again for technical reasons of consistency,
we define the empty set to be linearly independent. So, here is the
mathematical definition.

1

Definition: The set of vectors A = {a',...,a"} in R" is linearly
dependent iff it is possible to express the 0-vector as a linear com-
bination of vectors in it with at least one nonzero coefficient; i.e., iff
there exists a = (o, ..., ax) # 0 such that

a1at + asa® + ...+ agpad® = 0. (4.1)
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Since each vector here is from R™, this is a homogeneous system
of n equations in k variables. In this case (4.1) is known as a lin-
ear dependence relation for A. The set A is said to be linearly
independent iff there is no linear dependence relation for it. <

If the set A has two or more vectors in it and it is linearly dependent,
then from a linear dependence relation for it, we can find an expression
for one of the vectors in A as a linear combination of the others. For
example, in (4.1), since @ = (ay,...,a1) # 0, at least one of the «y
must be nonzero. If a; # 0, then from (4.1) we have

a' = ——(aga® + ... + apa®)
aq

Example 1: Let

1 0 0 5
A={at=]101],a>=|1|,a®*=|0 |,a"=]| -6
0 0 1 0

Since —ba'+6a?+a* = 0, A is linearly dependent and this equation
is a linear dependence relation for it. Also, from this relation we have

a' = —(6/5)a® — (1/5)a*
a> = (5/6)a* — (1/6)a*
a* = b5a' —6a*

Example 2: Let

1 0
A=Sd=[0],a*=|11],a>=| 0 |,
0 0 1

The system of equations (4.1) for this set A here is given below in
detached coefficient form.
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ap Gy Q3

1 0 010
0O 1 0160
0O 0 1160

This homogeneous system has the unique solution o = (ay, as, a3) =
0. So, there is no linear dependence relation for this set A, hence this
set A is linearly independent.

Using the same argument, it can be verified that for any n > 2, the
set of n unit vectors in R" is linearly independent.

We will discuss two algorithms for checking linear dependence or
independence of a given set of vectors in Section 4.3. When the set
is linearly dependent, these algorithms will always output one or more
linear dependence relations for it.

4.2 Rank and Bases For a Set of Vectors

From the definition it is clear that any subset of a linearly indepen-
dent set of vectors is linearly independent. So, the property of linear
independence of a set of vectors is always preserved when vectors are
deleted from it, but may be lost if new vectors are included in it. For
example, the linearly independent set {(1,0,0)%,(0,1,0)7,(0,0,1)T}
remains linearly independent when vectors are deleted from it, but
becomes linearly dependent when any vector from R? is included in it.

Maximal Linearly Independent Subsets

Let I' C R™ be a set of vectors. As defined in Section 3.9, a subset
E C T is said to be a maximal linearly independent subset of ~
if F is linearly independent, and either £ = I', or E'U {a} is linearly
dependent for all a € T'\ E.

IfT' =0 or I' = {0}, the only maximal linearly independent subset
of I' is the emptyset.

If I' has at least one nonzero vector, one procedure for finding a
maximal linearly independent subset of I' is the following simple aug-
mentation scheme:
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Start the scheme with the subset consisting of one nonzero
vector from I'. Always maintain the subset linearly inde-
pendent. Augment it by one new element of I" at a time,
making sure that linear independence holds; until no new
vectors from I' can be included, at which stage the subset
becomes a maximal linearly independent subset of T'.

But this scheme is not computationally efficient. We will discuss
an efficient method for finding a maximal linearly independent subset
based on pivot operations, in the next section.

Minimal Spanning Subsets

Let I' C R" be a set of vectors. Let F' C I satisfy the property that
every vector in I' can be expressed as a linear combination of vectors
in F'. Then F is said to be a spanning subset of I (or, to have the
property of spanning I'). As an example, let

1 —2 1
I'=<a'=|0],a*>= 0,a>=1]11,
0 0 0
-3 1
at=| -4 |,d® = 1
0 -1

Then the subset F; = {a',a? a®} is a spanning subset of I';. But
Fy, = {a',a?® a'} is not a spanning subset of 'y, because a® in I'; cannot
be expressed as a linear combination of vectors in F5.

Given I' C R", it is clear from the definition that a spanning subset
of I" retains its spanning property when more vectors are included in
it, but may lose the spanning property if vectors are deleted from it.

A subset F' C I is said to be a minimal spanning subset of I if
it is a spanning subset of I', but none of the proper subsets of F' have
the spanning property for I'.

The definition itself suggests a simple deletion scheme for finding
a minimal spanning subset of I'. The scheme maintains a subset of T'.
Initially that subset is I' itself. In each step, delete one vector from the
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subset making sure that the remaining subset always has the spanning
property for T' (for this it is enough if the vector to be deleted is in
the linear hull of the remaining elements in the subset at that stage).
When you reach a stage where no more vectors can be deleted from the
subset without losing the spanning property for I" (this will happen if
the subset becomes linearly independent), you have a minimal spanning
subset of T

Again this scheme is computationally expensive. We will discuss an
efficient method for finding a minimal spanning subset based on row
operations in the next section.

The Rank of a Set of Vectors, Bases

We have the following results.

Result 4.2.1: Maximal linear independence and minimal
spanning property imply each other: Every maximal linearly in-
dependent subset of a set I' C R"™, is a minimal spanning subset for T’
and vice versa.

Result 4.2.2: Rank of a set of vectors: All minimal spanning
subsets of I' C R"™ have the same cardinality (i.e., same number of el-
ements in it); it is the same as the cardinality of any mazximal linearly
independent subset of I'; as mentioned in Section 3.9 earlier, this num-
ber is called the rank of the set I'. It is also the dimension of the linear

hull of T'.

Definition: Every maximal linearly independent subset of I" or a
minimal spanning subset of I' is called a basis for I'.

Thus a basis for a set of vectors I in R" is a linearly independent
subset satisfying the property that all vectors in the set I'" not in the
basis can be represented as linear combinations of vectors in the basis.
A set of vectors I' may have many bases, but every basis for I' consists
of the same number of vectors, this number is the rank of I.

When referring to a basis B for aset I' C R", vectors in B are called
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basic vectors, and vectors in [' not in B are called nonbasic vectors.
In most applications, the basic vectors themselves are arranged in some
order and called the first basic vector, second basic vector, etc.
Then the word basis refers to this ordered set with the basic vectors
arranged in this order.

Let I be the unit matrix of order n. Its set of column vectors

{I1,Is,...,1,} is a basis for R" called the unit basis. For example,
forn =3

1 0 0

ol.l1].,]o0

0 0 1

is the unit basis for R3. Hence we have the following result.

Result 4.2.8: Ranks of subsets of R": The rank of R™ is n.
FEvery basis for R" always consists of n vectors. And therefore any set
of n + 1 or more vectors from R™ is always linearly dependent. The
rank of any subset of R™ is < n.

Result 4.2.4: Basic vectors span each nonbasic vector unique
-ly: Every nonbasic vector can be expressed as a linear combination of
basic vectors in a unique manner.

By definition, every nonbasic vector can be expressed as a linear
combination of basic vectors. We will now show that this expression is
always unique.

Let the basis B = {A;,..., A} and let A,,; be a nonbasic vector.
Suppose A, 1 can be expressed as a linear combination of vectors in B
in two different ways, say as

Ay = ZﬁtAt and as A,y = Z%At
t=1 t=1

where (G1,...,0:) # (71,.--,7). So, if a = (aq,..., ) = (01 —
Yy, B — ) then o # 0 and we have

Z a Ay = Z B Ay — Z’YtAt =A—-An=0
t=1 t=1 t=1
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This is a linear dependence relation for B = {A4;,..., A}, a con-
tradiction since B is a basis. So, the expression for the nonbasic vector
A,41 as a linear combination of basic vectors must be unique.

Definition: The vector of coefficients in the expression of a nonba-
sic vector as a linear combination of basic vectors, arranged in the same
order in which the basic vectors are arranged in the basis, is called the
representation of this nonbasic vector in terms of this basis.

Thus if the basis B = {A;,...,A,} with the vectors arranged in
this order, and the nonbasic vector 4,1 = >;_; 1Ay, then (B, ..., 5,)
is the representation of A, in terms of the basis B. As an example,
let

1 —2 1
Ih=<a=]|0],a®= 0 |,a>=1]11,
0 0 0
-3 1
at=| -4 |,d° = 1
0 -1

Let Fy = {a',a® a°}. F; is a basis for the set I';. The nonbasic
vector a* = a' —4a?, and hence the representation of a* in terms of the
basis F for T'y is (1, —4,0)7.

4.3 Two Algorithms to Check Linear De-
pendence, Find Rank and a Basis for
a Given Set of Vectors

Let A = {a!,...,a*} be a given set of vectors in R". Here we discuss
two algorithms using pivot steps, for checking whether A is linearly de-
pendent, find its rank, a basis, and the representation of each nonbasic
vector in terms of that basis. Algorithm 1 is based on using the memory
matrix discussed in Section 1.12. Algorithm 2 operates directly on the
linear dependence relation for A treated as a system of homogeneous
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linear equations in the coefficients, and tries to find a nonzero solution
for it using the method discussed in Section 1.23.

Algorithm 1: Checking Linear Dependence using
the Memory Matrix

In this algorithm, row operartions involved in G or GJ pivot steps
are carried out. Because it is based on row operations, it is necessary
to enter each vector in A as a row vector in the original tableau, even
though the vectors in A may be column vectors.

BEGIN

Step 1: Enter the vectors a',...,a" in A in that order, as row
vectors in the original tableau (if the vectors in A are column vectors,
you will enter their transposes as rows, but still call them by the same

names).
Set up a memory matrix (initialy unit matrix of order k) with its
columns labeled a', ..., a" in that order, on the left side of the tableau.

Step 2: Try to perform GJ pivot steps (see Sections 1.15, 1.16),
or G pivot steps with row interchanges as necessary (see Sections 1.19,
1.20, these lead to a more efficient algorithm) in each row of the tableau
in any order.

A pivot step is not carried out with a row r as pivot row only if
that row has become the O-row (i.e., all the entries on the right hand
portion of it in the current tableau are zero) when it has come up for
consideration as pivot row.

Step 3: If you are only interested in checking whether A is linearly
dependent and obtain a single linear dependence relation for it when
it is, then this algorithm can be terminated when a 0-row shows up in
the algorithm for the first time. Then the entries in the memory part
(the left hand part) of the O-row in the final tableau are the coefficients
for a linear dependence relation for A.

If pivot steps are carried out in every row of the tableau (i.e., no—
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In this algorithm, row operartions involved in G or GJ pivot steps
are carried out. Because it is based on row operations, it is necessary
to enter each vector in ∆ as a row vector in the original tableau, even
though the vectors in ∆ may be column vectors.
BEGIN
Step 1: Enter the vectors a1, . . . , ak in ∆ in that order, as row
vectors in the original tableau (if the vectors in ∆ are column vectors,
you will enter their transposes as rows, but still call them by the same
names).
Set up a memory matrix (initialy unit matrix of order k) with its
columns labeled a1, . . . , ak in that order, on the left side of the tableau.
Step 2: Try to perform GJ pivot steps (see Sections 1.15, 1.16),
or G pivot steps with row interchanges as necessary (see Sections 1.19,
1.20, these lead to a more eﬃcient algorithm) in each row of the tableau
in any order.
A pivot step is not carried out with a row r as pivot row only if
that row has become the 0-row (i.e., all the entries on the right hand
portion of it in the current tableau are zero) when it has come up for
consideration as pivot row.
Step 3: If you are only interested in checking whether ∆ is linearly
dependent and obtain a single linear dependence relation for it when
it is, then this algorithm can be terminated when a 0-row shows up in
the algorithm for the ﬁrst time. Then the entries in the memory part
(the left hand part) of the 0-row in the ﬁnal tableau are the coeﬃcients
for a linear dependence relation for ∆.
If pivot steps are carried out in every row of the tableau (i.e., no
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O-rows in the final tableau, then A is linearly independent, its rank is
k, and A is the basis for itself.

If only s < k pivot steps are performed, then rank of A is s, the
subset {a' : i such that the i-th row in the final tableau is not a 0-row}
(these are the vectors corresponding to rows in which pivot steps are
carried out) is a basis for A. Also, from the linear dependence relation
of each O-row, you can get the representation of the nonbasic variable
corresponding to that row in terms of the basis.

END

Example 1: Consider the set T' = {A4, to As} of column
vectors in R® of the matrix given below. We will find the rank and a
basis for this set.

A1 A, As A4 Aj
2 0 2 1

2 4 0 4 -1
-1 =2 3 1 -1
1 2 1 3 1

0 0 2 2 =2
-2 -4 2 =2 1

We enter each of the vectors A ; to A 5 as a row in a original tableau
(the top one among those given below), set up the memory matrix, and
apply the algorithm. The various tableaus obtained are given below.
We carry out G pivot steps, no row interchanges were necessary. PR
(pivot row), PC (pivot column) are indicated in each tableau, and the
pivot element is boxed. “0O-row” indicates 0-rows discovered. In the
bottommost tableau, PR, PC are indicated, but since PR there is the
last row, and the pivot step is the G pivot step, there is no work to be
done. Hence the bottommost tableau is the final tableau.
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0-rows in the ﬁnal tableau, then ∆ is linearly independent, its rank is
k, and ∆ is the basis for itself.
If only s < k pivot steps are performed, then rank of ∆ is s, the
subset {ai : i such that the i-th row in the ﬁnal tableau is not a 0-row}
(these are the vectors corresponding to rows in which pivot steps are
carried out) is a basis for ∆. Also, from the linear dependence relation
of each 0-row, you can get the representation of the nonbasic variable
corresponding to that row in terms of the basis.
END
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Memory matrix Tableau

Ay Ay Az Ay As

1 0 0 0 O 2 -1 1 0 -2 PR
0O 1 0 0 0 2 4 -2 2 0 —4

0O 0 1 0 0| O 0 3 1 2 2

0O 0 0 1 0f 2 4 1 3 2 -2

o 0 o0 o0 1|1 -1 -1 1 =2 1

PCT

1 0 0 0 o0 1 2 —1 1 0 —2

-2 1 0 0 0| 0 0 0 0 0 0 Orow
O 0 1 0 0] 0 0 3 2 2 PR
-2 0 0 1 0| 0 0 3 1 2 2

-1 0 0 0 1,0 -3 0 0 -2 3

PCT

1 0 0 0 o0 1 2 —1 1 0 —2

-2 1 0 0 0| 0 0 0 0 0 0 O-row
0O 0 1 0 0| O 0 3 1 2 2

-2 0 -1 1 0| 0 0 0 0 0 0 Orow
-1 0 0 0 1] 0 -3 0 0 [-2] 3 PR

PCT

The nonzero rows in the right-hand portion of the final (bottom-
most) tableau are rows 1, 3, 5. Hence {A 1, A3, A5} is a basis for the
original set I" in this example, and the rank of I" is 3. From rows 2 and
4 in the final tableau we have the linear dependence relations

—2A1 + A.Q =0 and —2A1 — A.3 + A.4 =0.
SO, A'Q = 2A1 and A'4 = 2A1 + A'g.

So, the representations of the nonbasic vectors A,, A4 in terms of
the basis {A1, A3, As} are (2,0,0)7 and (2,1,0)7 respectively.

Example 2:  Consider the set T' = {a® = (1,0,—1,1),a2 =
(—1,-1,0,1),a® = (0,1,1,—1)} of row vectors in R*. We will find the
rank and a basis for this set. We enter each of these vectors as rows in
the original tableau (the top one among those given below), set up the
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memory matrix, and apply the algorithm using GJ pivot steps. The
various tableaus obtained are given below. PR (pivot row), PC (pivot
column) are indicated in each tableau, and the pivot element is boxed.
The bottommost tableau is the final tableau.

at d*

0 —1 1 PR

1 0 0
0 1 0 -1 —1 0 1
0 0 1

1 1 0 0 [-1] -1 2 PR

0 -1 -1 1 0 -1 0
1 1 2 0
1 1 1 0 0 0 1

—_
—_
ja=)

Pivot steps are carried out in every row of the tableau (i.e., no
O-rows in the final tableau), therefore the set I' here is linearly inde-
pendent, and its rank is 3.

Algorithm 2: Checking Linear Dependence by
Row Reduction of the System of Equations In the
Linear Dependence Relation

BEGIN

Step 1: Let A = {a',...,a*} C R™ be the set of vectors whose
linear dependence is to be checked. This algorithm treats the linear
dependence relation

arat + ... 4 apd® =0
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BEGIN
Step 1: Let ∆ = {a1, . . . , ak} ⊂ Rn be the set of vectors whose
linear dependence is to be checked. This algorithm treats the linear
dependence relation
α1a1 + . . . + αkak = 0
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as a system of n homogeneous equations in the unknown coefficients
ai,...,qr; and tries to find nonzero solutions to it by the algorithm
discussed in Section 1.23 using GJ pivot steps. The system in detached
coefficient tableau form is

Original tableau

o ... o ... O

at ... d ... d* |0

In this tableau, each of the vectors in A is entered as a column
vector (if it is given originally as a row vector, enter its transpose). For
j =1 to k, the vector o’ is the column vector of the variable «; in the
original tableau.

Step 2: In the final tableau obtained at the end of the method
if every variable a; is a basic variable (i.e., if there are no nonbasic
variables at this stage), then o = («, . . ., ax) = 0 is the unique solution
for the system. In this case A is linearly independent, its rank is k,
and a basis for A is A itself.

On the other hand, if there is at least one nonbasic variable in
the final tableau, the system has nonzero solutions, and A is linearly
dependent. Suppose there are p rows in the final tableau with «;, as
the tth basic variable for ¢ = 1 to p. Rearrange the variables and their
column vectors in the final tableau so that the basic variables appear
in their proper order first, followed by nonbasic variables.

Final tableau after rearrangement of variables

Basic | o, i o0 o, oy oy
Vars.
(079 1 0 e 0 C_L1’j1 e al,jk_p 0
(075 0 1 ce 0 @27]'1 Ce &27]-,671) 0
aip 0 0 c. 1 Qpjy - ap,jkip 0

Then the rank of A is p = the number of pivot steps we were able
to carry out on the system.—
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as a system of n homogeneous equations in the unknown coeﬃcients
α1, . . . , αk; and tries to ﬁnd nonzero solutions to it by the algorithm
discussed in Section 1.23 using GJ pivot steps. The system in detached
coeﬃcient tableau form is
Original tableau
α1 . . . αj . . . αk
a1 . . . aj . . . ak 0
In this tableau, each of the vectors in ∆ is entered as a column
vector (if it is given originally as a row vector, enter its transpose). For
j = 1 to k, the vector aj is the column vector of the variable αj in the
original tableau.
Step 2: In the ﬁnal tableau obtained at the end of the method
if every variable αj is a basic variable (i.e., if there are no nonbasic
variables at this stage), then α = (α1, . . . , αk) = 0 is the unique solution
for the system. In this case ∆ is linearly independent, its rank is k,
and a basis for ∆ is ∆ itself.
On the other hand, if there is at least one nonbasic variable in
the ﬁnal tableau, the system has nonzero solutions, and ∆ is linearly
dependent. Suppose there are p rows in the ﬁnal tableau with αit as
the tth basic variable for t = 1 to p. Rearrange the variables and their
column vectors in the ﬁnal tableau so that the basic variables appear
in their proper order ﬁrst, followed by nonbasic variables.
Final tableau after rearrangement of variables
Basic αi1 αi2 . . . αip αj1 . . . αjk−p
Vars.
αi1 1 0 . . . 0 ¯a1,j1 . . . ¯a1,jk−p 0
αi2 0 1 . . . 0 ¯a2,j1 . . . ¯a2,jk−p 0
...
... ...
...
...
...
...
αip 0 0 . . . 1 ¯ap,j1 . . . ¯ap,jk−p 0
Then the rank of ∆ is p = the number of pivot steps we were able
to carry out on the system.
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The basis (maximal linearly independent subset of vectors) of A
identified by the method is {a’, ..., a’%} with a* as the tth basic vector
for t = 1 to p. These correspond to columns of the tableau in which
pivot steps were carried out during the method.

For each u = 1 to k — p, by fixing the nonbasic variable o, = 1,
and all other nonbasic variables = 0; leads to the nonzero solution

o, = —ag;,, fort=1+1%onp,

a;, = 1, and other nonbasic variables a;, = 0 for v # u

u

for the linear dependence relation for A. From this we conclude that
the nonbasic vector

p
a]u — Z at,ju a’Lt
t=1

Hence, for u = 1 to k — p, the representation of the nonbasic vector
a’* in terms of the basis (a;,,...,a”) is (a1, .-, apj.)-

Hence, the column vector of the nonbasic variable «;, in the fi-
nal tableau, called its updated column, is the representation of its
column vector in the original tableau in terms of the basis obtained.

END

Example 3. Let A be the set of column vectors of the matrix
given below, with names as indicated there.

Ay Ay Az Ay Aj

1 2 0 2 1
2 4 0 4 -1
-1 =2 3 1 -1
1 2 1 3 1
0 0 2 2 =2
-2 -4 2 =2 1

We will find a basis for A using the above algorithm. The detached
coefficient original tableau for the linear dependence relation is the
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The basis (maximal linearly independent subset of vectors) of ∆
identiﬁed by the method is {ai1, . . . , aip } with ait as the tth basic vector
for t = 1 to p. These correspond to columns of the tableau in which
pivot steps were carried out during the method.
For each u = 1 to k −p, by ﬁxing the nonbasic variable αj u = 1,
and all other nonbasic variables = 0; leads to the nonzero solution
αit = −¯at, j u, for t = 1 to p,
αj u = 1, and other nonbasic variables αj v = 0 for v �= u
for the linear dependence relation for ∆. From this we conclude that
the nonbasic vector
aj u =
p
�t=1
¯at, j uait
Hence, for u = 1 to k−p, the representation of the nonbasic vector
aj u in terms of the basis (ai1, . . . , aip) is (¯a1,ju, . . . , ¯ap,ju).
Hence, the column vector of the nonbasic variable αj u in the ﬁ-
nal tableau, called its updated column, is the representation of its
column vector in the original tableau in terms of the basis obtained.
END
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first tableau given below. We apply the GJ pivotal method on it,
showing the BV (basic variables in each row), PR (pivot row), PC
(pivot column), and enclosing the pivot element in a box in each step.

RC indicates redundant constraint to be eliminated.

BV a1 Qo a3y Qs
1] 2 0 2 1[0 PR
2 4 0 4 -1]0
-1 -2 3 1 —11]0
12 13 110
0 0 2 2 =210
—2 4 2 -2 1|0
PCT
ay 1 2 0 2 110
0 0 0 0 [-3|]|0 PR
0 0 3 3 00
0 0 11 00
0 0 2 2 =210
0 0 2 2 310
PCT
ay 1 2 0 2 0]0
s 0 0 0 0 110
o o [3] 3 0/0 PR
0 0 11 00
0 0 2 2 00
0 0 2 2 0]0
CT
ay 1 2 0 2 0]0
s 0 0 0 0 110
ag 0 0 11 00
0 0 0 0 0/0 RC
0 0 0 0 0|0 RC
0 0 0 0 0|0 RC
ay 1 2 0 2 0]0
s 0 0 0 0 110
ag 0 0 11 0]0




394 Ch. 4. Numerical Linear Algebra

Final tableau with variables rearranged

BV | o a5 a3 as oy

oaop| 10 0 2 210
as| 0 1 0 0 010
as| 0 0 1 0 110

The basic variables are (ay, as,a3) in that order; and s, ay are
the nonbasic variables. So, A is linearly dependent, its rank is 3, and
{A;, A5, Az} is a basis (maximal linearly independent subset) for it.

Fixing the nonbasics ay = 1, ay = 0 leads to the solution

(1, g, g, e, ) = (—2,0,0,1,0)
to the linear dependence relation. Therefore
—2A14+A2=0 or A,=2A,
Similarly fixing the nonbasics ay = 1, as = 0 leads to the solution
(o, a5, g, g, ) = (—2,0,—1,0,1)
to the linear dependence relation. Therefore
—2A1—A3+A4=0 or As=2A1+ A3

Hence the representations of the nonbasic vectors A 5, A 4 in terms of
the basis (A1, As, A3) are (2,0,0)T and (2,0.1)7 respectively; and we
verify that these are the column vectors of the corresponding variables
(9, oy in the final tableau.

4.4 How to Get an Alternate Basis by In-
troducing a Nonbasic Vector Into a
Basis 7

Let A = {a!,...,a*} be a set of vectors in R™ whose rank is r < k,
and let B = {a',...,a"} be a basis for it.
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In some applications, it is important to find out whether there are
other subsets of A which are also bases for it; and if so, how one can
obtain them starting with the known basis B. A procedure called
introducing a nonbasic vector into a basis can be used to do this.
We will now discuss this procedure.

Any nonbasic vector which is nonzero can be introduced into a basis.
For the operation of introducing the nonbasic vector a”*! # 0 into the
basis B, a"*! is called the entering vector.

By Result 4.2.2 of Section 4.2, every basis for A always contains
the same number of vectors. So, when a’*! is introduced into B, one
of the present basic vectors in B must be deleted from it, this basic
vector is called the dropping basic vector in this operation.

The answer to the question: which basic vector in B can the entering

vector a”t! replace? is contained in the representation of a"*! in terms
of B. Suppose this representation is (aq, ..., ), i.e.,
att=oqat + ..+ ad

Then a”*! can replace any of the basic vectors o’ for which a; # 0,
to lead to a new basis for A.

Example 1 As an example, consider the set I' = {A4, to A5}
of column vectors in R of the matrix given below, from the examples
discussed in Section 4.3.

Ar Ay As Ay As
1 2 0 2 1
2 4 0 4 -1
-1 -2 3 1 -1
1 2 1 3 1
o 0 2 2 =2
-2 -4 2 -2 1

In Section 4.3, we found the basis By = {A, A3, A5} for this set
A, and that the representations of the nonbasic vectors in terms of this
basis are:
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A, representation is (2, 0,0); ie., Ay =24,
A4 representation is (2, 1,0); ie., Ays=2A;+ A3

Therefore, the nonbasic vector A 5 can only replace the basic vector
A, from the basis B; (because A; is the only basic vector with a
nonzero coefficient in the representation of A,), leading to another
basis By = {A2, A3, A5} for A.

This implies that if we replace any of the basic vectors A 3, A 5 from
the basis By by A, we will get subsets of vectors which are linearly
dependent, and hence are not bases. In fact, we can easily verify that
the subsets {A 1, As, A5}, {A1, A3, Ay} are both linearly dependent
because —2A 1 + A, = 0 is a linear dependence relation for them.

In the same way, we conclude that the nonbasic vector A4 can
replace either of the basic vectors A, A3 from the basis By, but not
As. Hence, By = {A4, A3, A5}, By = {A1, A4, A5} are also basic
vectors for A.

Exercises

4.4.1: Find the rank of the following set of vectors I', a basis for this
set, representation of each nonbasic vector in terms of this basis; and
determine for each nonbasic vector which basic vectors it can replace
to lead to another basis:  (i): T' = {(1,0,-1,2,1), (—1,1,2,—1,0),
(3,—-1,-4,5,2), (1,1,1,0,2), (1,2,2,1,3)} (ii): ' = {(1,1,—1,2,1),
(2,-1,2,1,2), (4,1,0,5,4), (0,0,1,0,0), (7,1,2,8,7)}.

4.4.2: Show that the following sets of vectors are linearly indepen-
dent: i {(0,1,—1,0,1), (1, -1, 1,1,1) (1,1,1,2,-1), (0,0,1,3,2),
(0,0, —1,—1,—1)}  (i): {(2,-2,2,1), (=2,3,—3,—1), (1,~2,1,0),
(0,2,2,2)} (iii): {(3,1,4), (7,2,6), (—2,0, )}

4.4.3: If the set {A;, Ay, A3} is linearly independent, show that
theset {As+A3, As+ A1, A1+ As} must also be linearly independent.
Is the converse also correct?
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Let y' = A1+ Ay + A, y° = Ay + oy, yP = Ay + A If
{A;, Ay, A3} is linearly independent, what condition should «, 3 sat-
isfy so that {y',y? v3} is also linearly independent?

4.4.4: Given a linearly independent set of vectors {A 1, As,..., A}
in R", and another vector A ,,, 1 in R™ show that {A1, Ay, ..., A, Ami1}
is linearly independent iff A ,,, 11 is not in the linear hull of {A 1, As,..., A}

4.5 The Rank of a Matrix

Let A = (a;j) be amatrix of order mxn. In our notation, {A4;,..., A, }
is the set of row vectors of A. The rank of this set is called the row
rank of matrix A.

{A4,...,A,} is the set of column vectors of A. The rank of this
set of vectors is called the column rank of matrix A.

Result 4.5.1: Row rank and column rank are the same: For
any matriz A, its row rank is always equal to its column rank. Their
common value is called the rank of matriz A. If A is of order m X n
and rank r, then r < m and r < n.

Historical note on the rank of a matrix: The term rank of a
matriz A was introduced in the 1870s by the German mathematician
F. G. Frobinius, as the order of the largest order square submatrix
of A with a nonzero determinant. His definition of rank turns out
to be equivalent to the number of vectors in any maximal linearly
independent subset of column (or row) vectors of A, or a minimal
spanning subset of these vectors.

The rank of a matrix A can be computed by applying either of the
algorithms discussed in Section 4.3 to find the rank of the set of row
(or column) vectors of A.

Example I: The Row Reduction Method for finding the
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Historical note on the rank of a matrix: The term rank of a
matrix A was introduced in the 1870s by the German mathematician
F. G. Frobinius, as the order of the largest order square submatrix
of A with a nonzero determinant. His deﬁnition of rank turns out
to be equivalent to the number of vectors in any maximal linearly
independent subset of column (or row) vectors of A, or a minimal
spanning subset of these vectors.
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rank of a matrix, and bases for its column space using GJ
pivot steps.

This is exactly Algorithm 2 discussed in Section 4.3. Let A be the
matrix whose rank we want to find. Put A in a tableau form, and
label its column vectors by their names A, Ao, etc. in a row at the
top. Try to perform a GJ pivot step in each row of this tableau, one
after the other, say from top to bottom (any other order would be OK
too). When a pivot step is performed in a row i, if the pivot column
for that pivot step is A ;, then record A ; as the basic column vector
selected in this step in row 7. If a zero row is encountered, move to the
next row, and continue the same way until each row is either the zero
row or had a pivot step performed in it. Then rank of A is the total
number of pivot steps performed in this algorithm, and the final tableau
contains a basis for the column space of A, and the representation of
each nonbasic column in terms of this basis.

We will apply this method on the following matrix A of order 6 x 5.
For each pivot step PR, PC indicate the pivot row, column respectively
and the pivot element is enclosed in a box.

1 20 2 1
4 0 4 -1
-1 -2 3 1 -1
A= 1 21 3 1
0 2 2 =2
-2 —4 2 =2 1
Basic Vector | A; A, As A, Aj
2 0 2 PR
4 0 4 —1
-1 =2 3 1 —1
1 2 1 3 1
0 2 2 -2
-2 -4 2 =2 1
PCt
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Basic Vector | A7 Ao, Az A, Aj

As 1 2 0 2 1
6 0 6 0 PR

0 0 3 3 0

0 0 3 3 0

0 0 1 1 0

2 4 2 6 0

-3 -6 2 —4 0

PCT

A 0 0 0 0 1

Al 1 2 0 2 0
0 0 3 0 PR

0 0 1 1 0

0 0 2 2 0

0 0 2 2 0

PCT
Basic vector Final Tableau

Ay Ay A Ay A

A 0 0 0 0 1

Al 1 2 0 2 0

As 0 0 1 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

We have labeled the updated columns in the final tableau by the
symbols f_l.j. Since a total of three pivot steps were carried out, the
rank of matrix A is three. The basis obtained for the column space of
Ais (A5, A1, As). In the final tableau each basic vector is transformed
into the appropriate unit vector. For each nonbasic column vector A ;,
when the zero entries in zero rows are deleted from its updated column
A, we get the representation of A ; in terms of the basis. Thus, the
representation of

A.Q is (O, 2, O), i.e., A.Q == 2A1
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Ayis (0,2,1),ie, Ag=2a;+ As.

In linear programming literature, the final tableau with the basic
column vectors transformed into the various unit vectors is called the
canonical tableau WRT the selected basis.

To get an alternate basis for the column space of this matrix, we can
select any nonbasic column as an entering column in the final tableau,
and select any nonzero entry in its updated column as the pivot element
and the row of the pivot element as the pivot row. The entering column
replaces the basic column recorded in the pivot row leading to a new
basis for the column space of the matrix, Performing the pivot step
leads to the canonical tableau WRT the new basis.

Relationship Of Nonsingularity to Rank

Let A be a square matrix of order n. According to the definition
given in Section 2.8, A is nonsingular iff its determinant is # 0; singular
otherwise. The following result relates this property to the rank of A.

Result 4.5.2: Rank and nonsingularity: The square matriz A
of order n is nonsingular iff its rank is n, singular iff its rank is < n—1.

If rank of A is < n — 1, then one of the row vectors of A can be
expressed as a linear combinations of the other row vectors of A. By
results 2, 3 of Section 2.8 this implies that the determinant of A is 0,
i.e., A is singular.

If rank of A is n, then in the algorithm discussed above for comput-
ing the rank, pivot steps can be carried out in every row. This implies
that in the algorithm for computing the determinant of A discussed
in Section 2.8, the number of G pivot steps that can be carried out is
exactly n. Therefore the determinant of A is = + (the product of the
boxed pivot elements), which is nonzero because every pivot element
is nonzero, i.e., A is nonsingular.

Note: In some linear algebra books a square matrix of order n is
alternately defined as being nonsingular if its rank is n, singular if its
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rank is <n — 1.
Other Meanings for the Word “Basis”

Let A be a matrix of order m x n and rank m. Then A is said to be
a matrix of full row rank. Speaking in terms of the column space of
such a matrix A, we defined a basis to be a linearly independent subset
of m column vectors of A.

In linear programming literature, the word basis is often used to
denote a submatrix of A of order m x m consisting of a linearly inde-
pendent subset of m column vectors of A. Thus, if the set of column
vectors, {A1,..., A} of A form a linearly independent set, then in
our notation this set of column vectors constitutes a basis for the col-
umn space of A. In linear programming literature they would use the
word basis to denote the submatrix of A

consisting of these column vectors.
Exercises

4.5.1: If A, B are square matrices of order n satisfying AB = BA
and rank(AB) = n, show that rank( g ) = n also.

4.5.2: Find the ranks of the following matrices, a basis for its
column space, and an expression for each nonbasic column as a linear
combination of basic vectors.

1 1 -1 20
2 -1 3 2
1 -2 3 -3 2
11 -4 1
~1 -4 7 =56 |, :
4 -1 1 4
0 1 -1 2 2 Lo o 7
0 1 0 36
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2 -4 6 8 10
—4 9 -13 0 -21
6 —-13 19 8 31
0 -1 2 2 1

4.6 Computing the Inverse of a Nonsin-
gular Square Matrix Using GJ Pivot
Steps

As defined in Section 2.8, among matrices, the concept of an inverse
applies only to square matrices, and it only exists for nonsingular square
matrices. The inverse is not defined for rectangular matrices which are
not square. When the inverse of a matrix exists, it is always unique. If
square matrix A has an inverse, it is denoted by the symbol A~! and
not as 1/A.

The definition of the inverse of a square matrix when it exists, is
analogous to the definition of the inverse of a nonzero real number ~
as the number § satisfying v = 1. Among square matrices of order
n, the unit or identity matrix I of order n, plays the role of the real
number 1. And so, for a square matrix A, its inverse is defined to be
the square matrix D of order n satisfying

DA=AD =1

when it exists, which happens only if A is nonsingular, it is denoted by
the symbol A1

Inverses of Some Special Matrices

Consider the unit matrix I of order n. Its inverse is itself, i.e.,
It=1

Consider a permutation matrix P, which is a matrix obtained from
the unit matrix by permuting its row vectors. For example
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S O = O
_— o O O
o O O
O = O O

is a permutation matrix of order 4. It can be verified that PTP =
PPT = I. The same thing holds for all permutation matrices. Hence
for every permutation matrix P, we have P~ = PT,

Consider a diagonal matrix D with diagonal entries dy, ..., d,. By
definition d; # 0 for all j. It can be verified that D! is given by the
following.

d, 0 ... 0 1/dy, 0 ... 0
B RO SR S VP
0 0 ... d 0o 0 ... 1/d,

Hence the inverse of diag(dy,...,d,) is diag(1/dy,...,1/d,).

How To Compute the Inverse of a General Non-
singular Matrix Efficiently?

In Section 2.8 we derived a formula for the inverse of a general non-
singular square matrix in terms of its cofactors. That formula points
out the theoretical relation between the inverse of a matrix, and the de-
terminants of its submatrices. It points out the many different places
in matrix algebra where determinants play an important theoretical
role. However, that formula is not practically efficient for computing
the inverse. We will now discuss a much more efficient method for
computing the inverse using GJ pivot steps.

Let A = (a;;) be a square nonsingular matrix of order n. Ay ,..., A,
denote the various row vectors of A. Let I be the unit matrix of order
n, and Iy, ..., I, are its row vectors (these are the various unit row

vectors in R™). Suppose
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ﬁll ﬁln
A*l — . .

ﬁnl o 67171
Then from the definition of A~! we have

ﬁll cee ﬁln
AflA — . .

From the definition of matrix products, this implies that for each
=1lton

(Bits - Bin)A = BinAr. + ...+ Bin = I,

i.e., the ith row vector of A~! is the vector of coefficients in an ex-
pression of I; as a linear combination of the row vectors of A. This
observation is the key behind the algorithm for computing A~! using
row operations.

The algorithm begins with a tableau with n rows which are the rows
of A; Ay,..., A,. As discussed in Section 1.12 we set up a memory
matrix on the left of this tableau to maintain the expression of each row
in the current tableau as a linear combination of rows in the original
tableau. When we carry out row operations to transform the rows
of the tableau into the unit rows I1,...,I,, the memory matrix gets
transformed into A~

We now provide a statement of various steps in the algorithm.
When applied on a general square matrix A of order n, the algorithm
terminates by either producing A1, or a linear dependence relation for
the set of row vectors of A showing that A is singular, and hence A1
does not exist.
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Algorithm to Compute the Inverse of a Square
Matrix A Using GJ Pivot Steps

BEGIN

Step 1: Start with the following initial tableau, where [ is the unit
matrix of the same order as A.

Memory Matrix | Original Tableau

I A

We will perform GJ pivot steps in each row of the tableau in some
order (say top to bottom). Select the first row for pivoting, as the pivot
row in the initial tableau and go to Step 2.

Step 2: General Step: Suppose row r is the pivot row in the
present tableau.

If all the entries in row 7 of the present tableau are zero, A is singular
and A~! does not exist, terminate. If the entries in the memory matrix
in this row are (5,1, ..., Bm), then

/BTIAI. +...+ ﬁrnAn =0

is a linear dependence relation for the set of row vectors of A.

If there are nonzero elements in row r of the present tableau, select
one of them as the pivot element, and its column as the pivot column,
and perform the GJ pivot step. With the new tableau obtained after
this pivot step, move to Step 3 if GJ pivot steps have been performed
in all the rows; or repeat Step 2 to perform a GJ pivot step in the next
row for pivoting in it.

Step 3: Final Step: The present tableau at this stage contains a
permutation matrix P. Rearrange the rows of the present tableau so—
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BEGIN
Step 1: Start with the following initial tableau, where I is the unit
matrix of the same order as A.
Memory Matrix Original Tableau
I A
We will perform GJ pivot steps in each row of the tableau in some
order (say top to bottom). Select the ﬁrst row for pivoting, as the pivot
row in the initial tableau and go to Step 2.
Step 2: General Step: Suppose row r is the pivot row in the
present tableau.
If all the entries in row r of the present tableau are zero, A is singular
and A−1 does not exist, terminate. If the entries in the memory matrix
in this row are (βr1, . . . , βrn), then
βr1A1. + . . . + βrnAn. = 0
is a linear dependence relation for the set of row vectors of A.
If there are nonzero elements in row r of the present tableau, select
one of them as the pivot element, and its column as the pivot column,
and perform the GJ pivot step. With the new tableau obtained after
this pivot step, move to Step 3 if GJ pivot steps have been performed
in all the rows; or repeat Step 2 to perform a GJ pivot step in the next
row for pivoting in it.
Step 3: Final Step: The present tableau at this stage contains a
permutation matrix P. Rearrange the rows of the present tableau so
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that P becomes the unit matrix (this is equivalent to multiplying the
present tableau on the left by PT) leading to the final tableau. The
square matrix contained in the memory matrix portion of the final
tableau is A~!, terminate.

END.

Example 1: Asan example, we will compute the inverse of the
following matrix A.

0 -2 -1
A=(1 0 -1
1 1 0

We apply the algorithm discussed above. The pivot element in each
step is enclosed in a box, and PR, PC indicate pivot row, pivot column
respectively..

Memory Matrix Tableau
1 0 0 0 |—2 -1 PR
0 1 0 1 0 —1
0 0 1 1 1 0
PCT
-1/2 0 0 0 1 1/2
0 1 0 0 -1 PR
/2 0 1 1 0 —1/2
PCT

~1/2 0 0] 0 1 1/2

0 1 0 10 -1
1/2 -1 1 0 0 [1/2] PR
PC]
—1 1 -1 o0 1 0
1 -1 2 1 0 0
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that P becomes the unit matrix (this is equivalent to multiplying the
present tableau on the left by P
T) leading to the ﬁnal tableau. The
square matrix contained in the memory matrix portion of the ﬁnal
tableau is A− 1, terminate.
END.
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Final Tableau

Memory Matrix | Tableau
1 -1 211 0 0
—1 1 —-1]0 1 O
1 -2 210 0 1
Hence

1 -1 2
A= -1 1 -1

1 -2 2

It can be verified that AA~! = A~'A = I, the unit matrix of order

EX&IIlplG 2. As another example, we will find the inverse of
the following matrix A. The algorithm is applied below, boxing the
pivot element in each step (PR, PC indicate pivot row, pivot column
respectively).

10 —2
A= -1 1 1
01 -1
Memory Matrix Tableau
1 0 0 0 -2 PR
0 1 0| —1 11
0 0 1 0 1 -1
PCT
1 0 0 1 0 —2
1 0 0 -1 PR
0 0 1 0 1 -1
PCT
1 0 0 1 0 —2
0 0 1 -1
-1 -1 1 0 0 0
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Since the last row has all zero entries in the tableau part, we con-
clude that A is singular and hence has no inverse. From the memory
matrix part of the last row we obtain the linear dependence relation
for the set of row vectors of A as

—A; — Ay + Ay =0
Computational Effort Needed To Find the In-
verse
A matrix is said to be a:

sparse matrix if a large proportion of the entries in it are
Zero

dense matrix otherwise.
If the various tableaus obtained in the inverse finding algorithm are
dense, the method described above for finding the inverse needs about
2n? arithmetic operations.

Exercises

4.6.1: Find the inverses of the following nonsingular matrices.

2 8 13 —1 [1)3_;1
4 -18 )\ =90 7 )| ’

2 -1 0

2 —1 -3 2 4 1

5 2 8|, -5 -8 2],

-3 1 6 3 5 -1
022 2 1 0 1 -1 1 -1 -1 1
2.0 2 2 -1 1 -2 2 -2 3 3 -1
2202 0o-1 2 =2 1 1 1 o0
2220 0 0 -1 2 -1 0 0 1
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4.6.2: Apply the inverse finding algorithm on the following matrices
and show that they are singular. For each matrix, obtain a linear
dependence relation for its row vectors.

5 4 15 3 02 —4 3 6 -9
(816)’(—60 —15)’ 20 2 -8 s T
42 0 -3 —12 3
0 5 —15 20 0 2 6 8
2 0 4 -6 3.0 9 6
0 -5 0 —15 || 6 2 24 20 |’
4 20 -7 53 3 -2 3 —2

4.7 Pivot Matrices, Elementary Matrices,
Matrix Factorizations, and the Prod-
uct Form of the Inverse

Consider a pivot step on a matrix A = (a;;) of order m x n, with row
r as the PR (pivot row), and column s as the PC (pivot column). So,
the pivot element a,4, boxed in the following, is # 0.

Matrix A A = Matrix after pivot step
a1 ... Qg ... Qip (_111 ... 0 ... aln
Ar-11 -+ OGp_1s ... Gr_1n arfl,l 0 arfl,n
a1 e | ags ceo Qpp PR | a,q 1 Ay,
Qr411  --- Qpgls  --- Qrgln Qarq oo 0 &rﬂ,n
Am1 e G e Qmn A1 O O 7 A,

pPC
where
arj = ayj/a,s forj=1ton

a; = a; — (arj/ars)a;s  fori#r, j=1ton.
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This pivot step has transformed the pivot column into the rth unit
column (7 is the number of the pivot row). Now consider the square
matrix P of order m X m which is the same as the unit matrix except
for its rth column, known as its eta column; obtained by carrying out
on the unit matrix I of order m, exactly the same row operations in
the pivot step carried out on the matrix A.

1 0 ... 0 —ays/ars 0 ... 0
01 ... 0 —ags/ars 0 ... 0
00 ... 1 —ap_15/ars 0 ... 0
0 0 . 0 1/a,s 0 ... 0
P = 00 0 —api1s/ars 1 ... 0
00 ... 0 —aps/as 0 ... 1
rth col.
eta col.

It can be verified that A = PA. Thus performing the pivot step
on the matrix A of order m x n with row r as the pivot row, column
s as the pivot column; is equivalent to multiplying A on its left (i.e.,
premultiplying A) by the square matrix P of order m x m that differs
from the unit matrix in just its rth column (called its eta column).
That’s why this matrix P is called the pivot matrix corresponding to
this pivot step. The eta column in P is derived from the data in the
pivot column, and its position in P is the same as the position of the
pivot row.

Example 1 Consider the following matrix A of order 5 x 6 and
the pivot step on it with the PR (pivot row) and PC (pivot column)
as the row and column of the boxed pivot element.

9 1 0 -2 8 2
-7 -1 -2 0 -6 0
A= -2 0 0 4 2 3
0 2 4 6 [2] -2
-1 0 2 -2 —4 1
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We put I, the unit matrix of order 5 on the left hand side of A and
carry out all the row operations in this pivot step on it too. After this

pivot step, the unit matrix becomes the pivot matrix P and the matrix
A becomes A.

Initial tableau

100 O0O0[9 1 0 -2 8 2
010 O0O0|-7 -1 -2 0 -6 0
o001 00/-2 0 0 4 2 3
000 10/ 0 2 4 6 [2] -2
000 0 1|-1 0 2 -2 -4 1
After the pivot step
P A
1 00 —4 0] 9 -7 —16 —26 0 10
010 30/-7 5 10 18 0 —6
001 -10|-2 -2 -4 -2 0 5
000120/ 0 1 2 3 1 -1
000 2 1|-1 4 10 10 0 -3

The pivot matrix corresponding to this pivot step is the 5 x5 matrix
in the above tableau, and it can be verified that A = PA. Notice that
the eta column in P is its 4th column, its number is the same as that
of the pivot row for this pivot step.

Thus carrying out a pivot step on a matrix of order m x n is equiva-
lent to premultiplying it by the corresponding pivot matrix (which can
be derived from the formula given above, using the pivot column) of
order m.

Since the pivot element for every pivot step will be nonzero, a pivot
matrix is always square and nonsingular. Also, since a pivot matrix
always differs from the unit matrix in just one column (its eta column),
to store the pivot matrix, it is sufficient to store its eta column, and
the position of this eta column in the pivot matrix. Thus even though
a pivot matrix is a square matrix, it can be stored very compactly and
requires almost the same storage space as a column vector.

Pivot matrices belong to a special class of square matrices known
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as elementary matrices. The main elementary matrices are defined
as square matrices obtained by performing a single elementary row
operation (or a similarly defined column operation) on a unit matrix.
From Sections 1.11, 1.20, we recall that there are three elementary row
operations (and correponding column operations) which are:

1. Scalar multiplication: Multiply each entry in a row (or column)
by the same nonzero scalar.

2. Add a scalar multiple of a row to another row (or of a colmn to
another column).

3. Row (or column) interchange: Interchange two rows (or columns)
in the matrix.

and there is an elementary matrix associated with each of these opera-
tions. We show these matrices for elementary row operations first, and
for column operations next. We use the following notation. A denotes
the original matrix of order m x n on which the elementary operation
is carried out, A; the matrix obtained after the ith operation on A,
and F; the matrix obtained by carrying out the same ith operation on
the unit matrix of order m for row operations (or order n for column
operations). Then F; is the elementary matrix associated with the ith
operation, and

A; = E; A for row operations
A; = AFE; for column operations.
Thus carrying out a row (column) operation on a matrix is equiv-

alent to premultiplying (postmultiplying) it by the associated elemen-
tary matrix. For illustrative examples, we, will use

1 -3 -5 6
A= -1 4 -2 3
2 5 78

Example 2. Scalar multiplication of a row (row 2) of A by
scalar a (o = 10), leads to
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1 -3 -5 6 1 00
A= —-10 40 —-20 30 |,E;=] 0 10 O
2 5 7 8 0 01

and it can be verified that A; = E1A. FE; is the elementary matrix
associated with this operation.

Example 37 Adding a scalar multiple of a row of A to another
row: We will consider adding (—2) times row 3 of A to row 1. This
leads to

-3 —-13 —-19 -10 1 0 =2
Ay =1 —1 4 =2 3 |,Ee=(01 0
2 5 7 8 00 1

and it can be verified that Ay = EyA. FE, is the elementary matrix
associated with this operation.

Example 4: Interchanging two rows of A : We will consider
interchanging rows 1 and 3. This leads to

2 5 78 001
A= -1 4 -2 3 |,E5=]10 10
1 -3 -5 6 1 00

and it can be verified that A3 = E3A. FEj is the elementary matrix
associated with this operation.

Example 5. Scalar multiplication of a column (column 4) of
A by scalar a (o = —5), leads to

s s a0 100 0

Ag=| -1 4 —2 -15 | B, =
2 5 7 —40 0010
00 0 =5

and it can be verified that Ay, = AFE,. FE, is the elementary matrix
associated with this operation.
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Example 0:  Adding a scalar multiple of a column of A to
another column: We will consider adding 3 times column 4 of A to
column 2. This leads to

T 1000

As=1| -1 13 -2 3 |, E5=
2 29 7 8 0010
0301

and it can be verified that A5 = AFs5. FEs is the elementary matrix
associated with this operation.

Example T Interchanging two columns of A : We will consider
interchanging columns 1 and 4. This leads to

A6 — 3 4 _2 _1 7E6 =
S 5 7 9 0010
1 000

and it can be verified that Ag = AFg. FEjg is the elementary matrix
associated with this operation. <

These are the elementary matrices normally discussed in linear al-
gebra textbooks, but numerical analysts include a much larger class of
square matrices under the name elementary matrices. In this general
definition, an elementary matrix of order n is any square matrix of
the form

E=1—-ou’
where [ is the unit matrix of order n, v is a scalar, and u = (uy, . . ., u,)7"
v=(vi,...,v,)T are column vectors in R".

Recall from Sections 1.5, 2.2, 2.5; when u, v are column vectors in
R", uTv is a scalar known as the dot (or inner) product of u,v; while
wv? is the square matrix of order n given below, known as the outer
(also cross) product of u,v.

Y
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U117 U2 ... ULV,

T U2V1 U2Vy ... U2Vp
uv =

UpUV1 U2 ... UpUp

In wv? each column vector is a scalar multiple of u, and each row
vector is a scalar multiple of v”; and hence when u, v are both nonzero,
uv? is a matrix of rank one (or a rank-one matrix). I — auv’ is
therefore a rank-one modification of the unit(identity) matrix. In this
general definition, an elementry matrix is a rank one modification of
the unit matrix, and it includes all pivot matrices.

The special property of the elementary matrix F = I —auv’ is that
even though it is a square matrix of order n, it can be stored compactly
by storing u, v, and the scalar «; and that computing the product Ex
for any column vector x in R" can be carried out using u, v, a without
explicitly computing all the entries in F because

Er = (I —aw’)r =z —auv’z) =2 —yu
where v = a(vTx), which is  times the dot product of v and z. In the
same way, for any row vector 7 € R", the product mF can be computed
using u, v, a without explicitly computing all the entries in FE.

Product Form of the Inverse

The method for computing the inverse described in Section 4.6 is
fine for computing the inverses of matrices of small orders like 3, 4 by
hand, or less than about 100 on the computer; but implementing it to
compute the inverses of matrices of large orders (greater than several
hundreds) on a digital computer is beset with many serious difficulties.
Some of these are:

The Problem of Fill-in: Matrices encountered in real world ap-
plications are very very sparse (i.e., most of the entries in them are 0)
so they can be stored very compactly by storing the nonzero entries
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only with their positions. It has been observed that the explicit inverse
of such a matrix is almost always fully dense. This is called the fill-in
problem. Storing the dense inverse matrix of a large order needs a lot
of computer memory space.

Increased Computer Time: Performing any operations with a
dense explicit inverse matrix takes a lot of computer time.

Round-off Error Accumulation: Digital computation introduces
rounding errors which accumulate during the algorithm, and may result
in serious errors in the computed explicit inverse.

To alleviate these problems, numerical analysts have developed sub-
stitute forms for the explicit inverse using what are called matrix fac-
torizations. Several of these used in computational procedures (such
as LU factorization, LDL” factorization, etc.) are beyond the
scope of this book. But, we will discuss the simplest among these
known as the product form of the inverse to give the reader a fla-
vor of matrix factorizations. The interested reader should consult the
excellent book Gill, Murray and Wright [4.1].

The product form of the inverse is based on the algorithm for com-
puting the inverse using GJ pivot steps discussed in Section 4.6, but it
does not obtain the explicit inverse. Instead, it saves the pivot matrices
corresponding to the various pivot steps in that algorithm, as a string
in the order in which they are generated.

To find the inverse of a square matrix A of order n, n GJ pivot
steps are needed in that algorithm. Let

P, = the pivot matrix corresponding to the rth pivot
step in that algorithm, for r = 1 to n,
and P = the permutation matrix into which A is reduced

by these pivot steps.

Then from the discussion above, we know that

At=pP'PP, ... P.
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The product on the right has to be carried out exactly in the order
specified, as matrix multiplication is not commutative. A~! is not
explicitly computed, but Pi, ..., P,, PT are stored, and the formula on
the right of the above equation can be used in place of A~! wherever
A1 is needed. For instance consider solving the square nonsingular
system of equations

Arx =0

for some RHS vector b. If the explicit inverse A~! is known, then
multiplying both sides of the above equation by A™! on the left we get

A YAz = A", ie, Iz=xz=A"

yielding the solution of the system. However, if we are given the inverse
in product form as above, then the solution of the system is

PT'P,P, ...Pb.

This product can be computed very efficiently by a scheme known as
right to left string multiplication. In this scheme, we first compute
q1 = P1b, which is a column vector. Then multiply it on the left by P
to get g = P»qq, and in general for » = 2 to n we compute

qr = Irqr—1

in this specific order r = 2 to n. When ¢, is obtained, one more
premultiplication PT¢q, = z yields the solution to the system.

Because the eta vectors in the various pivot matrices tend to pre-
serve sparcity, using the product form of the inverse alleviates the prob-
lem of fill-in, at least for matrices of orders upto several hundreds; and
some of the round-off error accumulation problem. Because of this,
computing PT'P,P,_, ... P;b through right to left string multiplication
usually takes much less computer time than computing A~'b with the
explicit inverse A~!.

Algorithm to Compute the Inverse in Product
Form
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Let A be the matrix of order nxn whose inverse we need to compute.
In this algorithm we do not use any memory matrix, in fact we do not
even use the updated tableaus.

The algorithm goes through n pivot steps (one in each column, one
in each row). At any stage we denote by C, R the sets of columns,
rows in which pivot steps have been carried out already. In each step
the next pivot column is computed and a pivot element is selected in
this column by the partial pivoting strategy. Then the pivot matrix
corresponding to this pivot step is generated and added to the string,
and the method moves to the next step.

BEGIN

Initial Step: Select any column, say A.,, = (a1, .-, Gpy)’ of
the original matrix A as the pivot column for this step.

If A, =0, A! does not exist, terminate.

If A, # 0, select one of the elements of maximum absolute value
in A,, as the pivot element, suppose it is @, .,. Then row u, is the
pivot row for this step. Generate the pivot matrix corresponding to
the pivot step with A ,, as the pivot column, row u; as the pivot row,
and store this matrix as P;. C' = {v;}, R = {u1}. Also store the pivot
position (u1,v;). Go to the next step.

General Step: Suppose r pivot steps have been carried out so far.
Let C = {vy,...,v:}, R = {uy,...,u.} be the sets of columns, rows,
in which pivot steps have been carried out so far, and let {(uy,v1), ...,
(ur,v,)} be the set of positions of pivot elements in these pivot steps.
Let P,..., P. be the string of pivot matrices generated so far, in the
order they are generated.

Select a column vector of A in which a pivot step has not been
carried out so far (i.e., one from {1,...,n}\C) for the next pivot step,
suppose it is A,, ;. A, is the column in the original matrix A, the
pivot column, A, ., will be the updated column corresponding to it
(i.e., the v, y1th column in the present tableau obtained by performing
all the previous pivot steps on A). From previous discussion we see
that this is given by—



sthekdi
BEGIN
Initial Step: Select any column, say A.v1 = (a1,v1, . . . , an,v1)T of
the original matrix A as the pivot column for this step.
If A.v1 = 0, A−1 does not exist, terminate.
If A.v1 �= 0, select one of the elements of maximum absolute value
in A.v1 as the pivot element, suppose it is au1,v1. Then row u1 is the
pivot row for this step. Generate the pivot matrix corresponding to
the pivot step with A.v1 as the pivot column, row u1 as the pivot row,
and store this matrix as P1. C = {v1}, R = {u1}. Also store the pivot
position (u1, v1). Go to the next step.
General Step: Suppose r pivot steps have been carried out so far.
Let C = {v1, . . . , vr}, R = {u1, . . . , ur} be the sets of columns, rows,
in which pivot steps have been carried out so far, and let {(u1, v1), . . . ,
(ur, vr)} be the set of positions of pivot elements in these pivot steps.
Let P1, . . . , Pr be the string of pivot matrices generated so far, in the
order they are generated.
Select a column vector of A in which a pivot step has not been
carried out so far (i.e., one from {1, . . . , n}\C) for the next pivot step,
suppose it is A.vr+1. A.vr+1 is the column in the original matrix A, the
pivot column, ¯ A.vr+1 will be the updated column corresponding to it
(i.e., the vr+1th column in the present tableau obtained by performing
all the previous pivot steps on A). From previous discussion we see
that this is given by
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A =P.P_,...PA

Ur41 Ur41

This can be computed quite efficiently by computing the product
on the right using right to left string multiplication. Having obtained
A ), if

Wrg1 (alyvr+l7 s Oy )

Qiv,, = 0 for alli € {1,...,n}\R, then

Ay — (Z awavrﬂA-W) =0
t—1

is a linear dependence relation satisfied by the columns of
A, so A~! does not exist, terminate.

If @i,,,, # 0 for at least one 7 € {1,...,n}\R, then se-
lect one of the elements of maximum absolute value among
{Gi,., 20 € {1,....,n}\R} as the pivot element in 4, ,,,
suppose it is ay, 1, , then the pivot row for this pivot step
is row u,1. Generate the pivot matrix P, corresponding
to this pivot step and store it in the string. Include u,
in R, v,41 in C, and the position (u,41,v,41) in the list of
pivot element positions.

If r+1 = n, let P be the permutation matrix
of order n with entries of “1” in the positions
(ug,v¢),t= 1 to m; and “0” entries everywhere
else. Then the product form of the inverse of A
is PTP,...Py; where P,,..., P, are the stored
pivot matrices in the order in which they are gen-
erated. Terminate.

If r+1 < n, go to the next step.

END
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¯ A.vr+1 = PrPr−1 . . .P1A.vr+1
This can be computed quite eﬃciently by computing the product
on the right using right to left string multiplication. Having obtained
¯ A.vr+1 = (¯a1,vr+1, . . . , ¯an,vr+1)T, if
¯aivr+1 = 0 for all i ∈ {1, . . . , n}\R, then
A.vr+1 − (
r
�t=1
¯aut,vr+1A.vt) = 0
is a linear dependence relation satisﬁed by the columns of
A, so A−1 does not exist, terminate.
If ¯ai,vr+1 �= 0 for at least one i ∈ {1, . . . , n}\R, then select
one of the elements of maximum absolute value among
{¯ai,vr+1 : i ∈ {1, . . . , n}\R} as the pivot element in ¯ A.vr+1,
suppose it is ¯aur+1,vr+1, then the pivot row for this pivot step
is row ur+1. Generate the pivot matrix Pr+1 corresponding
to this pivot step and store it in the string. Include ur+1
in R, vr+1 in C, and the position (ur+1, vr+1) in the list of
pivot element positions.
If r + 1 = n, let P be the permutation matrix
of order n with entries of “1” in the positions
(ut, vt),t= 1 to n; and “0” entries everywhere
else. Then the product form of the inverse of A
is PTPn . . .P1; where P1, . . ., Pn are the stored
pivot matrices in the order in which they are generated.
Terminate.
If r + 1 < n, go to the next step.
END
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Example 8: Let
10 1
A= 1 10
11 2

We will now compute the product form of the inverse of A. Selecting
A as the first pivot column, and row 3 as the pivot row for the first
pivot step (hence (3, 2) is the pivot element position for this step), leads
to the pivot matrix

10 0
p1: 0 1 —].
00 1

Selecting column 1 for the next pivot step, the pivot column is

- 10 0 1 1
A.l :PIA.l - 0 ]. —1 1 - 2
00 1 -1 -1

Row 2 is the pivot row for this pivot step by the partial pivoting
strategy (since “2” in row 2 is the maximum absolute value entry in
the pivot column among rows 1 and 2 in which pivot steps have not
been carried out so far). So, the 2nd pivot element position is (2,1);
and the pivot matrix corresponding to this pivot step is

1 —1/2 0
PB=|0 1/2 0
0 1/2 1

Column 3 is the column for the final pivot step, the pivot column
is

1 —1/2
0 1/2
0 1/2
1
0
0

oo -
o — o
|

~1/2
1/2
1/2

_ o o = OO
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Row 1 is the pivot row, and hence (1,3) is the pivot position for
this pivot step. The corresponding pivot matrix is

1/2 1/2 —1/2
P = 0 1 0
0 0 1

Finally the permutation matrix defined by the pivot positions is

0 01
P=11020
010

So, the product form of A='is PTP3;P,P, with these matrices
given above.

Example 9: Let

11 -5
A=101 =2
1 2 =7

We will now compute the product form of the inverse of A. Selecting
A5 as the first pivot column, and row 3 as the pivot row for the first
pivot step (hence (3, 2) is the pivot element position for this step), leads
to the pivot matrix

10 —1/2
P=|01 —1/2
00 1/2

Selecting column 1 for the next pivot step, the pivot column is

1 0 —1/2 1 1/2
Ay=PA;=|0 1 —-1/2 0|=1] -1/2
00 1/2 1 1/2

Selecting Row 2 as the pivot row for this pivot step by the partial
pivoting strategy (so, the 2nd pivot element position is (2, 1)) leads to
the pivot matrix corresponding to this pivot step



422 Ch. 4. Numerical Linear Algebra

1 10
P2: 0 —2 0
0 11

Column 3 is the column for the final pivot step. The pivot column
1s

1 10 1 0 —1/2 -5
As=P,PA; = 0 -2 0 01 —1/2 -2
0 11 00 1/2 —7

1 10 —3/2 0

= 0 —2 0 32 | = -3

0 11 —~7/2 -2

Row 1, the only remaining row in which a pivot step has not been
carried out so far, is the pivot row, but the entry in A3 in row 1 is
0. This implies that there is a linear dependence relation among the
columns of A, and therefore A~! does not exist. From A 5 we see that
the linear dependence relation is

A'g - (—3A1 - 2A2) - 0

Exercises

4.7.1: Find the inverses of the following nonsingular matrices in
product form.

0 9 4 02 2 2
2 0 2 2

1 0 2

o1 o) l22002
2.2 20

4.7.2: The following matrix is singular. Apply the algorithm to
find the inverse in product form on this matrix and show how the
singularity of this matrix is detected in that algorithm.
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—4

4.8 How to Update the Inverse When a
Column of the Matrix Changes

In some algorithms (for example, the Simplex algorithm for linear pro-
gramming) we need to compute the inverses of a sequence of square
matrices. Consecutive elements of this sequence differ by just one col-
umn. To make these algorithms efficient, we need an efficient scheme to
update the inverse of a matrix when exactly one of its column vectors
changes. We discuss such a scheme here.

Let B be a nonsingular square matrix of order n with its column
vectors Bi,...,B,. Let d = (dy,...,d,)T # 0 be a given column
vector, and suppose B is the matrix obtained by replacing the rth
column vector B, of B by d. So, the

original matrix B = (B1:...:B,_1B,B.i1:...:B,)

modifed matrix B = (B1:...:B,_1dB,1:...:B,).

Here the symbol r is the number of the column of the original matrix
B that is being replaced by the new column vector d. Given B!, we
want an efficient scheme to obtain (B)~! from B~!. We show that
(B)~! can be obtained from B~! with just one GJ pivot step.

Let us review how B~! is computed in the first place. We start
with the initial tableau (I:B), and convert it by GJ pivot steps and

a row permutation at the end to the final tableau which is (B7':I).
Now suppose we also put the column vector d = (dy, ...,d,)" in the

initial tableau, i.e., take the initial tableau to be (I:B:d), and perform
exactly the same pivot operations and row permutation needed to get
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B! starting with this as the initial tableau. What will the column
vector d get transformed into in the final tableau in this process? Let

ﬁll R 6177,
B~ =(By)=| :
ﬁnl e ﬁnn

and suppose the final tableau is (B~'Id), where d = (dy,...,d,)".
Since d # 0, by Result 1.11.1(b) of Section 1.11 we know that d # 0.
Also, from the memory matrix interpretation of the matrix B~! under
columns 1 to n in the final tableau, we know that for i = 1 ton

di = Budy + ... + Bind,
ie.,d= B 'dord= Bd;i.e.,
d=dBi+...+d,B,.

So, d is the representation of d in terms of the columns of the matrix
B.

If d. = 0, then by rearranging the terms in the above equation, we
have

d\B1+...+d_1B,_y—d+d 1B,y +...+d,B, =0

a linear dependence relation for the set of column vectors of the matrix
B. So, (B)~! does not exist if d, = 0.

So, we assume that d, # 0. In the final tableau, the rth column of
B, B, got transformed into I,. Suppose we delete [, from the final
tableau. Then what we have left on the right hand part of the final
tableau are the updated columns of the matrix B, and all we need to
do to make it the unit matrix again is to convert the column d into I,
i.e., perform a GJ pivot step on the final tableau with d as the pivot
column and row r as the pivot row, this should convert B~' into B~
Since B is obtained by replacing B, by d, we say that in this operation,
d is the entering column replacing the dropping column B, in B.
We now summarize the procedure.
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Algorithm to Compute Inverse of B Obtained By
Replacing B, in B By d, From B!

BEGIN

Step 1: Compute d = B~'d. d is called the updated entering
column, and the operation of computing it is called updating the
entering column.

Ifd=(dy,...,d,)" where d, = 0, then B is singular and its inverse
does not exist, terminate.

Suppose d, # 0. If B~! is given explicitly, to get (B)~! explicitly,
go to Step 2. If B~! is given in product form (discussed in Section 4.7)
as PP,P,_1... P, where P is a permutation matrix, and P,..., P,

are pivot matrices; to get (B)~! in product form go to Step 3.

-1

Step 2: Here d, # 0, B! is given explicitly, and we want to
compute (B)~! explicitly. Put the updated entering column vector d
by the side of B~! as in the following tableau (PC = pivot column, PR
= pivot row)

PC
dy

B! PR

dy

and perform the GJ pivot step on this tableau. This pivot step converts
B~!into (B)™".

Step 3: Here B! is given in product form as PP, ... P; and we
want to compute (B)~! in product form.

Let P,,1 denote the pivot matrix corresponding to the pivot step
in Step 2. It is the unit matrix of order n with its rth column replaced

by—
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BEGIN
Step 1: Compute ¯ d = B−1d. ¯ d is called the updated entering
column, and the operation of computing it is called updating the
entering column.
If ¯ d = (¯ d1, . . . , ¯ dn)T where ¯ dr = 0, then ¯B
is singular and its inverse
does not exist, terminate.
Suppose ¯ dr �= 0. If B−1 is given explicitly, to get ( ¯B
)−1 explicitly,
go to Step 2. If B−1 is given in product form (discussed in Section 4.7)
as PPnPn−1 . . .P1, where P is a permutation matrix, and P1, . . . , Pn
are pivot matrices; to get ( ¯B
)−1 in product form go to Step 3.
Step 2: Here ¯ dr �= 0, B−1 is given explicitly, and we want to
compute ( ¯B
)−1 explicitly. Put the updated entering column vector ¯ d
by the side of B−1 as in the following tableau (PC = pivot column, PR
= pivot row)
PC
¯ d1
...
B−1 ¯ dr PR
...¯
dn
and perform the GJ pivot step on this tableau. This pivot step converts
B−1 into ( ¯B
)−1.
Step 3: Here B−1 is given in product form as PPn . . .P1 and we
want to compute ( ¯B
)−1 in product form.
Let Pn+1 denote the pivot matrix corresponding to the pivot step
in Step 2. It is the unit matrix of order n with its rth column replaced
by
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(é _Jr—l i _dr—i—l i
d;u“w Jr7fjr7 d7r7.”’ (jr

Then the product form for the inverse of B is P41 PP,Py_1 ... P;.

END

Example 1: Let

0 -2 —1 1 -1 2 1
B=|1 0 -1 |,B'=| -1 1 -1 |,d=]2
1 1 0 1 -2 2 1

Let B be the matrix obtained by replacing the third column of B
by d; and B the matrix obtained by replacing the 2nd column of B by
d. So,

) 01 —1 0 -2 1
B=|12 -1 |,B=[1 0 2
11 0 1 11

From B~! given above we want to find the inverses of B, B by the
updating procedure given above. The updated entering column is

1 -1 2 1 1
d=B'd=| -1 1 -1 2 | = 0
1 -2 2 1 -1

Since the 2nd entry in the updated column d is 0, it shows that B
is singular and does not have an inverse.

To find the inverse of B, we have to carry out the pivot step in the
following tableau (PC = pivot column, PR = pivot row, and the pivot
element is boxed).
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(
¯ d1
¯ dr
, . . . ,−
¯ dr − 1
¯ dr
,
1
¯ dr
,−
¯ dr +1
¯ dr
, . . . ,−
¯ dn
¯ dr
)T .
Then the product form for the inverse of ¯B is P n +1PPnP n − 1 . . . P1.
END
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PC
1 -1 2 1
-1 1 -1 0
1 -2 2|[-1] PR
2 -3 4 0
-1 1 -1 0
-1 2 =2 1
So, we have
2 -3 4
B)y*t=| -1 1 -1
-1 2 =2

Exercises

4.8.1: For r = 1, 2, 3, and 4 in (ii), let B" refer to the matrix
obtained by replacing the rth column vector of the following matrix
B by d. Find the inverses of B!, B, B® and B* in (ii) respectively by
updating B! given below.

0 —2 —1 1 -1 2 4
@()B=|1 0 -1|, B'=| -1 1 -1 |, d= 1
1 1 0 1 -2 2 ~1
1 -1 0 1 1 10 -2 0
o |0 101 2 o lo 10 -1 | -1
@WB=|¢ o118 =g 21 1| 2=
0 00 1 0 00 1 1

4.9 Results on the General System of Lin-
ear Equations Ax =10

Here we summarize various results on systems of linear equations, with
a brief explanation of each result. We consider the general system of
linear equations
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Ax =0

where the coeflicient matrix A = (a;;) is of order m x n, and the RHS
constants vector b = (b;) is a column vector in R™. Ay ,..., A, are
the row vectors of A; and Aq,..., A, are its column vectors. The
“system” in the following refers to this system of equations. The m X

(n + 1) matrix (A:b) obtained by including the RHS constants vector
as an additional column in the coefficient matrix A, is known as the
augmented matrix of the system. The augmented matrix contains
all the data in the system.

1. Constraint Representation: Each row vector of the coefficient
matrix A corresponds to a constraint in the system. These con-
straints are:

A;jx=b fori =1tom

2. Interpretation of a Solution of the System: Another way of look-
ing at the system through the columns of the coefficient matrix
A yields the following:

xlA.l + .%'QA.Q + ...+ ann =b

i.e., each solution x = (x;) of the system is the coefficient vector
in an expression of b as a linear combination of the columns of A.

Hence the system has a solution iff b can be expressed as a linear
combination of the columns of A.

3. Conditions for the Existence of a Solution: System has a so-
lution iff rank(A) = rank of the m x (n + 1) augmented matrix

(Aib).

Rank (A) = rank(A:b) iff a basis for the set of column vectors

of A is also a basis for the set of column vectors of (A:b), i.e.,
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iff b can be expressed as a linear combination of the columns of
A, by Result 2 above, this is the condition for the existence of a
solution to the system.

If rank(A) # rank(A:b), then b cannot be expressed as a linear
combination of the columns of A, and the system has no solution.
In this case, including b as an additional column vector in A

increases its rank, i.e., rank(A:b) = 1 + rank(A).

4. Condition for No Solution: System has no solution iff rank(A:b)
=1 + rank(A).

Follows from Result 3 above.

5. Condition for Many Solutions: If the system has at least one
solution, and the set of column vectors of the coefficient matrix A
is linearly dependent, then the system has an an infinite number
of solutions. Conversely, if the system has more than one solution,

the set of column vectors of A is linearly dependent, and in this
case the system has an infinite number of solutions.

To see this, suppose T = (Z;) is a solution for the system. Then,
from Result 2 above we have

b= A1+ ... +TA; 4+ .+ T,A,

If {A1,...,A,} is linearly dependent, let the linear dependence
relation for this set be

OzalAl—{——l—aJA]—i——l—anAn

where (aq,...,a,) # 0. Adding A times the 2nd equation to the
first (here A is a scalar, an arbitrary real number) yields

b= (Z1+A)A1+ ...+ (TjA; + Aj)Aj+ ...+ (T + Aan) A,

So, if we define z(\) = (z1(\), ..., z,(\))T where for j =1 ton
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$j(>\) = .f’j + )\Oéj

then x(\) is a solution of the system for all A real. Since (ay, ...,
a,) # 0, for each A, x(\) is a distinct vector; hence the system
has an infinite number of solutions. Also, as A\ takes all real
values, x(\) traces a straight line in R"™. This entire straight line
is contained in the set of solutions of the system.

Conversely, suppose the system has two distinct solutions z, & =
(7). Then we have
b= A1+ ... +TA; 4.+ T, A,
b=21A1+ ... +2;A;+... +2,A,
Subtracting the bottom one from the top one, we have

A

Since T # z, at least one of the coefficients in the above equation
is nonzero, hence this equation is a linear dependence relation

for {A1,..., A,}, showing that the set of column vectors of A is
linearly dependent.

6. Condition For Unique Solution: If the system has a solution z,

then Z is the unique solution of the system iff the set of column
vectors of A is linearly independent.

This follows from Result 5 above.

7. At Least One Solution If A Is of Full Row Rank: The matrix

A is said to be of full row rank if its set of row vectors is linearly
independent, i.e., if its rank = the number of rows in it, m. In
this case the system has at least one solution.

In this case when GJ method is applied to solve the system, a
basic variable will be selected in every row. So, this method will
terminate with a solution of the system after performing a pivot
step in each row.
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8. In a Consistent System, Number of Constraints Can Be Reduced
to < Number Of Variables: If the system has at least one so-
lution, either m < n, or after eliminating redundant constraints
from it, an equivalent system in which the number of constraints
is < n will be obtained.

If rank(A) = r, then r < min{m,n}. The result follows because
when the system has at least one solution, the GJ method, after
eliminating redundant constraints, will reduce it to an equivalent
system in which the number of constraints is » < n. Also, if the
system has a unique solution, it becomes a square nonsingular
system of equations after the elimination of redundant constraints
from it.

Therefore, without any loss of generality, we can assume that in
a consistent system of linear equations, the number of constraints
is < the number of variables.

Exercises

4.9.1: Newton’s problem of the fields and cows (from his
Arithmetica universalis, 1707): There are several fields of growing
grass, and cows. Assume that initially all the fields provide the same
amount of grass (say z; per field), and that the daily growth of grass
in all the fields remains constant (say xs in each field), and that all of
the cows eat exactly the same amount of grass each day (say exactly
x3 per cow per day). The following information is given:

a cows graze b fields bare in ¢ days
a’ cows graze b fields bare in ¢’ days

a” cows graze b” fields bare in ¢ days.

Then what relationship exists between the 9 data elements a, a’, a”;
b, v, b e, "7
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4.10 Optimization, Another Important Dis-
tinction Between LA, LP, and IP;
and the Duality Theorem for Lin-
ear Optimization Subject to Linear
Equations

We already discussed in Chapter 1 that Linear Algebra (LA) is the
subject dealing with the analysis of systems of linear equations, Linear
Programming (LP) is the subject dealing with the analysis of systems
of linear constraints including inequalities, and that Integer Program-
ming (IP) is the subject dealing with the analysis of systems of linear
constraints with some variables restricted to take integer values only. In
this section we will present some differences in the mathematical prop-
erties of these various systems when dealing with optimization. We will
also present the important duality theorem for linear optimization sub-
ject to linear equality constraints, and its relationship to the alternate
system for a system of linear equations discussed in Section 1.17.

Linear Inequalities Viewed as Nonlinear Equa-
tions

Each linear inequality actually can be viewed as a nonlinear equa-
tion. For example, consider the linear inequality

1+ X9 + X3 S 100.

This inequality is the same as 100 — z; — o — x3 > 0. Every
nonnegative number has a nonnegative square root. So, let s; denote
the nonnegative square root /100 — 1 — x5 — x3. Then 100 — 27 —
Tg — T3 = S, OT

x1+x2+x3+s%:100.

This equation is a nonlinear equation because of the square term
s? term in it, and it is clearly equivalent to the above inequality. In
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the same way the inequality constraint xy + 3x9 — 223 > —10 is
equivalent to the nonlinear equation x; + 379 — 223 — s3 =

These additional variables s?, s3 that were used to convert the in-
equalities into equations are called slack variables associated with
those inequalities in LP literature. So linear inequalities can be con-
verted into equations by introducing slack variables, but the resulting
equations are nonlinear. As another example, consider the system of
linear constraints

60
1+ X9 + X3 S 100
Ty + 3172 - 21’3 Z —10

2231 + 3.’E2 — 7.’173

This system is the same as the system of equations

21‘1 + 3172 — 71’3 = 60
$1+.Z'2+.’133+8% 100

T1 + 3x9 — 223 —5% = —-10

which is nonlinear

Linear Optimization Subject to Linear Equality
Constraints

In most real world applications one is always interested in finding
not just any solution, but the best solution among all solutions to a
system of constraints, best in the sense of optimizing the value of an
objective function that is to be optimized (i.e., either minimized or
maximized as desired). Since LA considers systems of linear constraints
only, it is reasonable to assume that the user may want to optimize
an objective function that is itself a linear function of the decision
variables. This would lead to a problem of the following form which
we state using matrix notation.

Minimize 2z = z(x) = cx
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subject to Ax = b (1)

instead of finding an arbitrary solution to the system Ax = 0. Such a
problem is called a linear optimization problem subject to linear
equations. Here let A be an m x n coefficient matrix, b an m x 1 RHS
constants vector, and ¢ is a 1 X n row vector of objective function
coefficients.

Instead of minimizing, if it is desired to maximize an objective
function ¢’x, it is the same as minimizing its negative —c’x subject to
the same constraints. Hence it is sufficient to consider minimization
problems only.

If system (1) is either infeasible, or has a unique solution, there
is nothing to choose, so we will assume that (1) has many solutions.
Even in this case, it turns out that there are only two possibilities for
problem (1). They are:

Possibility 1: Under this possibility all solutions of system (1)
give the same value for the objective function cx, i.e., cx is a constant
on the set of solutions of (1). If this possibility occurs, it is immaterial
which solution of (1) is selected, all have the same objective value.

This possibility occurs iff the row vector ¢ can be expressed as a
linear combination of the row vectors of the coefficient matrix A, i.e.,
iff ¢ is in the row space of the matrix A as defined in Section 3.10.

Possibility 2: The minimum value of cx on the set of solutions of
(1) is —o0, i.e., (1) has no finite optimum solution.

This possibility occurs iff the row vector ¢ cannot be expressed as
a linear combination of the row vectors of the coefficient matrix A.

Algorithm to Determine Which Possibility Oc-
curs for (1)

The GJ or G elimination methods for solving systems of linear
equations discussed in Sections 1.16, 1.20 can directly determine which
of Possibilities 1, 2 occurs in (1). Here is the simple modification of the
GJ or G elimination methods to solve (1).—
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The GJ or G elimination methods for solving systems of linear
equations discussed in Sections 1.16, 1.20 can directly determine which
of Possibilities 1, 2 occurs in (1). Here is the simple modiﬁcation of the
GJ or G elimination methods to solve (1).
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BEGIN

Step 1: Detached coefficient tableau: Initiate the method with
the following detached coefficient tableau

T —z | RHS
A 0 b
& 1 0

where the bottom row corresponds to the additional equation cx —
z = 0 that just defines the objective function. When the algorithm
determines that Possibility 1 occurs, if it is required to obtain the
coefficients in an expression of ¢ as a linear combination of rows of A,
we need to introduce a memory matrix (a unit matrix of order m + 1
with its column vectors labeled as A ,..., A, ,¢) on the left side of
the tableau as explained in Section 1.12, and carry out all the row
operations on the columns of this memory matrix also.

Step 2: Carry out the GJ or G elimination methods of Sections 1.16
or 1.20 on this tableau and perform pivot steps in all the rows of the
tableau except the last row. At the end if the infeasibility conclusion
is not reached, go to Step 3.

Step 3: In the final tableau suppose the entries in the bottom row
are Ci,...,Cp; l_)m+1.

If all of ¢4,...,¢, are = 0, then c is a linear combination of the rows
of A, and Possibility 1 occurs for (1). In this case the objective function
in (1), cr = —by,11 at all the solutions of the system Az = b. Delete
the last row from the final tableau, and obtain the general solution of
the system from the remaining tableau, every one of these solutions is
an optimal solution of (1).

If the memory matrix is introduced, its bottom row in the final
tableau gives the coefficients in an expression of ¢ as a linear combina-
tion of rows of A.

If at least one of ¢4, ..., ¢, is # 0, then the minimum value of cx on
the set of solutions of (1) is —oo, i.e., Possibility 2 occurs for (1). In this—
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BEGIN
Step 1: Detached coeﬃcient tableau: Initiate the method with
the following detached coeﬃcient tableau
x −z RHS
A 0 b
c 1 0
where the bottom row corresponds to the additional equation cx −
z = 0 that just deﬁnes the objective function. When the algorithm
determines that Possibility 1 occurs, if it is required to obtain the
coeﬃcients in an expression of c as a linear combination of rows of A,
we need to introduce a memory matrix (a unit matrix of order m + 1
with its column vectors labeled as A1., . . ., Am., c) on the left side of
the tableau as explained in Section 1.12, and carry out all the row
operations on the columns of this memory matrix also.
Step 2: Carry out the GJ or G elimination methods of Sections 1.16
or 1.20 on this tableau and perform pivot steps in all the rows of the
tableau except the last row. At the end if the infeasibility conclusion
is not reached, go to Step 3.
Step 3: In the ﬁnal tableau suppose the entries in the bottom row
are ¯c1, . . . , ¯cn; ¯b
m+1.
If all of ¯c1, . . . , ¯cn are = 0, then c is a linear combination of the rows
of A, and Possibility 1 occurs for (1). In this case the objective function
in (1), cx = −¯b
m+1 at all the solutions of the system Ax = b. Delete
the last row from the ﬁnal tableau, and obtain the general solution of
the system from the remaining tableau, every one of these solutions is
an optimal solution of (1).
If the memory matrix is introduced, its bottom row in the ﬁnal
tableau gives the coeﬃcients in an expression of c as a linear combination
of rows of A.
If at least one of ¯c1, . . . , ¯cn is �= 0, then the minimum value of cx on
the set of solutions of (1) is −∞, i.e., Possibility 2 occurs for (1). In this
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case we can construct a half-line every point on which is feasible to (1),
and along which the objective function cx — —oo. The construction
of this half-line from the final tableau is illustrated in Example 2 given
below.

END

Example 1: Consider the following problem.

Minimize z = 6x1 + 2229 + 3423 + 624
subject to 1 + 29+ 23+ 14 = 15
T1— Tog— 203 — Ty = —H
—r1+2x4 = 7

The original tableau for solving this problem by the GJ elimination
method with memory matrix (to find the coefficients in an expression
of ¢ as a linear combination of the rows of the coefficient matrix A,
if it turns out to be so) is the one given at the top. The columns of
the memory matrix are labeled A;, Ay, Az, and ¢ since these are the
various rows in the original tableau. The abbreviations used are: BV
= basic variable, and all the pivot elements are boxed. PR, the pivot
row; and PC, the pivot column, are always the row, column containing
the boxed pivot element.

Memory matrix | BV RHS
Al_ AQ_ A3_ C T ) T3 Ty —ZX

1 0 00 1 1 1 0 15
0 1 0 0 1 -1 -2 -1 0 -5
0 0 10 -1 0 0 2 0 7
0 0 0 1 6 22 34 6 1 0
1 0 0 0 x 1 1 1 1 0 15
1 1 00 2 0 0 0| 10
0 0 1 0 -1 0 0 2 0 7

—22 0 0 1 -16 0 12 —-16 1] —-330
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case we can construct a half-line every point on which is feasible to (1),
and along which the objective function cx → −∞. The construction
of this half-line from the ﬁnal tableau is illustrated in Example 2 given
below.
END
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Memory matrix | BV RHS
Al_ AQ_ A3_ C Try To9 I3 Ty —Z
2 1 0 0| m 3 1 0 1 0 25
-1 -1 0 0| x3 -2 0 1 0 0] —10
0 0 10 1] 0o 0o 2 0 7
—-10 12 0 1 § 0 0 -—16 1] —220
Final Tableau
2 1 3 0| x 0 1 0 7 0 46
-1 -1 =2 0] x3 o o0 1 -4 0| —26
0 0 —1 0] = 1 0 O 2 0 =7
—-10 12 8 1 0 0 0 0 1| —164

GJ pivot steps have been carried out in all the constraint rows.
Since the coefficients of all the original variables x; are 0 in the last row
of the final tableau, this is an indication that ¢ is a linear combination
of rows of the coefficient matrix A in this example. From the final row
of the memory matrix in the final tableau we find

or c¢= 10A1 — 12A2 — 8A3

Also the equation corresponding to the last row in the final tableau
is —z=—-164 or 2z =164. Thus in this example, the objective
function z has the same value 164 at all solutions of the system of
constraints. From the final tableau we see that the general solution of
the system is

T —7 — 223 + 2x;5
) 46 + 41’3 — 71‘5

Zs3 = T3

T4 —26 — 323 + 4x;
Ts Ts

where the nonbasic (free) variables x3, x5 can be given any real values at
the user’s choice to get a solution of the system; and all these solutions
yield the same value 164 to the objective function z.
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Example 2 Consider the following problem.

Minimize z = x1 + 29 — 224 — 45
subject to 1 + 29 — 23+ 15 = —6
Ty + 209 + x4 — 225 = 20
—r1+ 23 —14+ 35 = 12

We solve this problem by the G elimination method, but use the
same notation as in the previous example. In this example we do not
intend to find the expession of ¢ as a linear combination of the row
vectors of A even if it it turns out to be in the linear hull of the rows
of A; so we do not introduce the memory matrix.

BV 1 T rs x4 x5 —z | RHS
1 -1 0 1 0] -6 PR
1 2 0 1 -2 0] 20
—1 0 1 -1 3 0| 12
1 1 0 —2 —4 1 0
PC]
) 1 1 -1 1 0] -6
0 1 1 -3 0| 2 PR
0 1 -1 4 0 6
0 0 1 2 -5 1 6
PC]
) 1 I -1 0 1 0| -6
T 0 1 1 1 -3 0| 26
0 0 [-1] =2 7 0| -20 PR
0 0 1 —2 -5 1 6
PC]
Final Tableau
) 1 1 -1 0 1 0] -6
5 0 1 1 1 -3 0| 26
3 0 0 1 2 -7 0| 20
0 0 0 —4 2 1| —14
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The nonbasic variables x4, x5 have nonzero coefficients in the objec-
tive row in the final tableau. This indicates that the objective function
z diverges to —oo on the set of solutions of the system of constraints
in this example, so there is no finite optimum solution in this problem.

To construct a half-line in the set of feasible solutions along which
the objective function z diverges to —oo, select any nonbasic variable
with a nonzero coefficient in the objective row in the final tableau, call
it the entering variable, x, say with ¢; # 0 as its coefficient in the
objective row in the final tableau. Fix all the nonbasic variables other
than the entering variable at 0 in the solution, and make the value of the
entering variable = \, a real valued parameter. Multiply the column of
the entering variable in the final tableau by A and move it to the right.
Now compute the corresponding values of the basic variables in the
solution by the back substitution method. The solution is a function
of the single parameter A\. As A — 400 if ¢; < 0, or —o0 if &5 > 0,
this solution traces a half-line in the solution set along which the the
objective function z — —oo.

In this example we select x4 with ¢4 = —4 as the entering variable.
We fix the other nonbasic variable x5 = 0, and entering variable x4 = .
The triangular system to find the corresponding values of the basic
variables in the solution is

r1 T2 I3
0o 1 -1 —6
0 1 1] 26— X
0 0 11 20—2\
—2z —14 + 4\

The expression for —z is obtained from the equation corresponding
to the last row in the final tableau after fixing the entering variable = \,
and all the other nonbasic variables = 0. Solving by back substitution,
we find that the solution is
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z(N) =] x3(\) | =] 20—2A
z =14 -4\

So, as A — 400, z(\) traces a half-line in the set of feasible solutions
of the system along which the objective function z — —oo.

Thus, in linear optimization problems subject to linear equality
constraints only (of the form (1) above), when feasible solutions exist,
either there is no finite optimum solution, or all the feasible solutions
are optimal. That’s why these problems are considered to be trivial
mathematically, and none of the other books on LA discuss optimizing
a linear function subject to linear equality constraints.

The Duality Theorem for Linear optimization Prob-
lems Subject to Linear Equality Constraints

Consider the general linear optimization problem subject to linear
equality constraints (1) above. There is another linear optimization
problem subject to linear equality constraints associated with it called
its dual, sharing the same data A,b,c. In this context the original
problem (1) is called the primal. It turns out that the dual of the
dual problem is the primal; and the special relationship between this
pair of problems is called the duality relationship, it is a symmetric
relationship.

In this context, the variables in the primal (1), z = (z1,...,z,)7,
are called the primal variables. Since the constraints in the primal
problem are a requirement on Ar = >>"_; A jz;, the primal variables
x are coefficients in a linear combination of the columns of the data
matrix A. Symmetrically, the variables in the dual problem, called the
dual variables, written as a row vector y = (y1, ..., ¥n) usually, are
coefficients in a linear combination of the rows of the data matrix A;
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and the dual constraints will be a requirement on yA. That’s why this

duality relationship is an instance of row-column duality in matrices.
The dual problem of (1) is

Minimize v =v(y) = yb
subject to yA = ¢ (2)

Notice that the primal variables do not appear in the statment of
the dual problem and vice versa. The primal and the dual problems
are distinct problems, but both of them share the same data.

If Possibility 1 occurs for (1), then the algorithm discussed above
finds a dual feasible solution g satisfying ¢ = yA. In this case every
primal feasible solution = has its primal objective value = z(z) = cx =
yAx = yb. Also, in this case every dual feasible solution y has its dual
objective value = v(y) = yb = yAx = cx where x is any primal feasible
solution.

Thus if Possibilty 1 occurs for (1), every primal feasible solution
has the same primal objective value, every dual feasible solution has
the same dual objective value, and the optimum objective values in the
two problems are equal.

If Possibility 2 occurs for (1), it is not possible to express c as a linear
combination of the rows of A, i.e., the dual has no feasible solution;
and we have seen that in this case z(x) is unbounded below in (1).

Now suppose that the dual has a feasible solution 7 say, but the
primal has no feasible solution. In this case by the results discussed in
Section 1.17, we know that the alternate system for the constraints in

(1)

TA = 0
7 = 1

has a feasible solution, 7 say. Since yA = ¢ and 7A = 0, we have
(y+A7)A = c for any A real, i.e., §y+ A7 is feasible to the dual problem
(2) for all A\. Also v((g+ AT) = (¥ + A\7)b = yb+ A\7b = yb+ A, and
this tends to +00 as A — 4o00. Thus the dual objective function is
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unbounded above in the dual problem in this case. The feasibility of
the alternate system for the constraints in (1), is a necessary condition
for the dual objective function to be unbounded above on the set of
dual feasible solutions in (2).

These results can be summarized in the following statement known
as the duality theorem for linear optimization subject to linear
equality constraints. It is a specialization of the duality theorem of
LP proved by OR people (John von Neumann, David Gale, Harold
Kuhn, and Albert Tucker) soon after George Dantzig anounced his
simplex method for LP in 1947, to (1).

Duality Theorem: A primal, dual pair of linear optimization
problems subject to linear equality constraints always satisfy the fol-
lowing properties:

1. If both primal and dual are feasible, the optimum objective val-
ues in the two problems are equal; and every feasible solution is
optimal in both problems.

2. If primal [dual] is feasible but the dual [primal] is infeasible, then
the primal objective value [dual objective value] is unbounded be-
low [above] in the primal [dual] problem.

3. It 1s possible for both the primal and dual problems to be infeasible.

Optimizing A Linear Objective Function Subject
to Linear Inequality Constraints

This is a problem of the following form stated in matrix notation.
Minimize z = z(z) = cx

subject to Ax = b (3)
Dx

v

The presence of linear inequality constraints in (3) makes a signifi-
cant difference in the possible outcomes for (3) as opposed to those of
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(1) where all the constraints are linear equations only. (3) can have a
finite optimum solution, without all the feasible solutions of the prob-
lem being optimal. Thus (3) is a nontrivial optimization problem. This
is an important distinction between linear equality systems and linear
systems including inequalities.

Traditionally LP is defined to be a problem of the form (3) involving
optimization, not just that of finding any feasible solution.

But there is a beautiful result in LP theory which states that cor-
responding to (3), there is an equivalent system of linear constraints
involving inequalities such that every feasible solution of it is optimal
to (3) and vice versa. This result guarantees that LPs involving op-
timization are mathematically equivalent to finding a feasible solution
to a system of linear constraints containing linear inequalities. In other
words any algorithm for finding a feasible solution to a system of linear
inequalities can be used directly to solve optimization problems like (3)
without doing any optimization, and vice versa.

Optimizing A Linear Objective Function Subject
to Linear Constraints and Integer Restrictions On
Variables

In matrix notation, this IP is a problem of the following form. Here
r = (z1,...,2,)" is the vector of decision variables. J C {1,...,n} is
the set of subscripts of decision variables whose values in the solution
are required to be integer.

Minimize 2z = z(z) = cx
subject to  Ax = b (4)
Dx d
x; integer for all j € J.

v

In LP all the variables are continuous variables. But in IP some or
all the variables are restricted to a discrete set, and hence IPs are also
called discrete optimization problems.

Traditionally an IP is stated in this problem involving optimization.
As in the case of LP, in IP also, an efficient algorithm that can find
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a feasible solution to a system of constraints like that in (4) can be
modified into an efficient algorithm for solving (4) involving optimiza-
tion too. Also like in LPs, (4) can have a finite optimum without all
the feasible solutions being optimal to it. So, IPs also are nontrivial
optimization problems.

4.11 Memory Matrix Versions of GJ, G
Elimination Methods

The versions of the GJ, G elimination methods discussed in Sections
1.16, 1.20 are the direct simple versions of those methods to solve a
system of linear equations dating back to ancient times. Around mid-
20th century Operations Researchers have found that the results in
Sections 1.12, 4.7 can be used to organize the computation in these
methods more efficiently by introducing a memory matrix on the orig-
inal tableau and restricting the pivot operations to the columns of the
memory matrix only, leaving the original system unchanged through-
out the computation. The pioneering work for developing this efficient
version is due to George Dantzig in his 1953 paper on the revised sim-
plex method for linear programming (G. B. Dantzig, “Computational
Algorithm of the Revised Simplex Method”, RM-1266, The RAND
Corporation, Santa Monica, CA, 1953).

Suppose the original system consists of m equations in n variables.
In this version pivot operations are carried out only on (m + 1) col-
umn vectors (m column vectors of the memory matrix, and the RHS
constants vector) instead of the (n + 1) column vectors of the original
system. Since typically n > m, the new version is computationally
more efficient than the versions discussed in Sections 1.16, 1.20.

We will now provide a complete statement of the new version along
with detailed descriptions of all the formulas used in it, and then work
out several numerical examples.
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Memory Matrix Version of GJ, G Elimination
Methods

Let the original system being solved be Ax =0b where A = (a;;)
is an m X n matrix.

BEGIN

Step 1: Setting up the initial tableau: It is convenient to
introduce the columns of the memory matrix (initially, a unit matrix
of order m) on the left hand side of the detached coefficient tableau
of the original system. Let us denote the constraints in the original
system by Ry,..., R, and enter these labels in a column on the right
hand side of the original system. We label the columns of the memory
matrix with R; to R,,, because as mentioned in Section 1.12, any row
vector in the memory matrix is the row vector of coefficients in an
expression of the corresponding row in the updated system as a linear
combination of rows in the original system. We also set up another
column on the right to record the basic variables. We will use the
abbreviations: BV = basic variable selected in the row, PC = pivot
column, PR = pivot row, OCL = original constraint label.

Initial tableau: Tableau 1

BV | OCL Original system Memory matrix
Rl aiy N Qay; e Q1n b1 1 N 0
Ri a1 ce . Qi ce (0779 bz 0 . 0
Ry | @m1 . Qmj oo Gmn | by 0o ... 1

OCL = Original constraint label for the row

Some notes: In this version, the columns of the variables z1, ..., z,
in the original system are left as they are throughout the computation;
pivot operations are carried out only on the other columns of the ini-
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Let the original system being solved be Ax = b where A = (aij)
is an m × n matrix.
BEGIN
Step 1: Setting up the initial tableau: It is convenient to
introduce the columns of the memory matrix (initially, a unit matrix
of order m) on the left hand side of the detached coeﬃcient tableau
of the original system. Let us denote the constraints in the original
system by R1, . . ., Rm and enter these labels in a column on the right
hand side of the original system. We label the columns of the memory
matrix with R1 to Rm, because as mentioned in Section 1.12, any row
vector in the memory matrix is the row vector of coeﬃcients in an
expression of the corresponding row in the updated system as a linear
combination of rows in the original system. We also set up another
column on the right to record the basic variables. We will use the
abbreviations: BV = basic variable selected in the row, PC = pivot
column, PR = pivot row, OCL = original constraint label.
Initial tableau: Tableau 1
BV OCL Original system Memory matrix
x1 . . . xj . . . xn RHS R1 . . . Rm
R1 a11 . . . a1j . . . a1n b1 1 . . . 0
...
...
...
...
...
...
...
Ri ai1 . . . aij . . . ain bi 0
. . . 0
...
... ...
...
...
...
...
Rm am1 . . . amj . . . amn bm 0 . . . 1
OCL = Original constraint label for the row
Some notes: In this version, the columns of the variables x1, . . . , xn
in the original system are left as they are throughout the computation;
pivot operations are carried out only on the other columns of the ini-
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tial tableau. So these other columns constitute the working area in this
version, and we will record these only separately in subsequent steps,
calling it the working tableau. The working tableau in the initial
stage is Tableau 2.

Initial working tableau: Tableau 2

BV | Updated | Memory matrix | PC | OCL
RHS R ... R,
by 1 ... 0 R,
b 0o ... 1 R,

In the GJ elimination method, rows 1 to m can be selected as pivot
rows in any order, and the method does not need row interchanges. In
the G elimination method however, we perform a row interchange in
every step to make sure that all rows which have already served as pivot
rows are at the top of the tableau, and those in which pivot steps have
yet to be carried out are below them at the bottom. In this version,
like pivot steps, row interchanges are only carried out on the working
tableau, and never on the original tableau. If some row interchanges
have been carried out so far, in the current working tableau rows 1
to m correspond to the original constraints R, , ..., Ry, respectively,
where (wy, ..., wy,) is a permutation of (1,...,m).

Current working tableau: Tableau 3
BV | Updated | Updated mem. matrix | PC | OCL

RHS Ry ... R,
b1 ﬁll cee ﬁlm Rwl

bi ﬁil B ﬁzm Rwi

bm ﬁml cee ﬁmm me
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tial tableau. So these other columns constitute the working area in this
version, and we will record these only separately in subsequent steps,
calling it the working tableau. The working tableau in the initial
stage is Tableau 2.
Initial working tableau: Tableau 2
BV Updated Memory matrix PC OCL
RHS R1 . . . Rm
b1 1 . . . 0 R1
...
...
...
...
bi 0
. . . 0 Ri
...
...
...
...
bm 0 . . . 1 Rm
In the GJ elimination method, rows 1 to m can be selected as pivot
rows in any order, and the method does not need row interchanges. In
the G elimination method however, we perform a row interchange in
every step to make sure that all rows which have already served as pivot
rows are at the top of the tableau, and those in which pivot steps have
yet to be carried out are below them at the bottom. In this version,
like pivot steps, row interchanges are only carried out on the working
tableau, and never on the original tableau. If some row interchanges
have been carried out so far, in the current working tableau rows 1
to m correspond to the original constraints Rw1, . . ., Rwm respectively,
where (w1, . . ., wm) is a permutation of (1, . . .,m).
Current working tableau: Tableau 3
BV Updated Updated mem. matrix PC OCL
RHS R1 . . . Rm
¯b
1 β11 . . . β1m Rw1
...
...
...
...
¯b
i βi1
. . . βim Rwi
...
...
...
...
¯b
m βm1 . . . βmm Rwm
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At some general stage suppose the current working tableau is as
given in Tableau 3. The matrix § = (§;; : i, = 1,...,m) in the
current working tableau is the updated memory matrix at this stage.
In this version we do not have the current tableau consisting of the
updated columns of all the variables, which would have been obtained
if all the pivot steps have been carried out on the original tableau as
in the versions discussed in Sections 1.16, 1.20. Let us use the follow-
ing notation for the updated columns of the variables in the current
tableau:

OCL Current tableau*
I ) X Tn
Rl aiq a2 Ce C_Llj .. Q1p
R2 91 99 Ce C_ng e Qop
Ri a;1 ;o R Ezij R Ain
Ry |1 G2 o Gy - G

*Not computed in this version

But all the entries in this current tableau can be computed using
the updated memory matrix 3 and the original tableau. We show the
formulas for computing them now.

Let A= (@;;:i=1tom,j=1ton) denote the current tableau
which is not computed in this version. fli,,A,j denote the ith row,
jth column of A. A is the updated column of the variable z; in the
current tableau.

From Section 1.12 we know that the ith row in the current tableau is
the linear combination of rows in the original tableau with coefficients
from the row of the updated memory matrix corresponding to the OCL
R; (this may not be the ith row in the updated memory matrix if row
interchanges have been performed during the algorithm). So, let

p be such that w, = 7 in the current working tableau. Then

ith row in current tableau = A; = (Gi1y .oy Qi) =
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At some general stage suppose the current working tableau is as
given in Tableau 3. The matrix β = (βij : i, j = 1, . . .,m) in the
current working tableau is the updated memory matrix at this stage.
In this version we do not have the current tableau consisting of the
updated columns of all the variables, which would have been obtained
if all the pivot steps have been carried out on the original tableau as
in the versions discussed in Sections 1.16, 1.20. Let us use the following
notation for the updated columns of the variables in the current
tableau:
OCL Current tableau*
x1 x2 xj xn
R1 ¯a11 ¯a12 . . . ¯a1j . . . ¯a1n
R2 ¯a21 ¯a22 . . . ¯a2j . . . ¯a2n
...
...
...
...
...
Ri ¯ai1 ¯ai2 . . . ¯aij . . . ¯ain
...
...
...
...
...
Rm ¯am1 ¯am2 . . . ¯amj . . . ¯amn
*Not computed in this version
But all the entries in this current tableau can be computed using
the updated memory matrix β and the original tableau. We show the
formulas for computing them now.
Let ¯ A = (¯aij : i = 1 to m, j = 1 to n) denote the current tableau
which is not computed in this version. ¯ Ai., ¯ A.j denote the ith row,
jth column of ¯ A. ¯ A.j is the updated column of the variable xj in the
current tableau.
From Section 1.12 we know that the ith row in the current tableau is
the linear combination of rows in the original tableau with coeﬃcients
from the row of the updated memory matrix corresponding to the OCL
Ri (this may not be the ith row in the updated memory matrix if row
interchanges have been performed during the algorithm). So, let
p be such that wp = i in the current working tableau. Then
ith row in current tableau = ¯ Ai. = (¯ai1, . . . , ¯ain) =
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aiy ... QAip
- Bwp.A - (Bwph s 7Bwpn)

m1 - Amp

Using this formula any row vector in the current tableau can be
computed from ( and A as needed.

From the results in Section 4.7, we know that the updated column
of any variable x; in the current tableau with rows rearrranged as in the
current working tableau = (Gy,j, - - ., Gu,,;) is obtained by multiplying
the original column of z; on the left by 3, i.e., it is = BA ;.

Using these formulas, any row vector in the current tableau, or the
updated column of any variable can be computed using 5, A. We will
use these formulae in the following steps.

Step 2: The general pivot step: Select one of the rows in which
a pivot step has not been performed, as the row for performing the next
pivot step. Suppose it is row w, in original tableau corresponding to row

r in the current working tableau. This updated row is (Gy,1, - - -, Guyn)
= G, A.
Case 1: If G,y = ... = Qy,n = 0, and the updated RHS constant

in this row = Ewt = 0 also, this row represents a redundant constraint.
The row f3,, the rth row of the updated memory matrix is the evidence
for this redundancy conclusion.

So, no pivot step will be carried out in this row in this case. Select
one of the remaining rows for performing the next pivot step and repeat
this Step 2 with it.

Case 2: If a,,1 = ... = Gy,, = 0, and the updated RHS constant
in this row = b, # 0, this row represents an inconsistent equation, so
the original system has no solution. The row f,, the rth row of the
updated memory matrix is the evidence for this infeasibility conclusion
(i.e., b, times a feasible solution for the alternate system corresponding
to the original system discussed in Section 1.17).—
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= βwp.A = (βwp1, . . . , βwpn)

a11 . . . a1n
...
...
am1 . . . amn

Using this formula any row vector in the current tableau can be
computed from β and A as needed.
From the results in Section 4.7, we know that the updated column
of any variable xj in the current tableau with rows rearrranged as in the
current working tableau = (¯aw1j, . . . , ¯awmj) is obtained by multiplying
the original column of xj on the left by β, i.e., it is = βA.j .
Using these formulas, any row vector in the current tableau, or the
updated column of any variable can be computed using β,A. We will
use these formulae in the following steps.
Step 2: The general pivot step: Select one of the rows in which
a pivot step has not been performed, as the row for performing the next
pivot step. Suppose it is row wt in original tableau corresponding to row
r in the current working tableau. This updated row is (¯awt1, . . . , ¯awtn)
= βr.A.
Case 1: If ¯awt1 = . . . = ¯awtn = 0, and the updated RHS constant
in this row = ¯b
wt = 0 also, this row represents a redundant constraint.
The row βr., the rth row of the updated memory matrix is the evidence
for this redundancy conclusion.
So, no pivot step will be carried out in this row in this case. Select
one of the remaining rows for performing the next pivot step and repeat
this Step 2 with it.
Case 2: If ¯awt1 = . . . = ¯awtn = 0, and the updated RHS constant
in this row = ¯b
wt �= 0, this row represents an inconsistent equation, so
the original system has no solution. The row βr., the rth row of the
updated memory matrix is the evidence for this infeasibility conclusion
(i.e., ¯b
r times a feasible solution for the alternate system corresponding
to the original system discussed in Section 1.17).
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If the infeasibility conclusion is all that is needed, terminate the
method. At any rate no pivot step will be carried out in this row. If it
is required to find a modification of the RHS constants vector b in the
original system to make it feasible as discussed in Section 1.22, select
one of the remaining rows to perform the next pivot step and repeat
this Step 2 with it.

Case 3: Suppose at least one of Gy,1, ..., Gy, is # 0. In this case
we will perform a pivot step.

If GJ elimination method is being used, select this row, row w; in
the original tableau corresponding to row r in current working tableau
as the pivot row for this pivot step. Select an s such that a,,s # 0 as
the pivot element, and the associated variable x4 as the basic variable
in this pivot row, i.e., the entering variable in this pivot step.

When doing hand computation, we want to avoid getting difficult
fractions, so we look for a pivot element of &1 or the smallest available
integer as far as possible. But while solving the problem on a com-
puter, we try to select the pivot element to minimize roundoff error
accumulation, for this it is better to select the pivot element to be an
element of maximum absolute value, i.e., satisfying |a,,s| = maximum
{l@w,;] : 7 =1 to n}. The pivot column (PC) for this pivot step is the
updated column of the entering variable with rows rearranged as in the
current working tableau = §A ;. Enter the PC on the current working
tableau, mark the pivot element in it, and perform the GJ pivot step.

If G elimination method is being used to solve the problem on a
computer, we select s such that a,,s is the maximum absolute value
element among a1, - .., Gy,n, and select the associated variable x; as
the entering variable for this pivot step. Then the pivot column (PC)
for this pivot step is the updated column of the entering variable x;
with rows rearranged as in the current working tableau = A . Enter
the PC on the current working tableau. Select the pivot element to be
an element of maximum absolute value in the PC among all elements
in it in rows r to m (these are the rows in which pivot steps have not
been carried out so far). In the working tableau interchange the row
containing the pivot element with row r, then make it the pivot row
for the pivot step. Then perform the G pivot step.—
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If the infeasibility conclusion is all that is needed, terminate the
method. At any rate no pivot step will be carried out in this row. If it
is required to ﬁnd a modiﬁcation of the RHS constants vector b in the
original system to make it feasible as discussed in Section 1.22, select
one of the remaining rows to perform the next pivot step and repeat
this Step 2 with it.
Case 3: Suppose at least one of ¯awt1, . . . , ¯awtn is �= 0. In this case
we will perform a pivot step.
If GJ elimination method is being used, select this row, row wt in
the original tableau corresponding to row r in current working tableau
as the pivot row for this pivot step. Select an s such that ¯awts �= 0 as
the pivot element, and the associated variable xs as the basic variable
in this pivot row, i.e., the entering variable in this pivot step.
When doing hand computation, we want to avoid getting diﬃcult
fractions, so we look for a pivot element of ±1 or the smallest available
integer as far as possible. But while solving the problem on a computer,
we try to select the pivot element to minimize roundoﬀ error
accumulation, for this it is better to select the pivot element to be an
element of maximum absolute value, i.e., satisfying |¯awts| = maximum
{|¯awtj | : j = 1 to n}. The pivot column (PC) for this pivot step is the
updated column of the entering variable with rows rearranged as in the
current working tableau = βA.s. Enter the PC on the current working
tableau, mark the pivot element in it, and perform the GJ pivot step.
If G elimination method is being used to solve the problem on a
computer, we select s such that ¯awts is the maximum absolute value
element among ¯awt1, . . . , ¯awtn, and select the associated variable xs as
the entering variable for this pivot step. Then the pivot column (PC)
for this pivot step is the updated column of the entering variable xs
with rows rearranged as in the current working tableau = βA.s. Enter
the PC on the current working tableau. Select the pivot element to be
an element of maximum absolute value in the PC among all elements
in it in rows r to m (these are the rows in which pivot steps have not
been carried out so far). In the working tableau interchange the row
containing the pivot element with row r, then make it the pivot row
for the pivot step. Then perform the G pivot step.
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If there are no more rows in which pivot steps have to be carried out,
with the new updated working tableau go to Step 3 if the infeasibility
conclusion has not been reached so far, or to Step 4 if the infeasibility
conclusion has occured during the algorithm and it is desired to carry
out infeasibility analysis.

If there are some more rows in which pivot steps have to be carried
out, select one of those to perform the next pivot step in the new
working tableau, and repeat this Step 2 with it.

Step 3: Reading the Solution: In the final working tableau
every row which has no basic variable recorded in it corresponds to a
redundant constraint in the original system, and can be deleted without
changing the set of feasible solutions of the original system.

By making all the nonbasic variables 0, and equating each basic
variable in the final working tableau to the updated RHS constant in
its row, we get a basic solution of the original system if the GJ method
is used (if the G method is used instead, a back substitution step is
needed to get the values of the basic variables).

The parametric representation of the general solution of the system
can be obtained by computing the updated column of each of the non-
basic variables using the formulas discussed above, and then using the
formula for the general solution discussed in Sections 1.16, 1.20.

Step 4: Infeasibility analysis: Here the original system is in-
feasible. It can be made feasible by modifying some of the data in it.
One possible modification is to change the RHS constants vector b as
discussed in Section 1.22.

For this, if any row interchanges have been carried out during the
algorithm, rearrange the rows in the final working tableau according
to their order in the original tableau using the information in the OCL
column. For each i such that row i corresponds to an infeasible con-
straint (i.e., updated constraint of the form 0 = b; # 0) change the
original RHS constant b; to b = b; — b; where b; is the updated RHS
constant in this row; this modification has the effect of converting b; in
the working tableau to 0. With this change each infeasible constraint
becomes a redundant constraint, and the system becomes feasible. A—
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If there are no more rows in which pivot steps have to be carried out,
with the new updated working tableau go to Step 3 if the infeasibility
conclusion has not been reached so far, or to Step 4 if the infeasibility
conclusion has occured during the algorithm and it is desired to carry
out infeasibility analysis.
If there are some more rows in which pivot steps have to be carried
out, select one of those to perform the next pivot step in the new
working tableau, and repeat this Step 2 with it.
Step 3: Reading the Solution: In the ﬁnal working tableau
every row which has no basic variable recorded in it corresponds to a
redundant constraint in the original system, and can be deleted without
changing the set of feasible solutions of the original system.
By making all the nonbasic variables 0, and equating each basic
variable in the ﬁnal working tableau to the updated RHS constant in
its row, we get a basic solution of the original system if the GJ method
is used (if the G method is used instead, a back substitution step is
needed to get the values of the basic variables).
The parametric representation of the general solution of the system
can be obtained by computing the updated column of each of the nonbasic
variables using the formulas discussed above, and then using the
formula for the general solution discussed in Sections 1.16, 1.20.
Step 4: Infeasibility analysis: Here the original system is infeasible.
It can be made feasible by modifying some of the data in it.
One possible modiﬁcation is to change the RHS constants vector b as
discussed in Section 1.22.
For this, if any row interchanges have been carried out during the
algorithm, rearrange the rows in the ﬁnal working tableau according
to their order in the original tableau using the information in the OCL
column. For each i such that row i corresponds to an infeasible constraint
(i.e., updated constraint of the form 0 = ¯b
i �= 0) change the
original RHS constant bi to b�i = bi − ¯b
i where ¯b
i is the updated RHS
constant in this row; this modiﬁcation has the eﬀect of converting ¯b
i in
the working tableau to 0. With this change each infeasible constraint
becomes a redundant constraint, and the system becomes feasible. A
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basic solution, and the general solution of the modified system can now
be obtained from the final working tableau as in Step 3.

END

We will now provide some numerical examples. In all these exam-
ples we will use the following notation:

A, b = Coefficient matrix and RHS constants vector in the
original system

A; , Aj = The ith row, jth column of A
0, ;. = The current working tableau, its ¢th row

A, fli,,fl,j = The updated coefficient matrix, and its ¢th
row, jth column

b= (b;) = Updated RHS constants vector
OCL = Original constraint label

PR, PC; BV = Pivot row, pivot column for the current
pivot step, selected basic variable in that row.

Example 1: This problem is from Example 1 in Section 1.16
solved there by the version of the GJ elimination method discussed
there. The original system with the OCL is:

Ty X2 x3 w4 x5 | RHS OCL

—1 0 1 1 2 10 Ry
1 -1 2 -1 1 5 R,
1 -2 5 —1 4| 20 Ry
2 0O 0 -2 1 25 Ry
3 -2 5 -3 5 45  Rs
5 -2 5 -5 6 70  Rg

We will apply the memory matrix version of the GJ elimination
method to find a feasible solution of this system. The initial working
tableau is:
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basic solution, and the general solution of the modiﬁed system can now
be obtained from the ﬁnal working tableau as in Step 3.
END
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BV Memory matrix PC | OCL
B Rl RQ Rg R4 R5 Rﬁ T3
w1 0o 0 0 0 O R, PR
500 1 0 0 0 O 2 Ry
2000 O 1 0O 0 O 5 Rs
210 0 0 1 0 0 0 Ry
4510 0 O O 1 O 5 Rs
o o0 0 0 0 1 5 Rg

We select x5 as the first entering variable and perform a pivot step
with row 1 as the PR, leading to the next working tableau.

BV Memory matrix PC | OCL
B Rl R2 Rg R4 R5 Rﬁ )

T3 10 10 0 0 0 0 0 Ry
-15/-2 1 0 0 0 O R, PR
=30 -5 0 1 0 0 0] =2 Rs
25 0O 0 0 1 0 0 0 Ry
-5|—-5 0 0 0 1 0| -2 Rs
2000-5 0 O O O 11 -2 Rg

Selecting row 2 to perform the next pivot step we find A, = 35 A
= (-2,1,0,0,0,0)A = (3,—1,0,—3,—3). We select the 2nd entry in
it, —1, as the pivot element, x5 as the entering variable. Its updated
column is A, = 3(0,—1,-2,0,—-2,—2)7 = A, which is the PC en-
tered on the working tableau. Performing this pivot step leads to the
next working tableau.

BV Memory matrix PC | OCL
B Rl RQ Rg R4 R5 RG Ty

x3 | 10 1 o 0 0 0 0 2 Ry

x9 | 15 2 -1 0 0 0 O 3 Ry
o(-1 -2 1 0 0 O 0 Rs
250 0 0 0 1 0 0 R, PR
25/-1 -2 0 0 1 0 1 R;
50/]-1 -2 0 0 0 1 2 Rg
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Selecting row 3 to perform the next piovot step, we find that As.
= (3. A =(0,0,0,0,0), a row vector of zeros. Also, by = 0. Hence the
3rd constraint in the original system can be treated as a redundant
constraint, so we cannot perform a pivot step in it. Moving to row 4,
we find that Ay = 34, A = (2,0,0,—2, 1) and we select the element 1 in
it as the pivot element and x5 as the entering variable for the next pivot
step. The PC, the updated column of x5 is A5 = 3(2,1,4,1,5,6)7 =
(2,3,0,1,1,2)T which is entered on the working tableau. Performing
this pivot step leads to the next working tableau.

Final working tableau

BV Memory matrix PC | OCL
B Rl R2 Rg R4 R5 Rﬁ i)

x3 | —40 1 o 0 -2 0 0 R,

xy | —60 2 -1 0 -3 0 0 Ry
0o(-1 -2 1 0O 0 0 Rs

x5 25 0 0 0 1 0 O Ry
o(-1 -2 0 -1 1 0 Rs
o(-1 -2 0 -2 0 1 Rg

Only rows 5, 6 remain for performing pivot steps, but we now find
that both sides of their updated rows are 0, so both these rows represent
redundant constraints in the original tableau, so no pivot steps need
to be performed in them. Hence the above working tableau is the final
working tableau. From it we see that a basic solution for the original
system is given by

I3 = —40
Basic variables To = —60
Ty = 25

.%'1:0

nonbasic variables
Ty = 0

which is x = (0, —60, —40, 0, 25)7.
To get the general solution of the system we find the updated col-
umn of the nonbasic variables z1, x4 which are A; = A = (—5,-9,0,2,0,0)7,
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and A, = BA4=(5,9,0,—2,0,0)7. Hence as explained in Section 1.16,
the general solution of the system is given by

T3 = —4+5r; —dxy

o = —604 921 — 924

Ts = 25— 2x14 214

r1 = x1, at user’s choice
ry = x4, at user’s choice

or rearranging the variables in natural order, it is

Ty
—60 + 921 — 924
r=| —40+ bz — dx4
Ty
25 — 2x1 + 224

The user can select any real values for the free variables x1, x4 and
plug them in the above to get a solution of the original system. Giving
them values 0 leads to the basic solution mentioned above.

From the final working tableau we also find

Evidence of redundancy for R is (—1,—2,1,0,0,0)
Evidence of redundancy for R; is (—1,—2,0,—1,1,0)
-1

Evidence of redundancy for Rg is (—1,—2,0,—-2,0,1)

For the original constraint R this means that the linear combina-
tion —R; — Ry + Rj3 is the 0=0 equation, or equivalently, that constraint
Rj3 is the linear combination R; + Rs.

Similarly Rs is R1+2Ry+ Ry and Rg is R+ 2Ry + 2R, all of which
can be verified easily from the original tableau.

Example 2. This problem is from Example 3 in Section 1.16.
The original system with the OCLs is
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vy w2 x3 x4 x5 | RHS OCL
2 1 -1 -2 0 4 R
4 1 5 6 4 9 Ry
6 2 4 4 4 12 Rs
10 3 9 10 8 22 Ry

The initial working tableau is

BV Memory matrix g | PC | OCL
1_7 Rl RQ Rg R4 )
411 0 0 0 R, PR
9( 0 1 0 0 1| Ry
220 0 0 1 0 2| Rs
221 0 0 0 1 3| Ry

We select row 1 to perform the 1st pivot step, and select x5 as the
entering variable in it. The PC, original column of the entering variable
Ty is entered on the working tableau. Performing the pivot step leads
to the next working tableau.

BV Memory matrix g | PC | OCL
B Rl R2 Rg R4 T

T2 4 1 0 0 O 2| Ry
5/-1 1 0 0 R, PR
41-2 0 1 0 2| Rs
10}]-3 0 0 1 41 Ry

Selecting row 2 for the next pivot step, we find Ay = B, A =
(2,0,6,8,4) and we choose 2 in it as the pivot element. The enter-
ing variable is x, its updated column, A, = (2,2,2,4)T, is the PC
entered on the working tableau. Performing the pivot step leads to the
next working tableau.
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Final working tableau

BV Memory matrix 8 | PC | OCL
B Rl RQ R3 R4

xy | —1 2 -1 0 0 Ry

ry | 5/2]—-1/2 1/2 0 O Ry
—1 -1 -1 1 0 Rs
0 -1 -2 0 1 Ry

We verify that the updated row 3 is As = (334 = 0, and the
updated RHS constant in it is —1 # 0. So row 3 represents an infeasible
constraint, and the original system has no feasible solution.

Evidence of infeasibility for Rs is (—1,—2,0,1)

This evidence shows that the linear combination of original con-
straints —R; — Ry + Rj3 is the infeasible equation 0 = —1.

This also implies that the linear combination (—R; — Ry + R3)/(—1)
= R; + Ry — R3 is the fundamental infeasible equation 0 = 1. Hence
(1,1,—1,0) is a solution of the alternate system corresponding to the
original system, discussed in Section 1.17.

We also verify that the updated row 4 is 3, A = 0, and since by =
0 row 4 represents a redundant constraint. The evidence for this is
(—1,—2,0,1) which implies that —R; — 2Ry + R4 is the 0=0 equation,
i.e., Ry is the linear combination R; + 2R5. So no pivot steps will be
performed in rows 3, 4; hence the current working tableau is the final
one.

We will now perform infeasibility analysis (Section 1.22) on this
infeasible system. From the final working tableau, we see that the
original system can be made feasible by subtracting b3 = —1 from the
original by = 12, i.e., changing bs to b5 = 13. This changes the original
RHS constants vector b from (4,9,12,22)% to (4,9,13,22)T.

If the same pivot steps as above are carried out on the modified
original tableau the final working tableau will be



4.11 Memory Matrix Versions

Final working tableau

BV Memory matrix g | PC
b Ry, Ry Rs Ry

xy | —1 2 -1 0 0 Ry

ry | 5/2]—-1/2 1/2 0 O R
0 -1 -1 1 0 Rs
0 -1 -2 0 1 Ry
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The only change here is that bs has now become 0, so row 3 repre-
sents a redundant constraint in the modified problem, hence the mod-
ified problem is feasible. A basic solution for it, from the final working
tableau, is given by xo = —1, 1 = 5/2, 3 = x4 = 0; ie., it is

r=(5/2,-1,0,0)T.

Example 3 Here we will solve the problem in Example 1 from
Section 1.20 with the memory matrix version of the G elimination
method using the partial pivoting strategy for pivot element selection.

The original tableau

BV |z;, 22 23 x4 x5 x| RHS| OCL
1 -2 1 1 1 -1 —4 | R
2 2 0 1 -1 -1 10| Ry
2 —4 =2 0 -2 =2 -8 | Rs
0O 6 -2 -1 -1 —-1| —18| Ry
0 0 0 4 1 1 20 | Rs
1 4 -1 0 —2 0 14 | Rg
The Initial working tableau
BV Memory matrix 3 PC | OCL
1_7 Rl RQ Rg R4 R5 RG I
-4 1 0 0 0 0 O 1| R
10 0 1 0O 0 0 0 2| Ry
-8 0 O 10 0 0 2| R3 Rltorowl
-8 0 0 O 10 0 0| Ry
200 0 0 O O 1 0 0| Rs
471 0 0 O 0 o0 1 1| Rs
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Starting with row 1, we select x; with an entry of 1 in it as the
entering variable. We enter its column as the PC. An entry of maximum
absolute value in it is 2 in R3. So, we interchange R3 and R; leading
to the following, in which we perform the G pivot step leading to the
2nd working tableau.

BV Memory matrix 3 PC | OCL
1_7 Rl RQ Rg R4 R5 RG T
-8/ 0 0 1 0 0 0 R; PR
10 O 1 O 0O 0 o0 2|1 Ry
—4 1 O O 0 0 O 1| Ry
—-187 0 0 O 1 0 O 0| Ry
200 0 0 O O 1 0 0| Rs
41 0 0 O 0 O 1 1| Rg
The 2nd working tableau is
BV Memory matrix 3 PC | OCL
B Rl R2 R3 R4 R5 Rﬁ I3
T -8 0 0 1 0 0 0| —-2| Rs
18] 0 1 —1 0O 0 0 2| Ry
0 1 0o —-1/2 0 0 O 2| R; RItorow?2
—-181 0 O 0 1 0 0| -2 Ry
200 0 O 0 0 1 0 0| Rs
8 0 0 —-1/2 0 0 1 0| Rg

Looking at row 2, we see that Ay = (£, A = (0,6,2,1,1,1) and we
select x3 with a nonzero entry of 2 in it as the entering variable. The
PC=A3=p0A3=(-2,2,2,-2,0,0)7. To illustrate row interchanges
we select the 3rd entry in it as the pivot element, thus requiring the
interchange of rows 2 and 3 in the working tableau leading to
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BV Memory matrix PC | OCL
B Rl RQ Rg R4 R5 RG XT3
T -8 0 0 1 0 0 0|-2| Rs
0| 1 0 —-1/2 0 0 0 R, PR
18] 0 1 -1 0 0 0 2| Ry
—18]1 0 0 0O 1 0 0] -=2| Ry
200 0 O O 0 1 0 0| Rs
8 0 0 —-1/2 0 0 1 0| R

Performing the G pivot step leads to the 3rd working tableau.
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BV Memory matrix 3 PC | OCL
B Rl R2 Rg R4 R5 R6 i)
T -8 0 0 1 0 0 0| —-4| Rs
x3 0 1 0 -1/2 0 0 O 0| Ry
18/ -1 1 —-1/2 0 0 0] ][6]| R, PR
—18 1 0 —-1/2 1 0 0] —-6| R4
200 0 O 0o 0 1 0 0| Rs
8 0 0 —1/2 0 0 1 6| Rs

Looking at row 3, the updated row is Az, = 35 A = (0,6,0,0,—1,1)
and we select the entering variable to be x5 with an entry of 6 in it.
The PC is A, = (—4,0,6,—6,0,6)7. We make the 6 in row 3 in the
PC as the pivot element and row 3 as the PR, so no row interchange
is needed in this step. Performing this G pivot step leads to the 4th
working tableau.

BV Memory matrix PC | OCL
B Rl RQ Rg R4 R5 Rﬁ Ty
x| =81 0 0 1 0 0 0 0| Rs
T3 0 1 0O —-1/2 0 0 O 1| Ry
xy | 18| —1 1 -1/2 0 0 0 0| Ry
0 O 1 -1 1 0 0 0| R4
200 0 0 0 0 1 0 R; PR
0 1 -1 0o 0 0 1 0| Rs




460 Ch. 4. Numerical Linear Algebra

Looking at row 4 we find Ay = 8, A = 0 and by = 0 too. So row 4
represents a redundant constraint and no pivot step will be performed
in it. Eveidence for this redundancy is (0,1, —1,1,0,0) which implies
that Ry = —Rs + Rs.

Now looking at row 5, the updated row is 35, A = (0,0,0,4,1,1) and
we select x4 with an entry of 4 in it as the entering variable. The PC
is BA4 = (0,1,0,0,4,0)T. So we keep the 4 in it as the pivot element
and row 5 as the PR. Hence no row interchanges now, the G pivot step
leads to the 5th working tableau.

Final working tableau

BV Memory matrix PC | OCL
b| Rl R, Ry Ry Rs Rs

xy | =8| 0 0 1 0 0 0 R

x3 0 1 0 -1/2 0 0 0 Ry

zy | 18] -1 1 —1/2 0 0 0 Ry
0 0 1 -1 1 0 0 Ry

xg | 200 0 O o 0 1 0 Rs PR
0 1 -1 0O 0 0 1 Rg

The only remaining row is row 6. The updated row 6 is 55 A = 0.
Also, the updated RHS constant in this row is 0, hence this row repre-
sents a redundant constraint, the evidence for this is (1,—1,0,0,0,1)
which shows that Rg = —R; + R,.

From the final working tableau we compute SA 1, 3A3, fA2, BA4
(the updated columns of xq,x3, x5, x4) and then obtain the following
updated system by setting the nonbasic variables x5, x4 both at 0.

r1 x3 T x4 | RHS
2 -2 —4 0 -8
0 1 0 1 0
0 0 6 0 18
0 0 0 0 0
0 0 0 4 20
0 0 0 0 0
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Eliminating the redundant 4th and 6th constraints here leads to the
triangular system

X €3 To X4 RHS
2 -2 —4 0 -8

0 1 0 1 0
0 0 6 0 18
0 0 0 4 20

from which we obtain the basic solution z = (—1/2,3,-5/2,5,0,6)T
for the original system by back substitution.

4.12 Orthogonal and Orthonormal Sets of
Vectors, Gram-Schmidt Orthogonal-
ization, ()R-Factorization, Orthogo-
nal Matrices, Orthonormal Bases

Orthogonal Sets of Vectors

A set of vectors {a',...,a?} in R™ is said to be an orthogonal set
of vectors if every pair of distinct vectors from the set is orthogonal,
i.e., if the dot product < a’,a’ >= 0 for all 7 # j.

Example 1: The set of n unit vectors in R™ is an orthogonal
set. For example, for n = 3, these are

1 0 0
I.lz 0 7[.2: 1 7[.3: 0
0 0 1

and clearly, < I;,1; >= 0 for all 7 # j. As another example, consider
the set of vectors {a', a? a3, a*} from R® where
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0 6 -2 —1
adt=|(0 |, a*=| 2 |,d®= 4 |,at=| —4
0 2 2 7

and verify that the dot product < a*,a’ >= 0 for all i # j, so that the
set {a!,a? a3, a*} is an orthogonal set.

Result 4.12.1: Linear independence of an orthogonal set of
vectors: If T'={a',... aP} is an orthogonal set of nonzero vectors,
then I' is linearly independent.

To see this, suppose scalars aq, ..., o, exist such that

aja' + ...+ apa’ =0

For any 1 <1 < p take the dot product of both sides of this equation
with a’. This gives

0 = <a1a1+...+ozpap,ai> = my<a,d> 4. +oq<adtad >
to; <aa'> + a<adtad > +...4aq,<adad >
= qj||d'|]?, since < a?,a’ > =0 for all j # i by orthogonality.

Since a' # 0 for all i, we have ||a‘|| > 0, hence the above equa-
tion only holds if ; = 0 for all ¢; i.e., the only linear combination of
vectors in I' that is 0 is the O-linear combination. Hence I' is linearly
independent.

Normalizing an Orthogonal Set of Vectors, Or-
thonormal Sets

If a # 0 is any vector in R"™, ||a|| # 0, and hence we can multiply a
by the scalar 1/||a||. The process of multiplying the nonzero vector a
by 1/||al|| is called normalizing a. It yields the normalized vector
b= (1/||al|)a satisfying ||b]| = 1.
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The zero vector 0 cannot be normalized because ||0|] = 0. Every
nonzero vector can be normalized.
As an example, consider a = (—3,0,4,0) € R%.

lla]| =vV9+0+16+0 =5,

So normalizing a leads to b = (1/5)a = (—3/5,0,4/5,0) whose
Euclidean norm is 1.

A set of vectors {a',...,a?} in R" is said to be an orthonormal
set of vectors if it is an orthogonal set in which each vector has norm
1. For example the following sets of vectors in R? are orthonormal sets.

1 0 0

Ii=|0|,I,=]1],15=1]0
0 0 1

1 (O 1 [ 72 1 [

var| o v, ) ves |

An orthogonal set of vectors can be converted into an orthonormal
set if all the vectors in it are nonzero, by normalizing each vector in it.

Example 2: Convert the following sets of vectors into orthonor-
mal sets.

1 -1 1
: -1 1 1
(®: 1]l oo

0 1 1

This set cannot be converted into an orthonormal set by normaliz-
ing, because it is not an orthogonal set to start with (the dot product
of the 2nd and the 3rd vectors is 1 # 0

Y

).
1
1
0
1

SO = =

1
.. —1
(11)' 1 )
0
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This set is an orthogonal set. Dividing each vector in the set by its
norm leads to the orthonormal set

1 —1 1
1 —1 1 1 1 1
Gl 1]V o valo
0 1 0
1 —1 1 0
—1 1 1 0
(iii): BE ol'lol 1o
0 1 0 0

This is an orthogonal set, but since it contains the O-vector, it can-
not be converted into an orthonormal set by normalizing each vector.

Orthogonal, Orthonormal Bases

A basis for a set of vectors, or for the linear hull of a set of vectors,
is said to be an orthogonal basis if that basis is an orthogonal set,
and an orthonormal basis if it is an orthonormal set.

As an example, the set of n unit vectors in R" is an orthogo-
nal, and also orthonormal basis for R". For n = 3, this basis is
{(1,0,0),(0,1,0),(0,0,1)}.

Representation of Vectors in Terms of an
Orthonormal Basis

Result 4.12.2: Representation of a vector in terms of an
orthonormal basis: Let {a',... a™} be an orthonormal basis for a
given set of vectors I'. Let a be a vector in the linear hull of I'. Then
as defined in Section 4.2, the representation of a in terms of the basis
{a',... a™} is the unique vector {ay, ..., an} satisfying

a=oa + ...+ aya™.

Then, (aq,...,an) = (<a',a>,...,<a™ a>).
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To see this, we have for any i = 1 tom, < a‘,a > = < a’,aqa' +
oo andm >= ay<ad,at> +.. . +o,<ad,d">= q; <ad,a >
= qy; because < a',a’ > =0 for all j # i and < a*,a® > = 1 by the
orthonormality of the set {a',... a™}.

Example 3: As an example, consider the set I' = {a!, ..., a"}
where

1 0 0
0 —2/3 1/2
A B RPN B VE O I B0
o[ T 1m0t T 0|
0 0 —1/2
0 0 —1/2
1 1
~1 —3
P T P
a 1 , a4 = 9
1 1
~1 ~1

{a',a?, a®} is an orthonormal basis for this set. Consider the vector
a=a'—6a*—4a® +a* —a® = (1,4,-8,-3,2,2)"

in the linear hull of I'. Then from Result 4.12.2, the representation of
a in terms of the orthonormal basis {a',a? @} is (< a',a >, < a? a >
,<a’,a>)=(1,-9,—4). In fact we verify that a = a' — 9a® — 4a®.

The Gram-Schmidt Orthogonalization Procedure

Any linearly independent set of vectors, A, can be converted into
an orthonormal set of vectors with the same linear hull as A using
this procedure. The procedure is named after J. P. Gram of Denmark,
and E. Schmidt of Germany who developed it in the late 19th and
early 20th centuries. However, the same procedure was used by other
researchers much earlier.
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Let A = {a',...,a*} be a linearly independent set of vectors in
R" say. The Gram-Schmidt procedure converts this into an or-
thonormal set of vectors {q',...,¢"} generating the vectors ¢!, ..., q"
sequentially in this specific order; that’s why often the vectors ¢!, ..., ¢
are referred to as the Gram-Schmidt sequence. The procedure is:

¢' = (1/rn)a’

and forr =2 to k

r—1

¢ =(1/v)a" = <dq.a" >q)

=1

where v, = ||a!]], v, = ||(a" — X2} < ¢, a" > ¢)|| for r = 2 to k.

For some 7 between 2 to k, if (a” — Y12} < ¢',a” > ¢') becomes 0,
we have a linear dependence relation (because this equation gives a”
as a linear combination of {a!,... a""'}) which implies that the set
A is linearly dependent, and the procedure cannot continue further.
So, if A is linearly independent as originally assumed, the procedure
generates the complete Gram-Schmidt sequence.

From the formula for ¢", it is clear that ||¢"|| = 1 for all r = 1 to k
when the entire sequence is obtained. Also, the fact that < ¢/, ¢" >=0
for all j < r — 1 can be established inductively. For example,

<¢q' > = <(l/w)(a’~<q'a®>a'),q" >
= (I/w)(<d ¢ >—<¢a® ><at,q' >)
= (1/w) <ad* ¢ >(1-<a',¢" >)=0
because < al, ¢! > = 0.

It can also be verified that the Gram-Schmidt sequence ¢!,...,q
satisfies the following property: for all » =1 to k

k

linear hull of {¢',...,q"} = linear hull of {a',... a"}.

The Gram-Schmidt procedure given above is mathematically cor-
rect, but if implemented in a straightforward way using floating point
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arithmetic, the sequence produced may be far from being an orthogo-
nal set because of roundoff errors. Numerical analysts have developed
modified versions of the Gram-Schmidt algorithm using product form
implementations that are much more stable. These are outside the
scope of this book, the reader is referred to C. Meyer [4.2] for details.

We will provide a numerical example of Gram-Schmidt orthogonal-
ization, after discussing the () R-factorization of a matrix with a linearly
independent set of column vectors.

The (@ R-Factorization (or Decomposition) of a
Matrix

Let A = (a;;) be an m x n matrix of rank n, ie., the set of
column vectors of A, {A,,...,A,} is linearly independent. Since
{A;,...,A,} is linearly independent, we can convert it into an or-
thonormal set of n column vectors {Q1,...,Q,} using the Gram-
Schmidt orthogonalization discussed above. This procedure obtains
these vectors sequentially using the formulas

Qi1 = (1/V1)A.1
r—1

Q.r = (1/V’I”)(A7‘_Z <Q.i7A.T > Qz)> TZQ,...,k
=1

where vy = ||A4]], and for r = 2 to k, v, = ||A, — 2! < Q4 A, >

be the matrix with Q) 1, ..., Q. as its column vectors. The above equa-
tions can be written as

A = Q.
A.r = < Q.la A.r > Q.1+ < Q.r—la A.r > Q.r—l + VTQ.'I‘? r= 27 ]

In matrix notation, these equations state that
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A=QR
where
r < Q'l, A'Q > < Q_l,A.g > .. < Q.hA.n >
0 1) < Q_27A.3 > .. < Q_Q,A.n >
R = 0 0 V3 <Q.3,A,n>
0 0 0 Uy,

So, R is a square upper triangular matrix of order n. The factoriza-
tion of A as QR is called the Q) R-factorization (sometimes also called
() R-decomposition) for A, and it is uniquely determined by A.

A matrix has a @) R-factorization iff its set of column vectors is
linearly independent. If the set of column vectors of A,,x, is linearly
independent, it can be expressed as (), xnRnuxn Where the columns of
@ form an orthonormal set, and R is upper triangular with positive
diagonal entries.

The QR factorization for A,,«, is called the rectangular Q)R-
factorization or decomposition if m > n; and the square Q)R-
factorization or decomposition if m =n.

Example 4: Find the QR-factorization of
~1.0 0
A= 010
111

The column vectors of A are

—1 0 0
A.l — 0 ,A'Q - 1 ,A.g — 0
1 1 1

Applying the Gram-Schmidt procedure on the set of column vectors
of A, we get the orthonormal set of vectors
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~1
Q1 = (/]| A:)AL = (1/v?2) (1J

Q2 = (As—<Q1,A5>Q1)/(its norm)

1/2
= (\/(2/3))( 1)
1/2

Qs = (A3—<Q1,A3>Q1— < Q2 As>Q2)/(its norm)
1/3

= V3| -1/3 |.

1/3

Calculating R by the formula given above, the () R-factorization of
A has

Q= 0 V2/V3 —1/3
1/vV2  1/v/6  1/V3

V2 1V2 12
R=| 0 v3/v2 1/V6
0 0 1/v3

—1/vV/2  1/V6 1/\/3)

The @) R-factorization is an extremely useful tool in numerical com-
putation for computing the eigen values of matrices (discussed in Chap-
ter 6) and for many other applications.

Orthogonal Matrices

An orthogonal matrix is a square matrix whose columns form
an orthonormal set. Since the columns of a square matrix form an or-
thonormal set iff its rows form an orthonormal set, the orthogonality of
a square matrix can be defined either in terms of orthonormal columns
or orthonormal rows.

Thus a square matrix A, y,, is orthogonal iff
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<A Aj>=< A, A; >=0foralli#j.

ie., iff ATA = AAT = the unit matrix I.
Examples of orthogonal matrices are all permutation matrices, for
instance

o O
O O =
O = O

Another example is

1/vV2 1/V/3 —1/V6
—1/v/2 1/V3 —1/V6
0 1/vV3 2/V6

Therefore a square matrix A is orthogonal iff A=! = AT, Orthogo-
nal matrices satisfy the following properties.

1 The product of orthogonal matrices is orthogonal.
2 The inverse of an orthogonal matrix is orthogonal.
3 The determinant of an orthogonal matrix is +1.

4 If A is an orthogonal matrix of order n, and x is a column vector
in R", then ||Az|| = ||z||.

Orthogonal matrices play a very important role in the problem of
diagonalizing square matrices discussed in Chapters 5, 6; and in many
other applications.

4.13 Additional Exercises

1. Consider the system of linear equations Az = b where A is a
matrix of order m x n.

If the system has a unique solution, what does it imply about
rank(A)?
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If the system is known to have a unique solution, and m = n, then
show that the system has a unique solution for all b € R™.

If the system is known to have a unique solution, and m > n show
that the system has either unique solution, or no solution for all b € R™.

If the system is known to have a unique solution, and m > n, show
that the system Ax = 0 has no nonzero solution.

2. The set of vectors {a', ..., a™ a™"'} in R" is linearly dependent.
Does this mean that a™*! can be expressed as a linear combination of
{a',...,a™}? Either provide an argument why it must be true, or a
counterexample.

How does the answer to the above question change if it is also given
that {a!,...,a™} is linearly independent? Why?

3. Let T be a solution to the system Az =b.
Also, suppose ¥ is a solution for the homogeneous system Ay = 0.

Then show that z + Ay is a solution for Ax = b for all real values
of \.

4. Let a' = (1,1, -1)T, a®> = (-1, 1,1)T, a®> = (p,q,7)~.
Express the conditions that p, ¢,  have to satisfy for a® to be a linear
combination, affine combination, convex combination, of {a', a?}.

5. Show that the set of vectors {(a,b),(c,d)} in R? is linearly
independent iff ad — be # 0.

6. Discuss how the rank of the following matrix varies as a, b take
all real values.

-1 1 1 1
2 -3 -1 2
a 11 5 —8
b -5 -1 3

7. (From H. G. Campbell, Linear Algebra With Applications, Pren-
tice Hall, 1980). Show that the rank of the following matrix takes only
two different values as a varies. For what values of a is the rank 37
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(

8. A, B are orthogonal matrices of the same order.

What are their inverses? What are the values of their determinants?
Show that AB is also an orthogonal matrix.

If A, B are also symmetric, show that AB = BA.

— N DN
o
[SE NI V]
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Chapter 5

Quadratic Forms, Positive,
Negative (Semi) Definiteness

This is Chapter 5 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

5.1 Expressing a Quadratic Function in n
Variables Using Matrix Notation

As defined in Section 1.7, a linear function of x = (z1,...,2,)7 is a
function of the form c¢izy + ... 4+ ¢,x, where cq,...,c, are constants
called the coefficients of the variables in this function. For example,
when n =4, fi(z) = —2x9 + 524 is a linear function of (z, x9, x3, 14)7
with the coefficient vector (0,—2,0,5).

An affine function of z = (z1,...,z,)" is a constant plus a linear
function, i.e., a function of the form fo(x) = ¢y + 121 + ... + cpzpy. So,
if fo(z) is an affine function, fy(x) — f2(0) is a linear function. As an
example, —10 — 2x5 + 5x4 is an affine function of (zy, w9, z3,74)7.

)T

A quadratic form in the variables z = (z1,. .., z,)? consists of the
second degree terms of a second degree polynomial in these variables,
i.e., it is a function of the form

477
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Zq“x +Z Z QijTik;

1=1j5=i+1

where the ¢;; are the coefficients of the terms in the quadratic form.
Define a square matrix D = (d;;) of order n where

dii =q; fori=1ton
and d;j, d;; are arbitrary real numbers satisfying
dij + dji = Q;j for j > 9.

As an example, if g2 = —10, we could take (dj3 = dy; = —5), or
(dlg = 100, d21 = —110), or (d12 = —4, d21 = —6), etc. Then

dnl‘l + dlgl‘g + ...+ dlnl’n
do171 + dpxs + ... + dopxy,

Dx =
dnlxl + anIEQ 4+ ...+ dnnxn
So
JZTD.T = I (dllxl + ...+ dlnxn) .+ xn(dnlxl 4+ ...+ d'rmxn)
n

= Zd“x —1—2 Z (dij + dj;)zix;
=1 j5=i+1

= Zq”x? +Z Z qij i 5
=1 j=i+1

- Q(fﬂ)

So, for any matrix D = (d;;) satisfying the conditions stated above,
we have z” Dz = Q(z). Now define D = (d;;) by

di = q; 1=1,...,n

’L] —]’L



5.1 Expressing in Matrix Notation 479

then D is a symmetric matrix and Q(x) = z'Dz. D is known as
the symmetric coefficient matrix defining the quadratic form
Q).

Clearly for all D = (d;;) satisfying the conditions stated above,
we have Q(z) = 27Dz = 2" DTz = 27(2£20)z and 2EPT = D, the
symmetric coefficient matrix defining the quadratic form Q(x).

As an example consider

n =32 = (21,2, 23)",Q(x) = 812% — 7w + 5x129 — 6125 + 187973

Then the following square matrices satisfy the conditions stated
above for Q(z).

81 —10 100 81 200 —1006
D, = 15 -7 10 |,Dy=| —195 -7 218 |,
~106 8 0 1000 —200 0
81 2 -2 81 5/2 —3
Di=| 3 -7 15 |,D=|5/2 -7 9
—4 3 0 -3 9 0

It can be verified that 27 D12z = 2T Dyx = 27 D3z = 27 Dx = Q(x),
and that

D+ DI Dy+ D}  Ds+ DY

D =
2 2 2

Hence a general quadratic form in n variables z = (xy,...,2,)7

can be represented in matrix notation as 7 Mz where M = (m;;) is
a square matrix of order n. If M is not symmetric, it can be replaced
in the above formula by (M + M')/2 without changing the quadratic
form, and this (M + M7)/2 is known as the symmetric matrix defining
this quadratic form.

A quadratic function in variables = (z1,...,z,)? is a function
which is the sum of a quadratic form in x and an affine function in z;
i.e., it is of the form 27 Dz + cx + ¢y for some square matrix D of order
n, row vector ¢ € R™ and constant term cy.
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Exercises

5.1.1: Express the following functions in matrix notation with a
symmetric coefficient matrix: (i): —6z7+ 723 —1423 —12z 29+ 202173
+6x174 —TT9x3 + 8334 —921 + 619 — 1323+ 100 (ii): 2% — 23 + 23
—18z1w3 + 1293 —Txy + 1879 (iii): 42? + 323 — 8wy (iv):
6x1 + 8xy — 11x3 + 6.

5.1.2: Express the quadratic form 27 Dz +cx as a sum of individual
terms in it for the following data:

3 -6 9 8 1
. 10 -2 0 12 -9
@:D=| 13 479 3| °<=| o
4 -9 9 1 7
3 4 8 0
@):D=| -4 9 9|, c=]0
8 —9 2 6
11111
11111
Gi):D=|11111]|, ¢=0
11111
11111

5.2 Convex, Concave Functions; Positive
(Negative) (Semi) Definiteness; Indef-
initeness

Consider the real valued function f(z) defined over x € R™, or over
some convex subset of R". It is said to be a convex function if for
every x,y for which it is defined, and 0 < a < 1, we have

flaz+ (1= a)y) <af(z)+(1—a)f(y)
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This inequality defining the convexity of the function f(x) is called
Jensen’s inequality after the Danish mathematician who first defined
it. This inequality is easy to visualize when n = 1. It says that if you
join two points on the graph of the function by a chord, then the
function itself lies underneath the chord on the interval joining these
points. See Figure 5.1.

f(x)

ofxd + (1 - a)f(x2)

Figure 5.1: A convex function lies beneath any chord

The convex function f(z) is said to be a strictly convex function
if the above inequality holds as a strict inequality for every x # y and
0<a<l

A real valued function g(z) defined over R"™ or a convex subset of
R" is said to be a concave function if —g(z) is a convex function
as defined above, i.e., if for every z,y for which it is defined, and
0 < a <1, we have

glaz + (1 —a)y) > ag(@) + (1 — a)g(y)
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ag(h + (1 - 0)g(x®)

Figure 5.2: A concave function stays above any chord

The concave function g(z) is said to be a strictly concave func-
tion if —g(x) is a strictly convex function, i.e., if the above inequality
holds as a strict inequality for every x # y and 0 < o < 1.

The properties of convex and concave functions are of great impor-
tance in optimization theory. From the definition it can be verified that
a function f(z) of a single variable z; is

Convex iff its slope is nondecreasing, i.e., iff its 2nd deriva-
tive is > 0 when it is twice continuously differentiable

Concave iff its slope is nonincreasing, i.e., iff its 2nd deriva-
tive is < 0 when it is twice continuously differentiable.

As examples, some convex functions of a single variable x; are:

22 x], e, —log(x1)(in the region z; > 0).
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Among functions of several variables, linear and affine functions are
both convex and concave, but they are not strictly convex or strictly
concave. For classifying quadratic functions into the convex and con-
cave classes, we need the following definitions.

A square matrix M of order n, whether symmetric or not, is said
to be

Positive semidefinite (PSD) iff y? My > 0 for all y € R"

Positive definite (PD) iff y"My > 0 for all y € R",
y#0

Negative semidefinite (NSD) iff y? My < 0 for all y € R"

Negative definite (ND) iff y"My < 0 for all y € R™,
y#0
Indefinite if it is neither PSD nor NSD,

i.e., iff there are points =,y €
R" satisfying 27 Mx > 0, and
yI' My < 0.

We have the following results.

Result 5.2.1: Conditions for a quadratic function to be
(strictly) convex: The quadratic function f(x) = x"Dx + cx + ¢
defined over R" is a convex function over R"™ iff the matriz D is PSD;
and a strictly convex function iff the matrixz D is PD.

To see this, take any two points z,y € R, and a 0 < a < 1. It can
be verified that

af(x)+ 1 —a)f(y) — flaz+ (1 —a)y) = a(l —a)(z—y) D(x —y)

by expanding the terms on both sides. So Jensen’s inequality for the
convexity of f(x) holds iff

(x—y)'D(x—y)>0 foralaxycR"
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ie., iff 2Dz > 0 for all z € R", i.e., iff D is PSD. Likewise for strict
convexity of f(x) we need

(x—y)'D(x—y)>0 forallz#yec R
ie., iff 27Dz >0 for all z € R", z # 0, i.e., iff D is PD.

Result 5.2.2: Conditions for a quadratic function to be
(strictly) concave: The quadratic function f(x) = ' Dx + cx + cg
defined over R™ is a concave function over R™ iff the matrix D is NSD;
and a strictly concave function iff the matriz D is ND.

This follows by applying Result 5.2.1 to —f(x).

Checking whether a given quadratic function is strictly convex, or
convex, is a task of great importance in optimization, statistics, and
many other sciences. From Result 5.2.1, this task is equivalent to
checking whether a given square matrix is PD, PSD. We discuss efficient
algorithms for PD, PSD checking based on Gaussian pivot steps in the
next section.

5.3 Algorithm to Check Positive (Semi)
Definiteness Using G Pivot Steps

Submatrices of a Matrix

Let A be a matrix of order m x n. Let S C {1,...,m} and T' C
{1,...,n}. If we delete all the rows of A not in S, and all the columns
not in 7', what remains is a smaller matrix denoted by Ag.7 known as
the submatrix of A corresponding to the subset of rows S and
columns 7. As an example, consider the following matrix

6 0 -7 8 0 -9
-25 -1 2 14 -15 -4
0o 3 -2 -7 0 10
11 16 17 =5 4 0

A:
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Let S; = {1,4}, 5, = {2,3}, Ty = {1,3,4,6},T» = {2,5,6}. Then
the submatrices Ag, «x7,, As,x1, are

6 —7 8 —9 ~1 —-15 —4
ASIXTI_(H 17 =5 0>’A52”2_< 30 10)'

Principal Submatrices of a Square Matrix

Square matrices have special submatrices called principal subma-
trices. Let M be a square matrix of order n, and S C {1,...,n} with
r elements in it. Then the submatrix Mgy obtained by deleting from
M all rows and all columns not in the set S is known as the principal
submatrix of the square matrix M corresponding to the sub-
set S, it is a square matrix of order . The determinant of the principal
submatrix of M corresponding to the subset S is called the principal
minor of M corresponding to the subset S. As an example, let

4 2 3 5
1 22 12 -1
M= -4 -2 -5 6
0 -3 16 -7

Let S = {2,4}. Then the principal submatrix of M corresponding

to S is
22 —1

and the principal minor of M corresponding to S is determinant(Mgys)
which is —157.

In this same example, consider the singleton subset S; = {3}. Then
the principal submatrix of M corresponding to S; is (—5) of order 1,
i.e., the third diagonal element of M. In the same way, all diagonal
elements of a square matrix are its principal submatrices of order 1.
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Some Results on PSD, PD, NSD, ND Matrices

Result 5.3.1: Properties shared by all principal submatri-
ces: If M is a square matrixz of order n which has any of the properties
PSD, PD, NSD, ND; then all principal submatrices of M have the same

property.

To see this, consider the subset S C {1,2} as an example, and the
principal submatrix Mgyg of order 2. Let i = (y1,92,0,...,0)T € R"
with y; = 0 for all ¢ € S. Since y3 to y, are all 0 in g, we verify that

g My = (y1,y2) Msxs(y1,y2)T. So, for all yy,ys, if

g My > 0so0is (y1,y2) Msxs(yr, y2)"
g" My > 0 for all (y1,12) # 0, s0 is (y1,Y2) Msxs(y1,y2)"
g My < 0so0is (y1,y2) Msxs(yr, y2)"
yT My < 0 for all (yi,y2) # 050 is (y1, y2) Msxs(y1, y2)T -

Hence, if M is PSD, PD, NSD, ND, Mg.s has the same property.
A similar argumant applies to all principal submatrices of M.

Result 5.3.2: Conditions for a 1 x 1 matrix: A 1 x 1 matriz
(a) is
PSD iff a > 0
PDiffa >0
NSD iff a <0
ND iff a < 0.

The quadratic form defined by (a) is az?; and it is > 0 for all z; iff
a > 0; it is > 0 for all 1 # 0 iff @ > 0; etc. Hence this result follows
from the definitions.

Result 5.3.3: Conditions satisfied by diagonal entries: Let
M = (myj) be a square matriz. If M is a
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PSD matriz, all its diagonal entries must be > 0
PD matriz, all its diagonal entries must be > 0
NSD matriz, all its diagonal entries must be < 0

ND matriz, all its diagonal entries must be < 0.

Since all diagonal entries of a square matrix are its 1 X 1 principal
submatrices, this result follows from Results 5.3.1 and 5.3.2.

Result 5.3.4: Conditions satisfied by the row and column
of a 0-diagonal entry in a PSD matrix: Let M = (m;;) be a square
PSD matriz. If one of its diagonal entries, say my, = 0, then for all j
we must have my; + m;, = 0.

Suppose my; = 0, and myy + mo; = a # 0. Let the principal
submatrix of M corresponding to the subset {1,2} be

M:<m11 m12>:< Omu)
Mo1 Moo mo1 Mo

The quadratic form defined by M is (y1, y2) M (y1,y2)T = maoy2 +
ay1y2. By fixing

—1 —ma
h=——"" Yy=1

o

we see that this quadratic form has value —1, so M is not PSD, and
by Result 5.3.1 M cannot be PSD, a contradiction. Hence o must be
0 in this case. The result follows from the same argument.

Result 5.3.5: Conditions satisfied by the row and column of
a O-diagonal entry in a symmetric PSD matrix: Let M = (m;;)
be a square matriz. Symmetrize M, i.e., let D = (d;;) = (M + M7) /2.
M is PSD iff D is, because the quadratic forms defined by M and D
are the same. Also, since D is symmetric, we have d;; = dj; for alli, j.
Hence, if D is PSD, and a diagonal entry in D, say d;; = 0, then all
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the entries in the ith row and the ith column of D must be zero, i.e.,

This follows from Result 5.3.4.

Example 1: Consider the following matrices.

10 3 1 100 0 2
My=| -2 0 0 |,M 0 10 3
10 4 2 3 -1

10 3 -3 20 -7

My=| 3 10 6|, Mm=| 00 o0
3 -6 0 10 0 6

The matrix M is not symmetric, and in it mgs = 0 but ms+msq; =
3 —2 =1+ 0, hence this matrix violates the condition in Result 5.3.4,
and is not PSD.

In the matrix M, the third diagonal entry is —1, hence by Result
5.3.3 this matrix is not PSD.

In the matrix M3, ms3 = 0, and mq3 + mg; = Moz + mge = 0, hence
this matrix satisfies the condition in Result 5.3.4.

The matrix M, is symmetric, its second diagonal entry is 0, and
its 2nd row and 2nd column are both zero vectors. Hence this matrix
satisfies the condition in Result 5.3.5.

Result 5.3.6: Conditions satisfied by a principal submatrix
obtained after a G pivot step: Let D = (d;;) be a symmetric
matriz of order m with its first diagonal entry dyy # 0. Perform a
Gaussian pivot step on D with dy; as the pivot element, and let D be
the resulting matrix; i.e. transform

du dln dll C512 C{ln

dyy ... dop _ 0 dy ... dop
D= 21, 2, mto D = ) 22, 2.

dpy ... dpn 0 dp2 ... dpn
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Let Dy be the matriz of order (n—1) X (n— 1) obtained by deleting
row 1 and column 1 from D. Then Dy is symmetric too, and D is PD

Since the original matrix D is symmetric, we have d;; = d;; for all
7, 7. Using this and the formula coming from the Gaussian pivot step,
that for i,j = 2 to n, di; = di; — di1(dy;/d11) it can be verified that
cfij = in, hence D; is symmetric.

The other part of this result can be seen from the following.

.%'TD.T = dll[l'% 2(d12/d11)l’1$2 + ...+ 2<d1n/d11)l’1$n
1/d11 Zdex .’L']
=27

Let

0 = (du/du)l‘g + ...+ (dln/dll)xn

6 = (1/dn) Zni Xni dijTiT;

i=2 j=2

Then x Dx = dy [22 4 2210 + 0] = dy1[(z1 +0)* + (§ — 6?)], because
7% + 2210 = (21 + 0)? — 6?. In mathematical literature this argument
is called completing the square argument.

After rearranging the terms it can be verified that

6 —0*= (x2,...,2,)Di(22,...,2,)T. So,
2" Dx = dyy (21 +0)* + (zo, ..., 2,) D12, ..., 20)"

From this it is clear that D is is PD (PSD) iff d;; > 0 and Dy is
D (PSD).

Based on these results, we now describe algorithms to check whether
a given square matrix is PD, PSD. To check if a square matrix is ND,
NSD, apply the following algorithms to check if its negative is PD,
PSD.
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Algorithm to Check if a Given Square Matrix M
of Order n is PD

BEGIN

Step 1: First symmetrize M, i.e., compute D = (M +M7*)/2. The
algorithm works on D.

If any of the diagonal entries in D are < 0, D and M are not PD
by Result 5.3.3, terminate.

Step 2: Start performing Gaussian pivot steps on D using the
diagonal elements as the pivot elements in the order 1 to n. At any
stage of this process, if the current matrix has an entry < 0 in its main
diagonal, terminate with the conclusion that D, M are not PD. If all
the pivot steps are completed and all the diagonal entries are > 0,
terminate with the conclusion that D, M are PD.

END

Example 2: Check whether the following matrix M is PD.

3 1 2 2
-1 2 0 2
M= 0 4 4 5/3
0 —2 —13/3 6
Symmetrizing, we get
30 1 1
0 2 2 0
b= 1 2 4 —4/3
1 0 —4/3 6

All the entries in the principal diagonal of D are > 0. So, we apply
the algorithm, and obtain the following results. The pivot elements are
boxed in the following. PR, PC indicate pivot row, pivot column for
each G pivot step.



sthekdi
BEGIN
Step 1: First symmetrize M, i.e., compute D = (M+MT )/2. The
algorithm works on D.
If any of the diagonal entries in D are ≤ 0, D and M are not PD
by Result 5.3.3, terminate.
Step 2: Start performing Gaussian pivot steps on D using the
diagonal elements as the pivot elements in the order 1 to n. At any
stage of this process, if the current matrix has an entry ≤ 0 in its main
diagonal, terminate with the conclusion that D,M are not PD. If all
the pivot steps are completed and all the diagonal entries are > 0,
terminate with the conclusion that D,M are PD.
END


5.3 Algorithm to Check Positive (Semi) Definiteness 491

PC|
PR 0 1 1
0 2 2 0
1 2 4 —4/3
1 0 —4/3 6
PC|
3 0 1 1
PR 0 2 0
0 2 11/3 —5/3
0 0 —5/3 17/3
PC|
3 0 1 1
0 2 2 0
PR 0 0 |5/3] —5/3
0 0 —5/3 17/3
3 0 1 1
0 2 2 0
0 0 5/3 —5/3
0 0 0 4

The algorithm terminates now. Since all the diagonal entries in all
the tableaus are > 0, D and hence M are PD.

Example 3 Check whether the following matrix M is PD.

O N O
RN Ul
CUR RN
w oo o

The matrix M is already symmetric and its diagonal entries are
> (0. So, we apply the algorithm on it, and obtain the following results.
The pivot elements are boxed in the following. PR, PC indicate pivot
row, pivot column for each G pivot step.
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PC|

PR [1] 0 2 0
02 4 0
2 4 4 5
005 3
1020
02 4 0
0 405
005 3

Since the third diagonal entry in this tableau is 0, we terminate
with the conclusion that this matrix M is not PD.

A square matrix which is not PD, could be PSD. We discuss the
algorithm based on G pivot steps, for checking whether a given square
matrix is PSD, next.

Algorithm to Check if a Given Square Matrix M
of Order n is PSD

BEGIN

Initial step: First symmetrize M, i.e., compute D = (M + M7T)/2.
The algorithm works on D. Apply the following General step on the
matrix D.

General Step: If any of the diagonal entries in the matrix are
< 0, terminate with the conclusion that the original matrix is not PSD
(Results 5.3.3, 5.3.6). Otherwise continue.

Check if the matrix has any 0-diagonal entries. For each 0-diagonal
entry check whether its row and column in the matrix are both com-
pletely O-vectors, if not the original matrix is not PSD (Results 5.3.5,
5.3.6), terminate. If this condition is satisfied, delete the 0-row vector
and the O-column vector of each 0-diagonal entry in the matrix.

If the remaining matrix is of order 1 x 1, its entry will be > 0,
terminate with the conclusion that the original matrix is PSD.—
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BEGIN
Initial step: First symmetrize M, i.e., compute D = (M+MT )/2.
The algorithm works on D. Apply the following General step on the
matrix D.
General Step: If any of the diagonal entries in the matrix are
< 0, terminate with the conclusion that the original matrix is not PSD
(Results 5.3.3, 5.3.6). Otherwise continue.
Check if the matrix has any 0-diagonal entries. For each 0-diagonal
entry check whether its row and column in the matrix are both completely
0-vectors, if not the original matrix is not PSD (Results 5.3.5,
5.3.6), terminate. If this condition is satisﬁed, delete the 0-row vector
and the 0-column vector of each 0-diagonal entry in the matrix.
If the remaining matrix is of order 1 × 1, its entry will be > 0,
terminate with the conclusion that the original matrix is PSD.
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If the remaining matrix is of order > 2, its first diagonal entry
will be positive, perform a G pivot step on the matrix with this first
diagonal element as the pivot element. After this pivot step, delete row
1, column 1 of the resulting matrix.

Now apply the same general step on the remining matrix, and repeat
the same way.

END

Example 4: Check whether the following matrix M is PSD.

0 -2 -3 -4 5

2 3 3 00

M = 3 3 3 00

4 0 0 8 4

-5 0 0 4 2

Symmetrizing, we get

000O0O0
03300
D=]103 3200
0008 4
000 4 2

The first diagonal entry in D is 0, and in fact D, , D are both
0, so we eliminate them and apply the general step on the remaining
matrix. Since there is a 0-diagonal entry in D, the original matrix M
is not PD, but it may possibly be PSD.

P

PR

O OO WO O WwWww
= 00 O O+ 00 O O
N = O O = O O
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If the remaining matrix is of order ≥ 2, its ﬁrst diagonal entry
will be positive, perform a G pivot step on the matrix with this ﬁrst
diagonal element as the pivot element. After this pivot step, delete row
1, column 1 of the resulting matrix.
Now apply the same general step on the remining matrix, and repeat
the same way.
END
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Eliminating row 1 and column 1 in the matrix resulting after the
first G step leads to the matrix

o O O
=~ 00 O
N~ O

The diagonal entries in this matrix are all > 0, and the first diagonal
entry is 0. Correspondingly, row 1 and column 1 are both 0-vectors, so
we delete them, and apply the general step on the remaining matrix.

P
PR

=N IR

Eliminating row 1 and column 1 in the matrix resulting after this
G pivot step leads to the 1 x 1 matrix (0). Since the entry in it is > 0,
we terminate with the conclusion that the original matrix M is PSD
but not PD.

Example 5: Check whether the following matrix M is PSD.

1 010
0240
M_1415
005 3

The matrix M is already symmetric, and its diagonal entries are all
> (0. So, we apply the general step on it.
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PC|

PR [1] 0 1 0
02 4 0
1 4 15
005 3
1 010
02 4 0
0 405
005 3

Eliminating row 1 and column 1 in the matrix resulting after the
first G step leads to the matrix

O =N
Ot O =~
w ot O

The 2nd diagonal entry in this matrix is 0, but its 2nd row and 2nd
column are not 0-vectors. So, we terminate with the conclusion that
the original matrix M is not PSD.

Exercises

5.3.1: Find all the conditions that p,q > 0 have to satisfy for the
following matrix to be PD.

1-p?  1-pq

2p ptq |
l1-pg 1—¢q
p+q 2q

5.3.2: Show that the following matrices are PD.

3 1 2 2 2 —11 3 4
-1 2 0 2 9 2 =39 10

0 4 4 5/3 || -1 41 5 12 |7

0 —2 —13/3 6 -2 —-10 =12 2
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2 —1 1 2 0 0
1 2 -1 |,l030
1 -1 2 00 6

5.3.3: Show that the following matrices are not PD.

10 20 1 -1 -1 -1
0240 -1 1 -1 -1
24 45| -1 -1 1 =11
005 3 -1 -1 -1 1
10 =2 -1 20 3 2 45
-2 0 11,102 11,026
-1 1 5 31 —1 00 2
5.3.4: Show that the following matrices are PSD.
0 -2 -3 -4 5
2 3 3 00 2 2 2 2 =21
3 3 3 001,12 22]|,|] -2 42
4 0 0 8 4 2 2 2 1 26
-5 0 0 4 2

5.3.3: Show that the following matrices are not PSD.

1 020
b2 a0 (001
2445’114
005 3

5.3.5: Let A be a square matrix of order n. Show that 27 Az is a
convex function in z iff its minimum value over R" is 0.

5.3.6: Consider the square matrix of order n with all its diagonal
entries = p, and all its off-diagonal entries = ¢q. Determine all the values
of p, q for which this matrix is PD.
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5.3.7: A square matrix A = (a;;) of order n is said to be skew-
symmetric if A+ AT = 0. Show that the quadratic form % Az is 0 for
all z € R™ iff A is skew-symmetric.

Also, if A is a skew symmetric matrix of order n, and B is any
matrix of order n, show that z7(A + B)z = 2" Bx for all .

5.3.8: Let A be a square matrix of order n and f(x) = 27 Az. For
x,y € R" show that f(z+y)— f(z)— f(y) is a bilinear function of z,y
as defined in Section 1.7.

5.3.9: Find the range of values of a for which the quadratic form
T? 4 4x179 + 67173 + w3 + ax s a strictly convex function.

5.3.10: Find the range of values of « for which the following matrix
is PD.

1 4 2
0 b—a 8—4a
0 0 8 —«

5.4 Diagonalization of Quadratic Forms
and Square Matrices

Optimization deals with problems of the form: finday = (yy,...,y.)’ €
R™ that minimizes a given real valued function g(y) of y. This problem
becomes easier to solve if g(y) is separable, i.e., if it is the sum of n
functions each involving one variable only, as in

9(y) = g1(11) + - - -+ gn(yn).

In this case, minimizing ¢(y) can be achieved by minimizing each
gi(y;) separately for j = 1 to n; and the problem of minimizing a
function is much easier if it involves only one variable.

Consider the problem of minimizing a quadratic function

f(x) =cr + (1/2)z" Mz
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where M = (m;;) is an n x n symmetric PD matrix. If some m;; # 0
for i # j, the function involves the product term x;z; with a nonzero
coefficient, and it is not separable. To make this function separable,
we need to convert the matrix M into a diagonal matrix. For this we
can try to apply a linear transformation of the variables  with the aim
of achieving separability in the space of new variables. Consider the
transformation

r = Py

where P is an n X n nonsingular matrix, and the new variables are
v = (y1,...,yn)?. Then, in terms of the new variables y, the function
is

F(y) = f(z = Py) = cPy+ (1/2)y" P" M Py.

F(y) is separable if PTMP is a diagonal matrix. If PTMP =
diag(di1, ..., dpy), then let ¢cP = ¢ = (¢1,...,¢,). In this case F(y) =
i Gy + djjyf-). The point minimizing F(y) is § = (§1,---,Un)"
where y; is the minimizer of Ejyj+djjy]2-. Once ¥ is found, the minimizer
of the original function f(z) is z = Py.

The condition

d11 0 ... 0
PTMP _ 0 d22 Ce 0
0 0 ... dum

requires
(P)"MP; =0 foralli# j.

WhenM is a PD symmetric matrix, the set of column vectors
{Py,..., P,} of a matrix P satisfying the above condition is said to be
a conjugate set of vectors WRT M. Optimization methods called
conjugate direction methods or conjugate gradient methods
are based on using this type of transformations of variables.

Given a symmetric matrix M, this problem of finding a nonsingular
matrix P satisfying PT M P is a diagonal matrix is called the problem



5.4 Diagonalization 499

of diagonalizing a quadratic form. Conjugate direction methods
in nonlinear optimization have very efficient special routines for finding
such a matrix P, but a discussion of these methods is outside the scope
of this book.

In mathematics they often discuss other matrix diagonalization
problems, which we now explain.

The orthogonal diagonalization problem is the same as the
above, with the additional requirement that the matrix P must be
an orthogonal matrix; i.e., it should also satisfy PT = P~!. Hence
the orthogonal diagonalization problem is: given a square symmetric
matrix M of order n, find an orthogonal matrix P of order n satisfying:

P7'MP is a diagonal matrix D (this is also written some-
times as M P = PD).

The general matrix diagonalization problem discussed in math-
ematics is: given a square matrix M of order n, find a nonsingular
square matrix P of order n such that P~'MP is a diagonal matrix.

Solving either the orthogonal diagonalization problem, or the ma-
trix diagonalization problem involves finding the eigenvalues and eigen-
vectors of a square matrix, which are discussed in the next chapter.
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Chapter 6

Eigen Values, Eigen Vectors,
and Matrix Diagonalization

This is Chapter 6 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

6.1 Definitions, Some Applications

Eigen values and eigen vectors are only defined for square matrices;
hence in this chapter we will consider square matrices only.

Let A = (a;;) be a square matrix of order n. Let I denote the
unit matrix of order n. A scalar A is said to be an eigen value (or
characteristic value, or proper value, or latent value) of square
matrix A if the matrix A — AI is singular, i.e., if the determinant
det(A —AI) =0.

Let P(A\) = det(A — AI). Expansion of det(A — AI') produces the
polynomial in A, P(\) which is known as the characteristic polyno-
mial for the square matrix A. The degree of P(\) is n = order of the
matrix A, and the leading term in it is (—1)"A"™.

The eigen values of A are the solutions of the characteristic equa-
tion for A

P(N) =0
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i.e., they are the roots of the characteristic polynomial for A.

The set of all eigen values of A, usually denoted by the symbol
o(A), is called the spectrum of A.

Since the characteristic polynomial is of degree n, it has exactly
n roots by the Fundamental Theorem of Algebra. But some of these
roots may be complex numbers (i.e., a number of the form a + ib,
where a, b are real numbers and i = v/—1), and some of the roots may
be repeated.

Since all the entries a;; in the matrix A are real numbers, all the
coefficients in the characteristic polynomial are real numbers. By the
fundamental theorem of algebra this implies that if A = a 4+ ib is a
root of the characteristic polynomial, then so is its complex conjugate
A = a — ib. Thus the complex eigen values of A occur in complex
conjugate pairs.

So, if A; is an eigen value of A, then A\ = A; is a solution of P(\) = 0.
From theory of equations, this implies that (A, — A) is a factor of the
characteristic polynomial P()A). In the same way we conclude that if
A1, Ag, ..., A, are the various eigen values of A, then the characteristic
polynomial

PO) = = A)a—A) .. (A — N).

However, as mentioned earlier, some of the eigen values of A may
be complex numbers, and some of the eigen values may be equal to
each other. If \; is an eigen value of A and r > 1 is the positive integer
satisfying the property that (A; — \)" is a factor of the characteristic
polynomial P()), but (A; — A)"™! is not, then we say that r is the
algebraic multiplicity of the eigen value \; of A. If r = 1, A\ is
called a simple eigen value of A; if » > 1, A\; is called a multiple
eigen value of A with algebraic multiplicity 7.

Thus if Aq, Ao, ..., \; are all the distinct eigen values of A includ-
ing any complex eigen values, with algebraic multiplicities rq,..., 7
respectively, then the characteristic polynomial

PO) =M\ =N Aa— N (A — A

and r; + ... + 7, = n. In this case the spectrum of A, o(A) =
{0 At
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If X\ is an eigen value of A, since A— AI is singular, the homogeneous
system of equations

(A= M)z =0 orequivalently Ax = Az

must have a nonzero solution z € R". A column vector x # 0 satisfying
this equation is called an eigen vector of A corresponding to its eigen
value A; and the pair (A, x) is called an eigen pair for A. Notice that
the above homogeneous system may have many solutions z, the set of
all solutions of it is the nullspace of the matrix (A — AI) defined in
Section 3.10 and denoted by N(A — AI). This nullspace N(A — A\I)
is called the eigen space of A corresponding to its eigen value .
Therefore, the set of all eigen vectors of A associated with its eigen
value Ais {x € R" : © # 0, and « € N(A — AI)}, the set of all nonzero
vectors in the corresponding eigen space.

The dimension of N(A — AI) (as defined in Section 1.23, this is
equal to the number of nonbasic variables in the final tableau when the
above homogeneous system (A — AI)x = 0 is solved by the GJ method
or the G elimination method) is called the geometric multiplicity of
the eigen value A of A. We state the following result on multiplicities
without proof (for proofs see C. Meyer [6.1]). called the geometric
multiplicity of the eigen value A of A.

Result 6.1.1: Multiplicity Inequality: For simple eigen values
A of A (i.e., those with algebraic multiplicity of 1) the dimension of
the eigen space N(A — XI) is 1; i.e., this eigen space is a straight line
through the origin.

If X is an eigen value of A with algebraic multiplicity > 1, we will
always have

geometric multiplicity of A < algebriac multiplicity of
i.e., the dimension of N(A — A) < algebriac multiplicity of .

Result 6.1.2: Linear Independence of Eigen vectors Asso-
ciated With Distinct Eigen values: Let A, ..., \; be some distinct
eigen values of A; and {(\1, %), (A2, 22),...,(An, ")} a set of eigen
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pairs for A. Then the set of eigen vectors {z*,... x"} is linearly in-
dependent.

Suppose all the eigen values of A are real, and o(A) = {A1,..., \x}
is this set of distinct eigen values. If, for all ¢ = 1 to k, geometric
multiplicity of \; is equal to its algebraic multiplicity; then it is possible
to get a complete set of n eigen vectors for A which is linearly
independent.

If geometric multiplicity of \; is < its algebriac multiplicity for at
least one 7, then A does not have a complete set of eigen vectors which is
linearly independent. Such matrices are called deficient or defective
matrices.

Example 1: Let

6 —5 6— A\ -5
A= (8 75) mm a ()0

Therefore the characteristic polynomial of A, P(\) = determinant
(A=X)=(6—X)(=3—=X)+20=X—-3\+2=(2—)\)(1—)\). Hence
the characteristic equation for A is

(2= A\)(1—-X) =0

for which the roots are 2 and 1. So, the eigen values of A are 2 and 1
respectively, both are simple with algebraic multiplicity of one.

To get the eigen space of an eigen value \; we need to solve the
homogeneous system (A — A\;I)xr = 0. For A = 1 this system in de-
tached coefficient form is the one in the top tableau given below. We
solve it using the GJ method discussed in Section 1.23. Pivot elements
are enclosed in a box; PR, PC denote the pivot row, pivot column re-
spectively, and BV denotes the basic variable selected in the row. RC
denotes redundant constraint to be eliminated.
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BV Ty T9
—5[0 PR
4 —410
PCT
Ty 1 —-17]0
0 00 RC
Final Tableau
x| 1 —-1]0

Since there is one nonbasic variable in the final tableau, the dimen-
sion of the eigen space is one. The general solution of the system is
r = (a, )T for any « real. So, for any o # 0 (a, )7 is an eigen vector
corresponding to the eigen value 1. Taking a = 1 leads to one eigen
vector #1 = (1,1)7,

For the eigen value A = 2, the eigen space is determined by the
following system, which we also solve by the GJ method.

BV Ty To
-5]10 PR
4 —510
PCT
T 1 =5/410
0 010 RC
Final Tableau
x| 1 =5/4]0

So, the general solution of this system is z = (5a/4,a)? which
is an eigen vector corresponding to the eigen value 2 for any a # 0.
In particular, taking o = 1, yields 2> = (5/4,1)T as an eigen vector
corresponding to 2.

So, {z!,2*} = {(1,1)T,(5/4,1)T} is a complete set of eigen vectors
for A.

Example 2: Let

0 -1 -2 =1
A_<1 O).ThenA—)J-( 1_)\>.
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Therefore the characteristic polynomial of A, P(\) = determinant
(A —XI) = A + 1. Hence the characteristic equation for A is

M 4+1=0

for which the solutions are the imaginary numbers \; = i = v/—1 and
Ay = —i. Thus the eigen values of this matrix A are the complex
conjugate pair +2 and —i.

It can also be verified that the eigen vectors corresponding to

A = +i are (o, —ai)T

Ay = —i are (o, ai)?

for any nonzero complex number «. Thus the eigen vectors of A are
both complex vectors in this example, even though the matrix A is
real.

Example 3: Let

00 -1 A 0 —1
A= 10 1 2 |. Then A-X=| 10 1—-A 2
00 1 0 0 1-A

Therefore the characteristic polynomial of A, P(\) = determinant
(A— M) = —A(1 — \)2. Hence the characteristic equation for A is

~“AM1-=X)?*=0

for which the roots are 0 and 1, with 1 being a double root. So, the
eigen values of A are 0 and 1, 0 is simple with algebraic multiplicity
one, and 1 is multiple with algebraic multiplicity 2.

To get the eigen space of eigen value 0 we need to solve the homo-
geneous system Ax = 0. We solve it using the GJ method discussed
in Section 1.23. Pivot elements are enclosed in a box; PR, PC denote
the pivot row, pivot column respectively, and BV denotes the basic
variable selected in the row. RC denotes redundant constraint to be
eliminated.
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BV | 24 To T3
0 0 [-1]|0 PR
10 1 210
0 0 110
PCT
T3 0 0 110
10 0|0 PR
0 0 010 RC
PCT
Final Tableau
T3 0 0 110
ro | 10 1 010

The general solution of this system is z = (a, —10a, 0)T for any «
real. Taking o = 1, an eigen vector corresponding to the eigen value 0
is ' = (1, -10,0)T.

For A = 1, the eigen space is determined by the following system,
which we also solve using the GJ method of Section 1.23.

BV Ty To T3
-1 0 -1|0 PR
10 O 210
0 0 010 RC
PCT
0 0 |—-8||0 PR
PCT
Final Tableau
1 1 0 00
T3 0 0 110

The general solution of this system is x = (0, «,0)” for any « real;
so an eigen vector corresponding to the eigen value 1 is (0,1,0)?. The
eigen space corresponding to this eigenvalue is a straight line, a one
dimensional object.

The algebraic multiplicity of the eigen value 1 is 2, but its geometric
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multiplicity, the dimension of the eigen space is only 1.

This example illustrates the fact that the geometric multiplicity of
an eigen value, the dimension of its eigen space, can be strictly less
than its algebraic multiplicity.

Example 4: Let

011 —A 1 1
A= 1 0 1 |. Then A—- )\ = 1 =X 1
1 10 1 1 =X

Therefore the characteristic polynomial of A, P(\) = determinant
(A— M) = (A+1)*(2—\). Hence the characteristic equation for A is

A+1)%(2-X) =0

for which the roots are —1 and 2, with —1 being a double root. So, the
eigen values of A are —1 and 2; 2 is simple with algebraic multiplicity
one, and —1 is multiple with algebraic multiplicity 2.

The eigen space corresponding to eigen value —1 is determined by
the following homogeneous system which we solve using the GJ method
discussed in Section 1.23. Pivot elements are enclosed in a box; PR, PC
denote the pivot row, pivot column respectively, and BV denotes the
basic variable selected in the row. RC denotes redundant constraint to
be eliminated.

BV |21 T3
11 0 PR
1 1 110
1 1 110
PC?T
T3 1 1 110
0 O 010 RC
0 O 010 RC

Final Tableau
3 | 11 110
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The general solution of this system is z = («, 3, —(a+ 3))? for any
a, ( real. So, this eigen space has dimension 2, it is the subspace which
is the linear hull of the two vectors (1,0, —1)7 and (0,1, —1)”. The set
of these two vectors is a basis for this eigen space.

Thus for the matrix A in this example, both the algebraic and
geometric multiplicities of its eigen value —1 are two.

The eigen vector corresponding to the eigen value 2 is obtained from
the following ststem.

BV r1  Ta T3
-2 1 0 PR
1 -2 110
1 1 =210
PCY
T3 -2 1 110
-3 0|0 PR
-3 3 00
PCT
1 1 -1 0|0 PR
0 0 00 RC
Final Tableau
1 1 -1 00

The general solution of this system is z = (o, a, a)? for any « real;
so an eigen vector corresponding to the eigen value 2 is (1,1, 1)T.

Example 5: FEigen Values of a Diagonal Matrix:
Let

2 00 2—-A 0 0
A= 0 =7 0 |. Then A— A\ = 0 =7T—=2AX 0
0 09 0 0 9-A

Therefore the characteristic polynomial of A, P(\) = determinant
(A= X)) =(2—X)(=7—X)(9—)). Hence the characteristic equation
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for A is
2=XN)(=7T=XN)O—-X)=0

for which the roots are 2, —7, and 9. So, the eigen values of A are 2,
—7 and 9; the diagonal entries in the diagonal matrix A.
The eigen space corresponding to eigen value 2 is the solution set

of
I To XT3
0 0 010
0 -9 010
0 0O 710

The general solution of this system is z = («,0,0)7 for real a.
Hence an eigen vector corresponding to the eigen value 2 is (1,0,0)7,
the first unit vector.

In the same way it can be verified that for any diagonal matrix, its
eigen values are its diagonal entries; and an eigen vector corresponding
to its ¢th diagonal entry is the ¢th unit vector.

Example 6: Eigen Values of an Upper Triangular
Matrix: Let

-1 -10 16 -1-X =10 16
A= 0 2 -18 |[. Then A—-\l = 0 2—-A -18
0O 0 -3 0 0 —3-2A

Therefore the characteristic polynomial of A, P(\) = determinant
(A=) = (=1=X)(2—A)(—3—\). Hence the characteristic equation
for A is

(“1=MA)(2=A)(=3-\) =0

Its roots, the eigen values of the upper triangular matrix A, are
exactly its diagonal entries.

The eigen space corresponding to eigen value —1 is the set of solu-
tions of
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I ) T3
0 —-10 16 | O
0 3 —1810

0 0 -210

The general solution of this system is z = («,0,0)7 for a real.
Hence an eigen vector corresponding to —1, the first diagonal entry of
A, is (1,0,0)7, the first unit vector.

In the same way it can be verified that an eigen vector corresponding
to the ith diagonal entry of A is the ith unit vector, for all 7.

Similarly, for any upper or lower triangular matrix, its eigen values
are its diagonal entries, and its eigen vectors are the unit vectors.

Basis for the Eigen Space of a Square Matrix A
Corresponding to an Eigen Value )\

Let A\ be an eigen value of a square matrix A of order n. Then the
eigen space corresponding to A is N(A — AI), the set of all solutions of
the system

(A= Xz =0
A basis for this eigen space, as defined in Sections 1.23, 4.2, is a
maximal linearly independent set of vectors in N(A — AI), it has the
property that every point in this eigen space can be expressed as its

linear combination in a unique manner.

EX&HIp]G 7. Consider the matrix

from Example 4, and its eigen value —1. The eigen space corresponding
to this eigen value is the set of all solutions of
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= e

— = =N

e )
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All the constraints in this system are the same as x1 + x5 + x5 = 0.
So, a general solution of this system is («, 3, —a — 8)T, where «, 3
are real valued parameters. A basis for this eigen space is the set
{(1,0,—1)7,(0,1,—1)T}, the set of two vectors obtained by setting
a=1,0=0,and a = 0,8 = 1 respectively in the formula for the
general solution.

Results on Eigen Values and Eigen Vectors

We now discuss some important results on eigen values and eigen
vectors, without proofs.

Result 6.1.3: Linear independence of the set of eigen vec-

tors corresponding to distinct eigen values: Let (A, z!), ..., (A, 2¥)
be eigen pairs for a square matrixz A, where the eigen values Ay, ..., A\
are distinct. Then {z',... 2"} is a linearly independent set.

Result 6.1.4: The union of bases of eigen spaces corre-
sponding to distinct eigen values is a basis: Let {\,..., \¢} be
a set of distinct eigen values for a square matriz A. Fori = 1 to k, let
B; be a basis for the eigen space corresponding to \;. Then B = U¥_, B;
1 a linearly independent set.

A Complete Set of Eigen Vectors

A complete set of eigen vectors for a square matrix A of order
n is any linearly independent set of n eigen vectors for A. Not all
square matrices have complete sets of eigen vectors. Square matrices
that do not have a complete set of eigen vectors are called deficient
or defective matrices.

Let A be a square matrix of order n which has distinct real eigen
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values A\, ..., \,. Let 2° be an eigen vector corresponding to \; for 4
= 1to n. Then by Result 6.1.3, {z!,..., 2"} is a complete set of eigen
vectors for A. Thus any square matrix with all eigen values real and
distinct has a complete set of eigen vectors.

Let A be a square matrix of order n with distinct real eigen values
A1, ...y Mg, Where for © = 1 to k, both the algebraic and geometric
multiplicities of \; are equal to r;, satisfying r; + ... 4+ r, = n. Then
the eigen space corresponding to \; has a basis B; consisting of r;
vectors, and B = U¥_| B; is linearly independent by Result 6.1.4, and is
a basis for R™. In this case B is a complete set of eigen vectors for A.
Thus if all eigen values of A are real, and for each of them its geometric
multiplicity is its algebraic multiplicity, then A has a complete set of
eigen values.

Thus if a square matrix A has an eigen value for which the geometric
multiplicity is < its algebraic multiplicity, then A is deficient in eigen
vectors; i.e., it does not have a complete set of eigen vectors.

6.2 Relationship of Eigen Values and Eigen
Vectors to the Diagonalizability of a
Matrix

Let A be a square matrix of order n. In Section 5.4 we mentioned that
the matrix diagonalization problem for matrix A is to find a square
nonsingular matrix P of order n such that P~1AP is a diagonal matrix
D = diag(dy,...,d,), say. In this case we say that the matrix P
diagonalizes A, i.e.,

d 0 ... 0
» 0 dy ... 0 ,
P AP = o . | = D = diag(dy, ..., d,)
0 0 ... d,

Then multiplying the above equation on both sides by P, we have

AP = PD.



516 Ch. 6. FEigen Values

Py, ..., P, arethe column vectors of P. Since D = diag(d, ..., d,),

i.e., APJ = dj-P.j jzl,,n

Since P is invertible, P; # 0 for all j. So, the above equation
AP; =d;P;, ie., (A—d;I)P; = 0 implies that (d;, P;) are eigen pairs
for A for j = 1 to n.

Thus if the matrix P diagonalizes the square matrix A into diag(d;,
...,dy,) then dy, ..., d, are the eigen values of A; and P, is an eigen
vector corresponding to d; for each j = 1 to n.

Conversely, suppose a square matrix A of order n has a complete set
of eigen vectors { Py, ..., P, } with corresponding eigen values A, ..., A,.
Let D = diag(Aq,..., \,). Since (A}, P;) is an eigen pair for A for j =
1 to n; we have AP; = \;P, for j =1 to n, i.e.

ie., AP = DP where P is the square matrix with the eigen vectors
Py,..., P, as the column vectors. Since {Py,...,P,} is a complete
set of eigen vectors, it is linearly independent, so P is invertible. So,
AP = PD implies P~*AP = D. Thus P diagonalizes A.

Thus the square matrix A of order n is diagonalizable iff it has a
complete set of eigen vectors; and a matrix which diagonalizes A is
the matrix whose column vectors are a basis for R" consisting of eigen
vectors of A.

Thus the task of diagonalizing a square matrix A is equivalent to
finding its eigen values and a complete set of eigen vectors for it.

We now provide some examples. In this chapter we number all
the examples serially. So, continuing the numbering from the previous
section, we number the next example as Example 8.

Example &: Consider the matrix
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011
A=11 0 1
110
discussed in Examples 4, 7. From Examples 4, 7, we know that its

eigen values are—1 and 2, and that {(1,0,—-1)7,(0,1,—-1)7,(1,1,1)T}
is a complete set of eigen vectors for A. So

1 01
P = 0 11
-1 -1 1
is a matrix that diagonalizes A. In fact P7'AP = diag(—1, —1,2).

Example 9: Let
0
12
0

In Example 3 we determined that its eigen values are 0 and 1, with
1 having algebraic multiplicity 2. But the geometric multiplicity of 1 is
1 < its algebraic multiplicity. So, this matrix does not have a complete
set of eigen vectors, and hence it is not diagonalizable.

A= (53

the matrix considered in Example 1. From Example 1 we know that
its eigen values are 2, 1 and a complete set of eigen vectors for it is
{(1,4/5)T,(1,1)T}. So, the matrix

P:<4/; 1)

Example 10: Let
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diagonalizes A, and P'AP = diag(2,1).

We will now present some more important results, most of them
without proofs.

Result 6.2.1: Results on Eigen Values and Eigen Vectors
for Symmetric Matrices:

(i): All eigen values are real: If A is a square symmetric matriz
of order n, all its eigen values are real numbers, i.e., it has no complex
etgen values.

(ii): Eigen vectors corresponding to distinct eigen values
are orthogonal: If A is a square symmetric matriz of order n, eigen
vectors corresponding to distinct eigen values of A are orthogonal.

We will provide a proof of this result because it is so simple. Since
A is symmetric, A = AT. Let A\; # A\, be eigen values associated with
eigen vectors v!, v? respectively. So, Av! = ;v and Av? = \v?. So

)\1(U1)TU2 — (Alvl)TUQ — (AUI)TU2 — (vl)TATU2 — (Ul)TAU2 — )\2(U1)T02
Hence, A;(v!)Tv? = Ap(v!)T0?) ie., (A — Xo)(v!)Tv? = 0. Since
Al # Ao, A — Ao # 0. Hence (v!)Tv? must be zero; i.e., v! and v? are

orthogonal.

(iii): Special eigen properties of symmetric PD, PSD, ND,
NSD, Indefinite matrices: A square symmetric matriz is

Positive definite iff all its eigen values are > 0
Positive semidefinite iff all its eigen values are > 0
Negative definite iff all its eigen values are < 0
Negative semidefinite iff all its eigen values are < 0
Indefinite iff it has both a positive and a negative eigen value.

See Section 5.2 for definitions of these various classes of matrices.
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(iv): Geometric and algebraic multiplicities are equal: If
A is a square symmetric matrix of order n, for every one of its eigen
values, its geometric multiplicity s equal to its algebraic multiplicity.
Hence symmetric matrices can always be diagonalized.

(v): Orthonormal set of eigen vectors: If A is a square ma-
trix of order n, it has an orthonormal set of n eigen vectors iff it is
symmetric.

Orthogonal Diagonalization of a Square Matrix

As discussed in Section 5.4, orthogonal diagonalization of a
square matrix A deals with the problem of finding an orthogonal matrix
P such that

P'AP =  a diagonal matrix diag()\,...,\,) say.

When P is orthogonal P! = PT. The orthogonal matrix P is said
to orthogonally diagonalize the square matrix A if P~*AP = PTAP
is a diagonal matrix.

Result 6.2.2: Orthogonally diagonalizable iff symmetric: A

square matriz can be orthogonally diagonolized iff it is symmetric.

To see this, suppose the orthogonal matrix P orthogonally diago-
nalizes the square matrix A. So, P~! = PT and P~'AP = a diagonal
matrix D. Since D is diagonal, DT = D. Now, P"'AP = D implies
A=PDP~'=PDPT. So,

AT = (PDPYT = PDTPT = PDPT = A

i.e., A is symmetric.

To orthogonally diagonalize a square symmetric matrix A of order n,
one needs to find its eigen values. If they are all distinct, let (\;, P;) be
the various eigen pairs where each P; is normalized to satisfy || P;|| = 1.
Then by Result 6.2.1 (ii), {P,..., P} is an orthonormal set of eigen
vectors for A. Let P be the matrix with P4,..., P, as its column
vectors, it orthogonally diagonalizes A.



520 Ch. 6. FEigen Values

If the eigen values of the symmetric matrix A are not all distinct,
find a basis for the eigenspace of each eigen value. Apply the Gram-
Schmidt process to each of these bases to obtain an orthonormal basis
for each eigen space. Then form the square matrix P whose columns are
the vectors in these various orthonormal bases. Then P orthogonally
diagonalizes A.

Result 6.2.3: Similar Matrices Have the Same Eigen Spec-
trum: Two square matrices A, B of order n are said to be similar if
there exists a nonsingular matriz P of order n satisfying B = P~'AP.
In this case we say that B is obtained by a similarity transforma-
tion on A. Since B = P7YAP implies A = PBP™', if B can be ob-
tained by a similarity transformation on A, then A can be obtained by
a similarity transformation on B. When B = P7'AP, det(B — \I) =
det(P~YAP—\I) = det(P"Y(AP—M\P)) = det(P~ 1) det(A—\I)det(P)=
det(A — XI). Thus similar matrices all have the same charateristic
polynomial, so they all have the same eigen values with the same mul-
tiplicities. However, their eigen vectors may be different.

Result 6.2.4: Eigen values of powers of a matrix: Suppose
the square matriz A is diagonalizable, and let P~YAP = diag(\1, ..., \n).
Then for any positive integer s,

A® = P~ (diag(\;, ..., \5))P

Since A1, ..., A, are real numbers, computing Aj,..., A} is much
easier than computing A°® because of the complexity of matrix multi-
plication.

So, calculating higher powers A® of matrix A for large values of s
can be carried out efficiently if it can be diagonalized.

Result 6.2.5: Spectral Theorem for Diagonalizable Ma-
trices: Let A be a square matriz of order n with spectrum o(A) =
{A1,..., A\e}. Suppose A is diagonalizable, and fori = 1 to k, let r; =
algebraic multiplicity of \; = geometric multiplicity of A\;. Then there
exist square matrices of order n, Gy, ..., Gy satisfying



6.2 Matrix Diagonalization 521

i)  G;G; =0 foralli#j
ii) Gi+...+G,=1

i) MGi+ .+ MGy = A
w) G? =G, foralli

v)  Rank(G;) =r; for alli.

Let X; be the matrix of order n x r; whose column vectors form a

P is nonsingular by Result 6.1.2. Partition P~! as follows
Y]

Y,

Yy
where Y; is an r; x n matrix. Then G; = X,Y; for i = 1 to k satisfies

all the above properties. All these properties follow from the following
facts

PP l=plp=7

Yi

ML, 0 0

» 0 o, 0 ¥
A=PDP "= (X1 Xy, ..} X&) ) .

Y

where I, is the unit matrix of order r; for i = 1 to k.

The decomposition of A into \{G1 + ... + A\Gy is known as the
spectral decomposition of A, and the G;s are called the spectral
projectors associated with A.
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Example 11: Consider the matrix
011

A=11 0 1

1 10

discussed in Example 8. Its eigen values are Ay = —1 with an algebraic
and geometric multiplicity of two, and Ay = 2 with an algebraic and
geometric multiplicity of one. A basis for the eigen space correponding
to —1is {(1,0,—1)%,(0,1,—1)T}; and an eigen vector corresponding
to 21is (1,1,1)T. So, using the notation in Result 6.2.5, we have

1 0 1 1 0 :1
Xy = 0 1], X=[1],P= 0 1 :1
-1 -1 1 1 1

We compute P~! and obtain

2/3 —1/3 —1/3 Y1:< 2/3 —1/3 —1/3>

pi_ | U323 13 -1/3  2/3 —1/3
/3 13 1/3 Yo=(1/3 1/3 1/3).
So
2/3 —1/3 —1/3
G'=X\Y,=| —-1/3 2/3 —1/3
~1/3 —1/3  2/3
1/3 1/3 1/3
Gy=XoY,=1| 1/3 1/3 1/3
1/3 1/3 1/3

It can be verified that rank(G;) = 2 = algebraic multiplicity of the

eigen value —1, and rank(G5) = 1 = algebraic multiplicity of the eigen
value 2. Also, we verify that

G + G5 = I = unit matrix of order 3
2G1 4+ G5 = A, the spectral decomposition of A.
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GG1, G5 are the spectral projectors associated with A.

Result 6.2.68: Eigen pairs for A and A™! If (A, z) is an eigen
pair for a nonsingular square matriz A, then (1/\, x) is an eigen pair
for A7L.

By hypothesis we have Ax = Az, and since A is nonsingular, we
have A # 0. Multiplying both sides of the equation Az = Az on the
left by (1/X\)A™! we get (A™! — (1/\)I)x = 0. Therefore ((1/)), ) is
an eigen pair for A7L.

Result 6.2.7: Sylvester’s Law of Inertia: Let A be a square
symmetric matrixz of order n. Let C be any nonsingular square matrix
of order n, and B = CTAC. Then we say that B is obtained from
A by a congruent transformation, and that A, B are congruent.
Since C' is nonsingular, B = CTAC implies A = (CT)"'BC™! =
(CHTB(C™Y), so if B can be obtained by a congruent transformation
on A, then A can be obtained by a congruent transformation on B.

The inertia of a real symmetric matrix is defined to be the triple
(p,v, ) where

p, v, ¢ are the numbers of positive, negative, and zero eigen
values of the matrix respectively.

Sylvester’s law states that two symmetric matrices are congruent iff
they have the same inertia.

6.3 An Illustrative Application of Eigen
Values, Eigen Vectors, and Diagonal-
ization in Differential Equations

Eigen values, eigen vectors, and diagonalization of square matrices find
many applications in all branches of science. Here we provide one il-
lustrative application in differential equations, which are equations in-
volving functions and their derivatives. Mathematical models involving
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differential equations appear very often in studies in chemical engi-
neering and other branches of engineering, physics, chemistry, biology,
pharmacy, and other sciences.

Let uy(t), ..., u,(t) be n real valued differentiable functions of a sin-
gle real variable ¢; and let u}(¢) denote the derivative of u;(t). Suppose
the formulas for these functions are unknown, but we know that these
functions satisfy the following equations.

ui(t) = anui(t) + ...+ apun(t)

and u;(0) = ¢ i=1,...,n

where A = (a;;) is a given square matrix of order n, and ¢ = (cy, ..., ¢,)7

is a given vector of function values corresponding to ¢ = 0.

A system like this is known as a homogeneous system of first
order linear differential equations with constant coefficients.
Solving this system means to find the formulas for the functions w(t),

, Up(t) satisfying these equations. Let

ai; ... Qip Ul(t) Ull(t)
A= L@ = ) =

P R un(t) ul, (t)
Then the system can be written in matrix form as
u'(t) = Au(t), u(0)=c.

For simplicity, we only consider the case where the matrix A is
diagonalizable. Let the spectrum of A be o(A) = {\1,..., A}, and let
the spectral projector associated with \; be G; for i = 1 to k. Then it
can be shown that the unique solution of this system is

u(t) = Mol + .. eMiyP
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where v* = G,c for i = 1 to k.

Example 12: Consider the following linear differential equa-
tion involving three functions wuy(t), us(t), us(t) and their derivatives

ui (t), uy(t), us(t).

uy(t) = us(t)  +us(t)
ub(t) = uy(t) +us(t)
us(t) = ur(t)  +ua(t)

(ul (O)a u2(0)7 u3(0))T = (127 _157 18)T

Letting u(t) = (u1(8), wa(t), us(O)T, w(t) = (u4(6), uh(t), uy(D),
c = (12,—15,18)7 the system in matrix notation is

u'(t) = Au(t)

u(0) = ¢
where
0 11
A= 1 0 1
110
the matrix discussed in Example 8, 11. Its eigen values are \; = —1

and Ay = 2, and the associated spectral projectors are

2/3 —1/3 —1/3 1/3 1/3 1/3
G'=| —-1/3 2/3 —1/3 |.,Gy=1| 1/3 1/3 1/3
(1/3 —-1/3 2/3) (1/3 1/3 1/3)

from Example 11. So, in the notation given above, we have

2/3 —1/3 —1/3 12 7
o' =Gle=| -1/3  2/3 —1/3 —15 | =] —20
(1/3 ~1/3  2/3 ( 18) ( 13)

1/3 1/3 1/3 12 5
v =Ghe=| 1/3 1/3 1/3 -15 | =15 |.
(1/3 1/3 1/3) 18) (5)
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So, from the above, we know that the unique solution of this system
is

uy (t) 7 5 Te~! 4 He
ut)=| us(t) [ =e| =20 | +e*| 5 | =| —20e7! + 5e*
us(t) 13 5 13~ + 5e?

ie., ui(t) = Te™t + 5e?, uy(t) = —20e™t + 5e**, uz(t) = 13e~t + 5e*t.
It can be verified that these functions do satisfy the given differential
equations.

6.4 How to Compute Eigen Values 7

Computing the eigen values of a matrix A of order n using the main
definition boils down to finding the roots of a polynomial equation of
degree n. Finding the roots of a polynomial equation of degree > 5 is
not a simple task, it has to be carried out using iterative methods.The
most practical eigen value computation method is the QR iteration
algorithm, an iterative method that computes the QR factors (see Sec-
tion 4.12) of a matrix in every iteration. Providing a mathematical
description of this algorithm, and the details of the work needed to
convert it into a practical implementation, are beyond the scope of this
book. For details see the references given below.

Exercises
6.4.1: Obtain the characteristic polynomial of the following ma-

trices. Using it obtain their eigen values, and then the corresponding
eigen vectors and eigen spaces.

- 3 1/3 51 2 31 2
s 3 ) (s 560324
6 2 6 33 8

6.4.2: Compute eigen values and eigen vectors of the following
matrices.
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1010 0010
0101 0001 g_é_}
Lo 1o 1000 |"{, T g
0101 0100

6.4.3: Let A be a square matrix of order n in which all diagonal
entries are = «, and all off-diagonal entries are = (3. Show that it has
an eigen value oo — [ with algebraic multiplicity n— 1, and a+ (n—1)3
as the only other eigen value.

6.4.4: If X\ is an eigen value of A associated with the eigen vector
x, show that ¥ is an eigen value of A* associated with the same eigen
vector x for all positive integers k.

6.4.5: If A, B are square matrices of order n, show that the eigen
values of AB, BA are the same.

6.5 References

[6.1] C. P. Meyer, Matriz Analysis and Applied Linear Algebra, STAM,
Philadelphia, PA, 2000.

[6.2] J. H. Wilkinson, The Algebraic Figenvalue Problem, Oxford Uni-
versity Press, 1965.
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Chapter 7

Software Systems for Linear
Algebra Problems

This is Chapter 7 of “Sophomore Level Self-Teaching Web-
book for Computational and Algorithmic Linear Algebra and
n-Dimensional Geometry” by Katta G. Murty.

Nowadays there are several commercially available and highly pop-
ular software systems for solving the problems discussed in previous
chapters. Among them the best known are: MATLAB, EXCEL, MATH-
EMATICA, MAPLE, and MACAULAY. We will provide illustarative
numerical examples of how to solve these problems using MATLAB
(this name is derived from Matriz Laboratory) in this chapter. For
using the other software systems, see the references cited on them.

7.1 Difference Between Solving a Small
Problem By Hand and Scientific Com-
puting Using a Computer

When we solve small numerical problems by hand, we always use exact
arithmetic, so all the numbers in the various stages of the work are
exactly what they are supposed to be (for example, a fraction like “1/3”

531
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is maintained as it is). Hand computation is not feasible for large size
problems encountered in applications. Such large problems are usually
solved using a software package on a digital computer.

Digital computation uses finite precision arithmetic, not exact
arithmetic; for example a fraction like “1/3” is rounded to 0.3333 or
0.3...3 depending on the number of significant digits of precision
maintained, introducing a small rounding error. These rounding
errors abound in scientific computation, and they accumulate during
the course of computation. So results obtained in digital computation
usually contain some rounding errors, and may only be approximately
correct. These errors make it nontrivial to implement many of the
algorithms discussed in earlier chapters to get answers of reasonable
precision. That’s why detailed descriptions of numerical implementa-
tions of algorithms are very different and much more complicated than
their mathematical descriptions given in earlier chapters.

As an example consider the GJ pivotal method for solving a system
of linear equations discussed in Section 1.16. Under exact arithmetic,
we know that a redundant constraint in the system corresponds to a
“0 = 0” equation in the final tableau and vice versa. However, under
finite precision arithmetic some of the “0” entries in it may become
nonzero numbers of hopefully small absolute value. So, what is actu-
ally a “0 = 0” equation in the final tableau, may in reality become an
equation with nonzero entries of small absolute value, and it is very
difficult to decide whether it is a redundant equation or not. In com-
puter implementations, one difficult question faced at every stage is
whether a nonzero entry of small absolute value is actually a nonzero
entry, or a zero entry that has become nonzero due to rounding error
accumulation. A practical rule that is often used selects a small pos-
itive tolerance, and replaces any entry in the tableau whose absolute
value is less than this tolerance by zero. Under such a rule, we can only
conclude that a “0 = 0”7 equation in the final tableau is redundant to
working precision.

In the same way, when a square matrix has a determinant of very
small absolute value, using finite precision arithmetic it is very difficult
to decide whether it is actually nonsingular or singular, and software
systems will conclude that this matriz s singular to working precision.
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Similarly while the definitions of linear independence or dependence
of a set of vectors and its rank defined in Chapter 4 are conceptually
precise and mathematically unambiguous under exact arithmetic, using
finite precision arithmetic they can only be determined correct to the
working precision.

Numerical analysts have developed a variety of techniques to reduce
the effects of rounding errors, some of these like partial pivoting or
complete pivoting for pivot element selection are discussed very briefly
in Chapter 1. As a detailed discussion of these techniques is beyond
the scope of this book, the interested reader should refer to books in
that area (for example, see Gill, Murray, Wright[4.1]).

We will see the effects of rounding errors in some of the illustrative
numerical examples given below.

7.2 How to Enter Vectors and Matrices
in MATLAB

First you need to begin a MATLAB session. It should be noted that
there are many versions of MATLAB in the market, and input prompts,
and error and warning messages may vary from version to version. Also,
different computer systems may have different commands for initiating
a MATLAB session on their system.

After getting the MATLAB prompt, if you want to enter a row
vector, a = (1,6,7,—9) say, type

a=[1 6 7 -9 or a=][1,6 7 -9

with a blank space or a comma (,) between entries, and MATLAB
responds with

a=1 6 7 =9

To enter the same vector as a column vector, type

a=[1,6,7,-9" or a=[1 6 7 =9 or a=[Il;6;7 -9
and MATLAB responds with
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O 3 O =

To supress the system’s response, a semicolon (;) is placed as the
last character of the expression. For example, after typing a = [1, 6,
7, —=9];  MATLAB responds with a new line awaiting a new command.

MATLAB also lets one place several expressions on one line, a line
being terminated by pressing the Enter button on the computer. In this
case, each expression is separated by either a comma (,) or a semicolon
(;). The comma results in the system echoing the output; the semicolon
supresses it. For example, by typing

a=1[1,269,c=[2 -3, 1, —4]
the system responds with

a=1 2 6 9
c=2 -3 1 -—4.

Matrices are entered into MATLAB row by row, with rows sepa-

rated by either semicolons, or by pressing Enter button on the com-
puter. For example, to enter the matrix

10 -2 4
A‘( 0 8 —7)
type A = [10, =2, 4; 0, 8, —7]

A=] 10 -2 4

or type 0 8 -7 ] using Enter to indicate the
end of 1st row
or type A=[10 =2 4 . ] the ... called ellipses is

0 8 -7 a continuation of a MAT-

LAB expression to next line.
Used to create more read-
able code.
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MATLAB has very convenient ways to address the entries of a ma-
trix. For example, to display the (2,3) entry in the above matrix A
type A(2, 3), to display 2nd column of A type A(:, 2), and to
display 2nd row of A type A(2, :).

Some of the commands used for special matrices are:

eye(n) identity matrix of order n
diag(lay as ... a,]) diagonal matrix with diagonal entries
A1y ...y Gy
zeros(m,n) zero matrix of order m x n
zero(n) zero matrix of order n X n
A transpose of matrix A

If B is a square matrix defined in MATLAB, diag(B) returns the
diagonal elements of B. To see the contents of a vector or matrix A
defined earlier, just type A and MATLAB responds by displaying
it.

The arithmetic operators to perform addition, subtraction, multi-
plication, division, and exponentiation are: +, —, * / ° respec-
tively. As an example, suppose the vectors x = (1,0,0), y = (0,1,0),
z = (0,0, 1) have been defined earlier. If you type 2%z +3%y—06%z
MATLAB responds with

ans =2 3 —6.
If youtype w=2%xx+3%xy—6%z MATLAB responds with
w=2 3 —6.

If you type an arithmetical expression that is not defined, for ex-
ample x4y with z,y as defined above (i.e., the sum of a row vector
and a column vector), MATLAB yields the warning

???Error using — +
Matrix dimensions must agree.

Other arithmetical operations on matrices and vectors can be de-
fined in MATLAB in the same way. Here are some MATLAB com-
mands that we will use, and the outputs they produce. For a more
complete list of MATLAB commands, see the MATLAB references
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given at the end of this chapter. Let A, B be two matrices, and x,y be

two vectors.

length(x) or size(x)

size(A)
dot(x,y)

norm(x)
det(A)
rank(A)
inv(A)
AxB
A\b

null(A)

rref( A)
rrefmovie( A)

null(A,'r")

eig(A)

the number of the elements in the vector z

m n where m x n is the order of A

dot product of x and y (whether each is either
a row or a column) provided they have same no.
of elements. This can also be obtained by typing
x *xy provided z is a row vector & y is a col.
vector

the Eucledean norm ||z|| of the vector z
determinant of A, if it is a square matrix

rank of the matrix A

inverse of matrix A, if A is an invertible square
matrix

matrix product AB if it is defined.

solves the system of linear equations with A as
the coefficient matrix, and b as the RHS constants
vector

outputs O-vector if system Ax = 0 has no
nonzero solution, or an orthonormal basis for the
subspace which is the set of all solutions of Ax =
0 obtained by a method called singular value
decomposition not discussed in the book if Ax =
0 has nonzero solutions.

outputs the reduced row echelon form of matrix
A.

shows all the operations that MATLAB performs
to obtain the RREF of the matrix A.

same as null(A) except that in the 2nd case it
produces the basis for the set of solutions of Ax =
0 obtained by the GJ or the G elimination method
as discussed in Section 1.23.

produces the eigen values of the square matrix A.
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[V, D] = eig(A)

all(eig(A+ A") > 0)

all(eig(A+ A") >=0)

chol(A)

537

produces D = diagonal matrix of eigen values of
A, and V = matrix whose column vectors are cor-
responding eigen vectors.

for a square matrix A, this checks whether all
eigenvalues of (A + A’) are strictly positive. The
output is 1 if the answer is yes, in this case A is a
positive definite matrix; or 0 if the answer is no.
In the latter case, using the command described
above, one can generate all the eigenvalues and
associated eigen vectors of (A + A’). The eigen
vector x associated with a nonpositive eigen value
of (A + A’) satisfies 27 Az < 0.

for a square matrix A, this checks whether all
eigenvalues of (A + A’) are nonnegative. The out-
put is 1 if the answer is yes, in this case A is a
positive semidefinite matrix; or 0 if the answer is
no and A is not PSD.

for a symmetric square matrix A, this command
outputs the Cholesky factor of A (Cholesky fac-
torization is not discussed in this book) if A is PD.
If A is not PD, it outputs an error message that
Matrix must be positive definite to use chol. So,
this command can also be used to check if a given
square symmetric matrix is PD.

When a system of linear equations Az = b has more than one

solution, there are two ways of obtaining an expression of the general
solution of the system using MATLAB. One is to get the RREF (a
canonical tableau WRT a basic vector) of the system using the rref-
movie command (see Examples 2, 3 given below), and then construct
an expression of the general solution of the system using it as explained
in Section 1.8. The other is to get one solution, Z say, using the A\b
command; and then a basis for the null space of the coefficient ma-
trix A using the null(A) command. If this basis is {z',..., z*}, then
the general solution of the system is Z + oqz! + ...+ a,@®  where
aq,...,qs are parameters that take real values.
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7.3 Illustrative Numerical Examples

1. Solving a Square System of Linear Equations:
Suppose we want to find a solution for the following system and check
whether it is unique. We provide the MATLAB session for doing this.
The coefficient matrix is called A, and the RHS constants vector is
called b, and the solution vector is called z.

2x1 + x5 — 313 — 14
—x1 — 229 + 4x3 + Dy
Trxy —6xy =
—3x1 — 8x9 — 923 + 314 =

© J O =

Type A =[2 1, -3, —1; -1, -2, 4, 5: 7,0, 0, —6; —3, —8, —9,

3]
2 1 -3 -1
-1 -2 4 5
Response A = 70 0 —6
-3 -8 -9 3
Type =[1,6,7 9
Response b= 1
6
7
9
Type z = A\b
Response x = 1.7843
—1.5062
0.0491
0.9151

The solution vector z is provided by MATLAB, this indicates that
this is the unique solution, and that the coefficient matrix A is nonsin-
gular.
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In MATLAB the final canonical tableau is called RREF (reduced
row echelon form). The command: rref(A,b), outputs the RREF for

the augmented matrix (A:b) of the system. Here is the session to obtain
that for this example.

Type d =rref([Ab])

Response d =
1.0000 0 0 0 1.7843
0 1.0000 0 0 —1.5063
0 0 1.0000 0 0.0491
0 0 0 1.0000 0.9151

2. Another Square System of Linear Equations:
The ststem is given below. We call the coefficient matrix A, the RHS
constants vector b, and the solution vector x.

200+ a9 — 33+ 14 = 4
—x1 — 229 + 43+ 524, = =3
201 — 209 4+ 223 + 1224 =

T — X9 +23+6x4 = 3

The MATLARB session is carried out exactly as above, but this time
MATLAB gives the following final response.

Warning: Matrix is singular to working precision

r = Inf
Inf
Inf
Inf

This indicates that the coefficient matrix A is singular, and that
the syatem has no solution.

In MATLAB the final canonical tableau is called RREF (reduced
row echelon form). The command: rref(A,b), outputs the RREF for

the augmented matrix (A:b) of the system. When rank(A:b) = 1 +
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rank(A), as in this case, MATLAB performs also a final pivot step in
the column vector B, which we do not want. In this case the command:

rrefmovie( A:b)

helps you to observe all the operations that MATLAB performs to

obtain the RREF of the augmented matrix (A:b). The matrix before
the final pivot step in the column of b is the RREF to our system. For
this example, here is that output (here we did all the computations in
fractional form).

1 0 —2/3 7/3 7/3
0 1 —-5/3 —11/3 —2/3
0 0 0 0 -2
0 0 0 0 0

The rows in this final tableau do not directly correspond to rows
(constraints) in the original problem, because of row interchanges per-
formed during the algorithm. To find out which original constraint each
row in the final tableau corresponds to, you can use the row interchange
information that is displayed in the rrefmovie output.

3. A Rectangular System of Linear Equations:
The system is given below. The symbols A, b, z refer to the coefficient
matrix, RHS constants vector, solution vector respectively.

T1 To X3 Ta Ty T X7 b
2 1 0 0 -1 -3 4 3
0o -2 1 2 0 4 3| -2
4 o 1 2 -2 -2 11 4

—1 2 3 1 =2 0 0 5
5 1 5 5 -5 —1 18| 10

The session is carried out exactly as above, and MATLAB produced
the following final response.

Warning: Rank deficient, rank = 3 tol = 3.3697e-014.
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x = 0.7647
1.4706
0.9412

0

0
0
0

Here since the system has a solution, the final canonical tableau,
RREF can be produced with the command: rref(A,b). Here it is:

0 02941 —-0.3529 —0.7059 24118 0.7647
0 —0.5882 0.2941 —1.5882 —0.8235 1.4706
1 0.8235 —0.5882 0.8235  1.3529 0.9412
0 0 0 0 0 0
0 0 0 0 0 0

S DD
SO = O

As in the above example, to trace the correspondence of rows in
the RREF to the constraints in the original statement of the prob-
lem, one has to take into account the row interchanges performed by
MATLAB in the process of getting this RREF by using the command:
rrefmovie( A, b).

4. Another Rectangular System of Linear Equa-
£101S: The system is given below. The symbols A, b, z refer to the
coefficient matrix, RHS constants vector, solution vector respectively.

T i) T3 T4 Ty Tg g b
1 0 -1 1 -2 1 -3 -4
0 -1 2 3 1 -1 2|0 2

1 -2 3 7 0 -1 1] -2
-3 1 2 -1 0 0 2 3
-2 0 3 3 -1 0 1 3

The canonical tableau for this system, RREF, produced using the
command: rrefmovie(A, b) is given below.
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Tr1 T X3 T4 Is Tg g b
1 0 0 6 -7 3 =8|-12
o 1 0 7 —-11 5 -—12| 17
o o 1 5 -5 2 5| -8
0O 0 0 O 0 0 0 1
0o 0 0 O 0 0 0 3

The last two rows in the canonical tableau represent inconsistent
equations, “0 = «” for some a # 0; so this system has no solution.
To trace the correspondence of rows in the RREF to the constraints
in the original statement of the problem, one has to take into account
the row interchanges performed by MATLAB in the process of getting
this RREF.

5. A Homogeneous System of Linear Equations:
Calling the coefficient matrix, RHS constants vector, solution vector as
A, b, x respectively, here is the session.

Type A =[1,1,0;01,1;1,0,1;2 2, 2]

1 10
011
Response A = 101
2 2 2
Type = zeros(4, 1) (Note: this command generates a 0-matrix
of order 4 x 1)
Response b= 0
0
0
0
Type x = A\b
Response x = 0
0
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Type rank(A)
Response 3

Since rank of the coefficient mstrix is 3, from the results in Sections
4.5 and 1.22; we conclude that this system has no nonzero solution.

6. Another Homogeneous System of Linear Equa-
t10ns: Calling the coefficient matrix, RHS constants vector, solution
vector as A, b, x respectively, here is the session.

Type A=[1,-1,0,2 3 -2, 1;01, -2, 1, -1, 3, —2; 1, 0, =2, 3,
2.1, -1: =1,2,1, -2, 1, 3, 2]
1 -1 0 2 3 -2 1
0 1 -2 1 -1 3 =2

Response A = 1 0 -2 3 2 1 —1
-1 2 1 -2 1 3 2
Type = zeros(4, 1) (Note: this command generates a 0-matrix

of order 4 x 1)

Response b =

o O O O

Type d =rref([Ab])

Response d =
1 00 7/3 16/3 —-1/3 7/3 0
o1 0 1/3 7/3 5/3 4/3 0
o o0 1 -1/3 5/3 -=2/3 5/3 0
0 0 0 0 0 0 0 0

From the RREF we can see that this homogeneous system has
nonzero solutions. From the RREF a basic set of nonzero solutions
for the system can be constructed as discussed in Section 1.23.

7. Checking Linear Independence: The most convenient
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way to check linear independence of a given set of vectors (either all row
vectors or all column vectors) using MATLAB is to write each of these
vectors as a column vector of a matrix, A say. Then check whether the
homogeneous system of equations Az = 0 has a nonzero solution.
If this system has no nonzero solution, the set is linearly independent.
If z is a nonzero solution of the system, the set is linearly dependent;
and T is the vector of coefficients in a linear dependence relation for it
in the order in which the vectors are entered as column vectors in the
matrix A.
As an example, consider the set of 4 column vectors, {A .45, A3, A4}

of the matrix A in Example 1. Here is the session for checking its linear
independence; we suppress the display of the matrix in this session.

Type A=[21,-3,-1;-1,-2,4,5;7 00, —6; —3, =8, =9, 3J;
null(A)

Response ans = Empty matrix: 4-by-0.

This indicates that the system Az =0 has no nonzero solution,
i.e., the set of column vectors of A is linearly independent.

8. Checking Linear Independence, Another Ex-
ample: Consider the set of 4 column vectors, {A 1.4, A3, A4} of
the matrix A in Example 2. Here is the session for checking its linear
independence; we suppress the display of the matrix in this session.

Type A=[2,1,-3,1; 1, —2,4,5: 2 2,2 12 1, -1, 1, 6;
null(A)

—0.7818 —0.3411
—0.2469 0.9111
—0.5436 0.1382

0.1797  0.1857

Response ans =

Each of the column vectors in the output above is a nonzero solution
of Az =0 and these two vectors together form an orthonormal basis
for the subspace which is the set of all solutions of this homogeneous
system, obtained by using a method called singular value decompo-
sition, which is not discussed in the book. If you do not require an
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orthonormal basis, but want the basis obtained by the GJ or G elim-
ination methods as discussed in Section 1.22, change the command
null(A) to null(A/ "), then the output is (each column vector is a
nonzero solution, together they form a basis for the subspace which is
the set of all solutions of Az = 0):

0.6667 —2.3333
1.6667  3.6667
1.0000 0

0 1.0000.

Response ans =

Each of the column vectors in these outputs is the vector of coeffi-
cients in a linear dependence relation for the set of column vectors of
the matrix A in this example. For instance the first column vector in
the output under the command null(A) yields the linear dependence
relation

—0.7818A; — 0.2469A4 5 — 0.5436A 5 + 0.1797A 4, = 0.

9. Matrix Inversion: Calling the matrix A, here is the ses-
sion.

Type A=[1,21,—-1;-1,1,1,2;0,—-1,2,1; 2, 2, =1, 0]

1 2 1 -1

-1 1 1 2

Response A = 0 -1 2 1
2 2 -1 0

Type inv(A)

Response ans = —0.1071 —0.2500 0.3929 0.4286
0.2500 0.2500 —0.2500 0.0000
0.2857  0.0000 0.2857 —0.1429
—0.3214 0.2500 0.1786 0.2857

10. Another Matrix Inversion: Calling the matrix A,
here is the session.

Type A=1[0,1,1,21,021:21,0,1;3, 2 3, 4
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011 2
10 2 1
Response A = 9 1 0 1
3 2 3 4

Type inv(A)
Response  Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 4.336809¢ — 018.

0.1801  0.1801  0.1801 —0.1801
~12610 —1.2610 —1.2610 1.2610
ans = 1.0e+010« -0 05404 —05404  0.5404

0.9007  0.9007  0.9007 -0.9007

According to the warning the input matrix A in this example ap-
pears to be singular, but reaching this exact conclusion is made difficult
due to rounding errors. Of course a singular matrix does not have an
inverse, but an inverse is obtained because rounding errors have al-
tered the outcome of singularity. The warning message indicates that
the outputted inverse is probably not accurate due to the singularity
of the original matrix. Most likely, an inverse is still computed due
to roundoff error introduced into the computation by computer arith-
metic.

11. Nearest Point to z On a Given Straight Line:
Find the nearest point, z*, (in terms of the Euclidean distance), to the
given point z, on the straight line L given in parametric form: L =
{z 12 =a+ Ac, where a = (2,1,3,3)T,¢ = (0,1, —1,2)7, and X is the
real valued parameter}.

We denote the point & by x1 to avoid confusion, and we call the
nearest point xn. Here is the session.

Type a=1[2,1,3,3];

c=0,1,-1,2]";

21 =1,-1,2,0];

lambda = ¢ x (21 — a)/[c(1,1)? 4+ ¢(2,1)* + ¢(3,1)* + ¢(4,1)?]

Response  lambda = —1.1667
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Type an =14 lambda * ¢
Response xn =

2.0000
—0.1667
4.1667
0.6667

Type  dist = [[(z1(1,1) — 2n(1,1)]* + [(z1(2,1) — 2n(2,1)]*+
[(x1(3,1) — 2n(3,1)]2 + [(z1(4,1) — zn(4, 1)]?](1/2)

Response  dist = 2.6141
“dist” is the Euclidean distance between x1 and the nearest point

to x1 on the given straight line. All these formulae are from Section
3.16.

12. Nearest Point to £ On a Given Hyperplane:
Find the nearest point, z*, (in terms of the Euclidean distance), to
the given point z, on the hyperplane H = {z : ax = ag where a =
(1,-2,3,—4),a9 = —13}.

Again we denote T by 1, and the nearest point x* by zn to avoid
confusion. Here is the session.

Type a=][1,-2,3,—4];a0 = —13;21 =[1,—1,2,0];
xn = zl+a' x[—(axxl—ag)/(a(1,1)*+a(1,2)? +a(1,3)*+a(1,4)?)]

Response xn =

0.2667
0.4667
—0.2000
2.9333

Type  dist = [[(z1(1,1) — 2n(1,1)]* 4+ [(z1(2,1) — zn(2,1)]*+
[(x1(3,1) — 2n(3,1)]% + [(z1(4,1) — 2n(4,1)]?](1/2)

Response  dist = 4.0166
“dist” is the Euclidean distance between x1 and the nearest point

to 1 on the given hyperplane. All these formulae are from Section
3.16.
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13. Nearest Point to z In a Given Affine Space:
Find the nearest point, z*, (in terms of the Euclidean distance), to the
given point 7 = (1,1,0)7, in the affine space F' = {x : Ax = b where
A, b are given below}.

(4 ) (3)

Here is the portion of the session after reading in A, b, x1 where we
are calling the given point z as x1. The nearest point to x1 in the given
affine space will be denoted by xn.

Type an=zl1— A xinv(Ax A")x (Axzl —0b)
Response zn =

2.7143
1.4286
2.1429

The Euclidean distance between x1 and zn using the same com-
mand as in the above examples is 2.7775.

14. CheCkiIlg PD PSD: Check whether the following ma-
trices A, B, C are PD, PSD, or neither.

31 2 2 8 2 10
~1 2 0 2 4 7 -1 1
A=1 04 453 B2 1 12
02 —13/3 6 2 -2 11

0 -2 -3 -4 5

2 3 3 00

c=| 3 3 3 00

4 0 0 84

5 0 0 4 2

Here are the sessions after reading in the matrices.
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Type all(eig(A+ A’) >0
Response  ans = (. This means that A is not PD.
We show how the same thing is done using the chol cammand.
Type chol(A + A’)

Response ??7? Error using = chol. Matrix must be positive
definite.

We check that B is not PD using same procedures. Now to check
whether B is PSD, we do the following.

Type all(eig(B+ B') >=0)
Response 1. This means that B is PSD.
Since C' has a 0 diagonal element, it is clearly not PD. To check

whether it is PSD, we use the command [V, D] = eig(C's) command
where C's = C' + C". We get

0 00 00
0 12 0 0 0
D=0 00 00
0 00 20 0O
0 00 00

Since all the eigenvalues are nonnegative C' is PSD.

15. Eigen Values and Eigen Vectors: Calling the matrix
A, here is the session.

Type A= [-3,1, —3:20, 3, 10; 2, —2, 4]

-3 1 -3
Response A = 20 3 10
2 =2 4

Type eig(A)
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—2.0000
Response ans = 3.0000
3.0000
[V. D] = eig(A)
0.4082 —0.4472  0.4472
Response 'V = —0.8165  0.0000  0.0000
—0.4082  0.8944 —0.8944
—2.0000 0 0
Response D = 0 3.0000 0
0 0 3.0000

16. Matrix Diagonalization: Diagonalize the following
matrices A, B.

1 3 3 2 4 3
A= -3 -5 =3 |, B=| 4 -6 -3
3 3 1 3 3 1

The command [V, D] = eig(A) gives the following output.

0.5774 0 —0.7459
V= —-05774 —0.7071  0.0853
0.5774  0.7071  0.6606

1 0 0
D=0 -2 0
0 0 -2

—2 is an eigenvalue of A with algebraic multiplicity 2. Also, since
two eigenvectors (which are not scalar multiples of each other) are
associated with this eigenvalue, its geometric multiplicity is also 2. So,
A has a complete set of eigenvectors which is linearly independent. So,
A can be diagonalized. In fact by the results discussed in Chapter 6,
the matrix V' whose column vectors are the distinct eigenvectors of A
diagonalizes A, i.e., V-!AV = D.
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The command [V, D] = eig(B) gives the following output.

—-0.5774  0.7071  0.7071
V= 105774 —-0.7071 —-0.7071
—0.5774  0.0000  0.0000

10 0
D=0 -2 0
0 0 -2

Since the two eigenvectors associated with the eigenvalue —2 are
the same, it indicates that the geometric multiplicity of the eigenvalue
—2 is 1, while its algebraic multiplicity is 2. So, B does not have a
complete set of eigenvectors, and hence it is not diagonalizable.

17. Orthogonal Diagonalization: Orthogonally diago-
nalize the following matrix A.

N Ot O O
(G238 \ViNeRN e

5 2
2 5
9 —6
6 9

Since A is symmetric, it is possible to orthogonally diagonalize A

by the results in Chapter 6. The command [V, D] = eig(A) produced
the following output:

05 05 —-0.5 05
05 05 05 —0.5
0.5 =05 —-0.5 —-0.5
05 —-05 05 05

V:

10 0 O 0
04 0 0
b= 0 0 18 0
00 0 —12
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By the results in Chapter 6, the matrix V' whose column vectors

form a complete set of eigenvectors for A orthogonally diagonalize A,
ie., VIAV = D.
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